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@ Foreword

I am transcribing this set of notes from my handwritten ones in Win-
ter 2017, back at a time which I have yet to organize my notes by
lecture. However, I will try my best to organize them by chapters and

topics as presented in class.

I will try to be as rigourous as possible while transcribing my
notes. However, given the nature of the course and the presentation,
this will not always be possible, and I am mostly keeping these notes
for “legacy purposes”, and so I will not put too much effort into

making the notes as complete as my newer ones.

For this course, you are expected to have basic knowledge of prob-
ability in order to be able to understand the material. You may want

to have my STAT330 notes ready and/or reviewed.


https://tex.japorized.ink/STAT330S18/classnotes-white.pdf




@ Elementary Probability Review

Introductions

& Definition 1 (Fundamental Definition of a Probability Func-

tion)

For each event A of a sample space S, P(A) is defined as the “probabil-
ity of the event A”, satisfying these 3 conditions:

1. 0<P(A) <1

* This can also be stated as P(®) = 0,

2. P(S)=1"1
where @ is the null event.
n n
3. P ( U A,’) =Y P(Ai), where A; N Aj = AiAj = @for alli # j 2 2 We can also say that the sequence
i=1 i=1 {A;}! | has mutually exclusive ele-
ments.

By Item 2 and Item 3, we have
1=P(S) = P(AUA®) = P(A) + P(A®)

which implies that
P(AS) =1—-P(A).

& Definition 2 (Conditional Probability)

Given events A and B in a sample space S, the conditional probability
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of A given B is given by

P(ANB)

P(A|B) = ~5

where P(B) > 0.

(1.1)

When B = S, Equation (1.1) becomes

P(A|S) = P<1’;‘(2)5> _ P(lA) — p(A),

Also, we have, from Equation (1.1), that

P(ANB) = P(A| B) - P(B).

WP Theorem 1 (Law of Total Probability)

Let S be a sample space. Let {B;}!_, be a sequence of mutually exclusive

events such that

We say that the sequence {B;}" | is a partition of S. Let A C S be an

event. Then
n

P(A) =) P(A|B;)-P(B;)

i=1

Observe that

o= ars = (a0}

_P<U{Am3}> Y P(ANB;)

i=1

M:

P(A | Bi)P(By)

i=1
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where the second last step is by Item 3, and the last step is by

& Definition 2. 0

Consequently, we have the following;:

$#= Corollary 2 (Bayes’ Formula/Rule)

Let {B;}!_, be a partition of a sample space S. Then for any event A, we

have
P(A | B;)P(B;)

i1 P(A|B;)-P(B;)

P(B; | A) =

Random Variables

[ Rd Discrete Random Variables

A discrete rv X:

e takes on either finite or countable number of possible values;

e has a probability mass function (pmf) expressed as

pla) = P(X =a);

e has a cumulative distribution function (cdf) expressed as

p(x)

Fla)=P(X <a)=)

x<a

If X € {a,ay,...} where ay < ap < ...such that p(a;) > 0 for all
i € N, then

p(a1) = F(ay) and
p(a;) = F(a;) — F(a;j_q) fori =2,3,4, ...
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THE FOLLOWING are some of the most common discrete distribu-

tions.

Binomial Distribution For an rv X that follows a Binomial Distri-
bution, in which we denote as X ~ Bin(n, p), where n € IN and

p € [0,1], its pmf is

Bernoulli Distribution Following the above distribution where n =
1, we have that X follows what is called a Bernoulli Distribution,

denoted as X ~ Bernoulli(p).

Negative Binomial Distribution For an rv X that follows a Negative

Binomial Distribution, in which we denote as X ~ NB(k, p), where

k € N and pE [0, 1], its pmf is The Negative Binomial Distribution has
a model that measures the probability
x—1\ & _k that the kth success occurs.
p) = (4 )ra—pr

Geometric Distribution Following the above distribution where k =
1, we have that X folows what is called a Geometric Distribution,

denoted as X ~ Geo(p).

Hypergeometric Distribution For an rv X that follows a Hypergeo-
metric Distribution, in which we denote as X ~ HG(N, rn), where

r,n < N € N, its pmf is

Poisson Distribution For an rv X that follows a Poisson Distribution,

in which we denote as X ~ Poi(A), where A > 0, its pmf is

e MY
p(x) =

x!



A continuous rv X:
¢ takes on a continuum of possible values

* hasa (pdf) expressed as

fx) = 2 F()

where F(x) is:

¢ (has a) (cdf) of

F(x)=P(X <x) = /_xwf(y) dy

Note that our convention is that P(X = x) = 0 for a continuous rv X.

THE FOLLOWING are some of the most common continuous distribu-

tions.

Uniform Distribution For an rv X that follows a Uniform Distribu-
tion, in which we denote as X ~ Unif(a,b), where a,b € R, its pdf

is

Gamma Distribution For an rv X that follows a Gamma Distribution,
in which we denote as X ~ Gam(n,A), where n € N and A > 0, its

pdf is
Al xnflef/\x

FO) ===

Exponential Distribution Following the above distribution where n =

1, we have that X follows what is called an Exponential Distribution,

STAT333 — Applied Probability 13
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denoted as X ~ Exp(A), where its pdf is

f(x) = Ae ™M

Moments

B Definition 3 (Expectation) Note that this definition is actually the

Law of the Unconscious Statistician

Let X be an rv. Given a function g that is defined over X, the expecta-
tion of g(X) is given by

Y 8(x)p(x) if X is a discrete rv
[, 8(x)f(x) if X is a continuous rv .

Now if g(X) = X* for some k € IN, we have the following notion:

& Definition 4 (Moment)

Let X be an rv. The kth moment of X is defined as E[X*].

Another notion that is commonly introduced after expectation is

the variance.

& Definition 5 (Variance)

Let X be an rv. The variance of X is given by

Var(X) = E[(X — E[X])?] = E[X?] — (E[X])?

In relation to the variance, we have the standard deviation.

& Definition 6 (Standard Deviation)


https://en.wikipedia.org/wiki/Law_of_the_unconscious_statistician

Let X be an rv. The standard deviation (sd) is given by

sd(X) = /Var(X) = \/E[X2] - (E[X])2.

We shall state the following properties without providing proof3:

@ Proposition 3 (Linearity of the Expectation)

Let X be an rv. Let a,b € R. We have that

ElaX +b] = aE[x] +b

& Proposition 4 (Linearity of the Variance)

Let X be an rv. Let a,b € R. We have that

Var(aX + b) = a* Var(X).

Referring back to & Definition 3, if ¢(X) = e!X, we have ourselves,

what is called, the moment generating function.

& Definition 7 (Moment Generating Function)

Let X be an rv. The moment generating function (mgf) of X is given by

px(t) =E [etX] .

1. Observe that ¢x(0) = E [e°] = 1.

2. The reason such an expression is called a moment generating function

STAT333 — Applied Probability 15

3 The proofs are very easy, but it serves
as a strengthening exercise for the
unfamiliar. Therefore,

Exercise 1.3.1
Proof both & Proposition 3 and
é Proposition 4.
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is as follows: observe that

px(t) =E { } i)
1X £X)"
el
—tOE[1]+ E[X}+t2E[X2}+ 4 E[X"H
0! 11 21

by & Proposition 3. If we take the kth derivative wrt t and set t = 0,

we will obtain the kth moment of X. In other words,

(K) d*

EIX9) = ¢ (0) = Srox(t)] .

It is important to note here that t = 0 can be interpreted in the sense

of a limit, i.e. lim.
t—0

Example 1.3.1

Suppose X ~ Bin(n, p). Find mgf(X) and use it to find E[X] and
Var(X).

# Solution

First, observe the

Now

“T‘

pel +1— p)

We observe that this works for all t € R.
To find the expectation and variance, we do

- i n—1 " -
E[X] = Sox(t)] =P

=n(pe+1—p) - pe
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2
EDC) = Toax(t)

= npe' (pet +1-— p)n_1 + (n — 1)np?e* (pet +1-— p)”_2 ‘

t=0

t=0
=np(l+np—p)

and conclude that

Var(X) = np +np(n —1)p — n®p* = np(1 — p).

Exercise 1.3.2

For X ~ Poi(A), show that
mgf(X) = ¢x(t) = ME), fort e R.
Find E[X] and Var(X) using the mgf.

Exercise 1.3.3

For X ~ Exp(A), show that

A
mgf(X) = ¢x(t) = o7 fort < A.

Find E[X] and Var(X) using the mgf.

The mgf is important to us because it uniquely determines the distribu-

tion of an rv.

We shall only review . One can easily extend

the bivariate case to a multivariate situation.
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The joint cdf is defined by
F(a,b) =P(X <a,Y <b)=P{X <a}n{Y <b})

forall a,b € R, where X,Y are rvs.

& Definition 9 (Marginal CDF)

Given a joint cdf F, we define the marginal cdf as

Fx(a) = P(X <a):=F(a,00) = lim F(a,b).

b—o0

& Definition 10 (Joint and Marginal Probability Mass Functions)

Suppose X, Y are discrete rvs. We define the joint probability mass
function (pmf) of X and Y as

p(x,y) =P(X=xY =y).

The marginal pmf of X and Y are

and
py(y) =P(Y =y) =) p(xy),

respectively.

We are not equipped with the knowledge to formally define a
probability density function, and so we shall only introduce it in a

roundabout way.

& Definition 11 (Joint and Marginal Probability Density Func-

tion)

Suppose X, Y are continuous rvs. We define joint probability density
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function (pdf) of X and Y as 4 4

) 13 Warning
f R — R It is important to note that

floy) # P(X =x,Y =x),

and so we cannot put & Definition 10
and B Definition 11 as one definition.

The marginal pdf of X and Y are

fi() = [ feey)dy

and
fiy) = [ flxy)ax

respectively.

Note that
aZ

flxy) = wP(x,y).

Expectation of Joint Distributions

& Definition 12 (Expectation of Joint Distributions)

Let X and Y be rvs, and g(X,Y) a function. We define the expectation
of a joint distribution of X and Y as

YooY, e(x,y)p(x,y) X, Y are jointly discrete
Elg(X, V)] =4

Jor fw g(x, ) f(x,y) X,Y are jointly continuous

The following is a special case of an expectation, given for when

8(X,Y) = (X —E[X])(Y — E[Y]).

& Definition 13 (Covariance of Joint Distributions)
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We define the covariance of a joint distribution of X and Y as

Cov(X,Y) = E[(X — E[X])(Y — E[Y])] = E[XY] — E[X]E[Y].

Observe that
Cov(X, X) = Var(X).

Exercise 1.5.1

& Proposition 5 (Linearity of the Expectation over Addition) Prove & Proposition s.

Let X and Y be rvs. Then for a,b € R,

E[aX + bY] = aE[X] + DE[Y].

Exercise 1.5.2

@ Proposition 6 (Variance over a Linear Combination of RVs) Prove & Proposition 6

Let X and Y be rvs. Then for a,b € R,

Var(aX +bY) = a® Var(X) + b* Var(Y) + 2abCov (X, Y).

Independence of Random Variables

& Definition 14 (Independence)

Let X and Y be rvs, and F their joint cdf. We say that X and Y are inde-
pendent if

F(x,y) = Fx(x) - Fr (),

where Fx and Fy are the marginal cdfs of X and Y, respectively. We shall

denote this relationship between rvs as X LY.
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One may also define independence of X and Y by

p(x,y) = px(x) - py(y)

if X and Y are discrete, and

flxy) = fx(x) - fr(y)

if X and 'Y are continuous.

& Proposition 7 (Expectation of Independent RVs)

Let X and Y be independent rvs, and g a function of X and h a function
of Y. Then

E(g(X)h(Y)) = E[g(X)] - E[h(Y)].

#= Corollary 8 (MGF of Independent RVs)

Suppose X1, Xy, ..., X, are independent rvs, then consider T = Y ; X;.
The mgf of T is then given by

Suppose Xi, X3, ..., X, are independent rvs, then consider T =
Y. 1 X;. Then the mgf of T is

pr(t) = E [T] = Elexp{t(X1 + Xo + ...+ X)}]
=E [etXl . -etX"]
=E|e

[ tX1} ...E [etxn} -~ @ Proposition 7
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n

= ¢x, () - ox, (1) = [ Tox, (1),

i=1

which is what we want.

Example 1.6.1 (MGF of Independent Binomial Distributions with
the Same Probability)

Let Xj, Xy, ..., X;; be an independent sequence of rvs where X; ~
Bin(n;, p). Let T = Y_/" ; X;. By #=Corollary 8 mgf of T is

m

m m .
or(t) = [Tox(t) = [T(pe +1—p)" = (pelt +1 — p)==1".

i=1 i=1

We observe that

T ~ Bin (i’%ﬁ)- >

i=1



A Conditional Probabilities

Conditional Probability for Discrete Random Variables

& Definition 15 (Conditional Distribution of Discrete Random
Variables)

Let Xy, X be discrete rvs with joint pmf p(x1,x) and marginal pmfs
p1(x1) and py(xyz), respectively. We call Xy | Xp = xp the conditional
distribution of Xq given X, = x.

The conditional pmf of Xy | Xo = xy is defined as

P(X1 =x1 N Xo = x)
P(Xz = .‘XQ) ’

p(x1|x2) =P(Xy=x2 | Xp =x2) =
or more succinctly,

_ o plx,x)
plxi | x) =P(X; | Xo =x2) = Pzz—xzi

where we require py(x2) > 0.

* If Xy and X, are independent, then

_ plx,x2) _ pr(x)pa(x2)
o3 = B PO < i

* We may extend the above definition to multivariate cases.
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Example 2.1.1

Suppose Xj, X, X3 are discrete rvs, with p3 as the pmf of X3. Then

we define the conditional pmf of (X3, X) | X3 = x3 as

p(x1,x2,x3) »

p((x1,x2) [ x3) = p3(x3)

& Definition 16 (Conditional Expectation for Discrete RVs)

Given rvs Xy and Xy, and a function g on X1, We define the conditional

expectation of X given X, = xp as

E[g(X1) | X2 = x2] = ) g(x1)p(x1 | x2).

X1

By é Proposition 5, we have that given rvs Xy an Xy, a,b € R, and
functions g,h on Xy,

E [{Ilg(X1) + bh(Xl) | X2 = XQ]
=aE[g(Xy) | Xo = xo] +aE[h(Xy) | Xz = x3]

& Proposition 9 (Conditional Variance of Discrete RVs)

We have that

Var(Xy | Xp = x3) = E[X7 | Xo = xp] — E[X1 | X5 = xo]*.

Consider
g(x) = [X1 —E[X1 | X2 = x])?,
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which is the typical definition of a variance. Then

Var(X1 | Xz = Xz)
= E[(X1 — E[X1 | X2 = 15])? | X = x7]

= E[X% —2X1E[X1 | Xo = 1] + E[X1 | Xo = x2)* | Xp = xz]

= E[X? | Xo = x0] —2E[X1 | Xo = 02> + E[X1 | X2 = x0)?
= E[X] | Xo = xp] — E[X1 | Xz = xo]*. O

Even better, we have the following proposition.

@ Proposition 10 (Linearity of Conditional Expectation)

Given rvs Xy, X, and Xz, we have

E[Xl + X5 | X3 = X3] = E[Xl | X3 = X3] —|—E[X2 | X3 = X3].

Let p3 be the pmf of X3. Observe that

E[X1+ X5 | X3 = x3]

= ZZ(xl +x2)p(x1, %2 | x3)

X1 Xp
o x11x21x3 xl/x2/x3)
;; Y s(xs) P3 x3 ;% 2 () Ps xz)
= Z ( Zp X1,X2,X3 +Z ZP x11x2/x3)
J[z p3
X1
= , =+ ,
XZ 5 (x ) X1,X3) xXz; pa( p(x2,x3)

=Y xip(x1 | x3 +Zx2p(x2 | x3)
X1

= E[X; | X3 = x3] + E[Xz | X3 = x3]. 0
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#= Corollary 11 (General Linearity of Conditional Expectation)

Given an rv Y, a sequence of discrete rvs {X;}!_,, and a sequence of

scalars {a;}!' | C R, we have

n
Y aiXi|Y=y| =

i=1

E GE[X; | Y =yl.

n

i=1

Example 2.1.2

Suppose that X and Y are discrete rvs having joint pmf

% x=1y=0

% x=0,y=1

11—5 x=1y=2
p(x,y) =

% x=2y=0

% x=1y=1

0 otherwise

Let us first find the conditional distribution of X | Y = 1. First,

consider the following table:

XNY |0 1 2 | px Table 2.1: Tabulating values of p(x,y)
0 5 0|
1 r 2 1 2
? 5 15 i)
SRR SR et
Py 5 15 15
Observe that
2 2
15 1 5 3
p(0,1) =3 = g and p(L1) = 5= T
15 15

Thus the conditional distribution of X | Y = 1 is given as in Table 2.2.

X |o
p(x11) |

With this we can calculate the conditional expectation and condi-

Table 2.2: Conditional distribution of
X|Yy=1

FNIGH ey

tional variance of X | Y = 1. Note that

X | Y =1 ~ Bernoulli (Z) .
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Thus

E[X|Y:1]:Zand Var(X | Y = 1) =

Example 2.1.3

For i = 1,2 suppose that X; ~ Bin(n;, p), where X; 1 X,. We want
to find the conditional distribution of X; given Xj + X, = n, i.e. the

conditional distribution of X7 | X1 + X, = n.

First, note that the sum of two is also a
binomial distribution, where the number of trials is the sum of the
number of trials from each distribution. In particular, we have that

X1 + Xp ~ Bin(ny + no, p).

Let the conditional pmf of X; | X; + X, = n be denoted as
p(xq | n). Then

p(x1|n) =P(Xy =x1 [ X1+ X =n)
- P(X1=x1, X1+ Xp =n)
N P(Xy+ X, =n)
o P(Xl = xl,Xz = n—xl)
B P(X1+X2:Tl)
P(X] = xl)P(Xz = n—xl) .
- P(X;+ X = n) S XX

()P (1 —p)n=(, )p" (1 —p)r2—"tn
(nlznz)p”(l _ p)n1+n27n

()

+ 7
(")

for0 < x; <nyand 0 < n—x; < ny. We observe that X | X1 + X, =

n has a ,1.e.

X1 | X1+Xp=nr HG(m +1’lz,ﬂ1,l’l).

Recall that the intuition to understanding the hypergeometric
distribution in this case is as follows: if we say that 1,2,...,n; are
the indexed trials of X; and 1,2,...,n, are those of X5, then if we

arrange the trials as

1,2,...,1’11,1,2,...,1’12,

27
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we may then think that we want to calculate the probability of get-

ting x1 successes given that the rest of the n — xq are failures.

Using the formulas for the expectation and variance of a hypergeo-
metric distribution, we have that

n(ny)

E[X1|X1+X2=”]=n1+n2

and

n(ny)(ny +no —ny)(ny +ny —n)

(n1 +n2)2(ng +ny — 1)
n(ny)(n2)(m +ny —n) »
(n1 +n2)2(ng +ny — 1)

Var(Xl ‘ X1 + X2 = ]’[) =

Let’s deal with a more general case of the above, but this time with

the individual rvs following Poi(A;).

Example 2.1.4

Let {X;}!" | be a sequence of independent rvs where X; ~ Poi(A;),
andi =1,2,...,m LetY = }", X;. Let us try to deduce the condi-

tional distribution of X; | Y = n.

First, note that a sum of independent Poisson rvs is also a Pois-
son distribution, with each of its mean (which is also its parameter)

summed up, i.e. given any Z; ~ Poi(Aq),..., Z; ~ Poi(Ax), we have

fzi ~ Poi (im) :

i=1 i=1

Also a subtle point, note that

Observe that

P(X]‘:x]"Y:Vl)
P(X] = x]',Y = 1’1)
P(Y =n)




m
P X] :x]‘, ElXi :l’l—X]‘
i#]

P(Y =n)

m
P(X]‘:x]‘)P ZXi:n—xj
=
i
P(Y =n)

() () (-gm)
xj) \Lil1Ai i1 i

where x; € [0, 1]. We see that

A

i=1
Exercise 2.1.1

It is a straightforward exercise to compute E[X; | Y = n] and Var(X; | Y =

n).

Example 2.1.5

Suppose X ~ Poi(A) and Y | X = x ~ Bin(x, p). Let us compute the
conditional distribution of X | Y = y. We have that

P(X=xY=y)

X =
_ ply] ) P(X = %)

Lep(y [ 0)P(X = x)

exp(—V)A* (&) - ()pr (1= p)*
1

Zewp(-hA () Qpra—p)

STAT333 — Applied Probability 29
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exp(—A)A* - mpy(l —p)Y

L op(=)a TP (1= p)*Y

Now notice that we may work out the denominator to be

3 ey L —— ) § R

x;y eIl p)
e & AX

=LY )
]/' x=y (x_y)'

A E A1 )
]/' x=y (x - y)'
_etpar & (A1 -p)) Y
y‘ x—y:O (x - ]/)'
e—A+A(1—p)pyAy
y!
e P (Ap)
= y!

7

where the second last equality follows since

o
EXZZE

n=0
by the . Thus we have
exp(—A)AT- mpy(l -p)
p(x | y) - (/\p)ye)\p
R
_ PR g
(x —y)! '

for x € [y, o0), which is a Poisson-like pmf.

We say that
X[ Y=y~W+y
where
W ~ Poi(A(1—p)).
This distribution, W + v, is called a distribution.

Observe that it is relatively easy to compute the expectation and



variance due to their linearity properties: we have

EX|Y=y|=EW+y]=EW]|+y=A1-p)+y

and
Var(X | Y =y) = Var(W +y) = Var(W) = A(1 — p). >
In the jointly discrete case, it was natural to define
P(X=xY=y)
X =PX=x|Y=y)=
plxly) =P [Y=y) PY = 3)
due to , or simply by realizing that we are trying to deter-

mine the probability of X = x and Y = y given that we already know

the probability of Y = y.

This, however, does not make sense in the continuous case, espe-

cially since f(x,y) # P(X =x,Y =y),and fy(y) # P(Y =y).

! We can use a similar definition of a single variable continuous rv

and extend it for 2 rvs: we can consider

L Px<X<x+4dxy<Y <y+dy)
f(x,y) = lim dxdy .

dx—0
dy—0

Notice that for small dx and dy, we have

P(i‘S—KXx_M§|ySYSy+d%):1)(I‘:‘(Q>B)
_ flx,y)dxdy
fr(y)dy
foy)
fr()

Let X and Y be continuous rvs, with joint pdf f(x,y), and Y has the

(2.1)

marginal pdf fy. We call X | Y = y the conditional distribution of X
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given Y =y, whose pdf is defined as

flry) . Px<X<x+dyy<Y<y+dy)

flx|y) = ) _%38 o .

Example 2.2.1

Suppose the joint pdf of X and Y is given by

12

fly)=3"

0 otherwise

x2—-x—y) 0<x<1l0<y<l1

First, note that the for X and Y is given as in Fig-

ure 2.1.

We compute the conditional pdf of X | Y =y

_fxy)
fly) = fr(y)
_ }gx(Z—x—y)
fol}gx(Z—x—y) dx

B 2x—x2—xy

1 1 x=1

2 1,3 1,2
X% — 3x° — 5x%y

x=0
2x — x2 — xy

1_1
l=3-3y
_Zx—xy—x2
T 21

37 2Y
B 12x — 6xy — 6x°
N 4 -3y

, for 0 < x < 1. >

1

Figure 2.1: Region of support as a
rectangle
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Variance, 14
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