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B [ cciure 1 May 15t 2018

I [:troduction

& Definition 1 (Sample Space)

A sample space, S of a random experiment is the set of all possible out-

comes of the experiment.

Example 1.1.1

The following are some random experiments and their sample space.

e Flipping a coin
S ={H, T} where H denotes head and T tail.

* Rolling a 6-faced dice twice
S={(vy):x,yeN, 1<xy<6}

* Measuring a patient’s height
S=Rt={xeR:x>0}

& Definition 2 (o-field)

Let S be a sample space. The collection of sets 8 C P(S)*, is called a
o-field (or o-algebra) on S if:

1. Q€ Band S € B;
2. VAe B A€ € %;2and

3. VneN V{A}L, CB UL A€

' The power set of S, P(S), is defined as
the set that contains all subsets of S.

2 We shall denote the compliment of

a set by a superscript C in this set of
notes. The supplemental notes provided
in the class uses an overhead bar, e.g.
A, while lecture notes will use A€ and
A’ interchangably.
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& Definition 3 (Measurable Space)

Given that S is a non-empty set, and A is a o-field, (S, ) is a measur-

able space.3 3 A measurable space is a basic object in

Example 1.1.2

Consider S = {1,2,3,4}. Check if # = {©,{1,2,3,4},{1,2},{3,4}} isa
o-field on S.

1. It is clear that ©,S € A.
2. Note that S¢ = @ and {1,2}€ = {3,4}.

3. Note that the largest possible result of any countable union of the ele-
ments of A is {1,2,3,4}, which is an element of 2.

BECAUSE (S, #) is a measurable space, we can define a measure on
it.

& Definition 4 (Probability Measure)

Suppose S is a sample space of a random experiment. Let B = { A1, Aa, ...} C
IP(S) be the o-field on S. The probability set function (or probability

measure), P : B — [O, 1], isa function that satisﬁes the following:4 4 These conditions are also known as
Kolmogorov Axioms, or probability

e YVAc A P(A) >0; axioms.

« P(S)=1;

« VAN, CBVYi#jENANA =0 =
p (U A]) = ZP(A]) (1.1)
=1 j=1

(S,%, D) is called a probability space.

Example 1.1.3
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Consider flipping a coin where S = {H, T}. Let P be defined as follows
1 2
PUH}) =5 PUTH =3 P@)=0 P(S)=1
Conditions 1 and 2 of @ Definition 4 are met. Notice that

P({HYU{T}) = P(S) =1 and P({H}) + P({T}) = - 1.

Q=
WIN

Hence condition 3 is also fulfilled.

Let P be a probability set function and A, B be any set in %. Prove the

followin g.’5 5 Many among these properties illus-
trate that the probability is indeed a

1. P(A®) =1-P(A)

Exercise 1.1.1
Prove that A C B <= B¢ C AC.

# Proof
Let S be the sample space for P.

1. Note that
AcB = AcP(S) < ACS
Aec#B — AC e B = AC C S Also,since AC is the
complement of A, it is clear that S = AU AC.

P(S)=1 < P(AUAS) =1 <& P(A)+P(A°) =1

where 1 is by condition 3 in & Definition 4 since AN A = @ by
definition of a complement of a set.

2. Notethat SUD = Sand SN QD = @. Using a similar argument as
above,

1="P(S)=P(SUD) = P(S)+ P(@) = P(D) =0
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3. By 1 from above, P(A) = 1 — P(A®). Since 0 < P(A®) < 1, we have
that P(A) is at most 1, as required.

4. Note that A = (AN B) U (ANBC). Clearly, (ANB) N (ANBC) =

.5 Hence by condition 3 in & Definition 4, © This is an easy proof using the basic
way of proving membership.

P(A) = P(ANB) +P(ANB°)

5. Consider P(A U B) + P(A N B). By definition,
AUB=(ANB“)U(ANB)U(A“NB)

where each of the sets in brackets are disjoint from each other?. By 7 Again, this is not hard to show
condition 3 of @ Definition 4, we would then have

P(AUB)+P(ANB)

=P(ANB®) +P(ANB)+P(A°NB)+ P(ANB)
=2P(ANB)+P(A)—P(ANB)+P(B)—P(ANB) by 4
= P(A) + P(B)

6. Notethat B=BNS = BN (ACUA) = (BN A®) U A. Clearly,
AN (BN AC) # @. By condition 3 in & Definition 4, we thus have
that

P(B) = P(BN A®) + P(A). )

Suppose A C B. Then BN AC # @. I shall make the claim that
BN A€ € B. Since A C B we have that

a€ (BNA®) <= acBnrac A
< ac€BANa¢gA
< a€ (B\A).

But B\ A is a subset of B from the above steps®. Therefore, (B N 8 This is rather obvious from the steps,
AC) C B € % as required. since Va € (BN A€), a € B.

With that done, by condition 1 in & Definition 4, P(BN A®) > 0.
Hence from Equation (1), we have that

P(B) = P(BN A®) + P(A)
> P(A)

as required. O
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& Definition 5 (Conditional Probability)

Suppose S is a sample space of a random experiment, and A,B C S. The
conditional probability of A given B is given by

P(ANB)

P(AIB) = ~55,

provided P(B) > 0. (1.2)

& Definition 6 (Independent Events)

Suppose S is a sample space of a random experiment, and A,B C S. A
and B are said to be independent of each other if

P(ANB) = P(A)P(B)

8 Proposition 2 (Boole’s Inequality)

If {A;j}72, is a sequence of events, then

# Proof
Proof shall be provided later

8 Proposition 3 (Bonferroni’s Inequality)

If {A]'};?Zl is a set of events where k € IN, then

P ((k] A]) >1— iP(A]C)
j=1

j=1
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& Proof
Proof shall be provided later

8 Proposition 4 (Continuity Property)

If Ay C Ay C ... is a sequence where A = U} A;, then

lim P (CJ Al-) = P(A)
i=1

¢ Proof
Proof shall be provided later

I Rondom Variable

& Definition 7 (Random Variable)

In a given probability space (S, %, P), the function X : S — R is called a

random variabled if
P(X<x)=P({weS: X(w)<x})

is defined for all x € R™.

(1.3)

Example 1.2.1

In a coin flip experiment, we have that S = {H, T} where P(S)
{©,5,{H},{T}}. Define X : the number of heads in a flip, i.e.

X({H})=1and X({T}) =0

9 We shall use rv as shorthand for
random variable in this set of notes.

X < x is an abbreviation for {w € S :
X(w) < x} e A.
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To prove why X is a random variable given this definition, notice that

¥x<0 = PX<x)=P{weS: X(w)<0})=P®@)=0
x>1 = PX<x)=P{weS: X(w)<x})=P({HT})

= P({H}) + P({T}) = 1 by Independence
0<x<1 = PX<x)=P{weS: X(w)<x})=P(T)>0

which shows that P is deiined for all x € R. Hence X is a random variable.

& Definition 8 (Cumulative Distribution Function)

The cumulative distribution function (c.d.f) of a random variable X is
defined as
VxeR F(x) =P(X <x)

66 Note
NoTICE that F(x) is defined for all real numbers, and since it is a proba-
bility, we have 0 < F(x) < 1.

8 Proposition 5 (Properties of the cdf)

1. Vx1 <xp € R F(x1) < F(xp)

2, limy s o =0 A limy 300 =1

3. lim,_,,+ F(x) = F(a) ** " F is a right-continuous function.

4. Va <beR Pla< X <b)=PX<Db)—-PX<a)=

F(b) — F(a)
5. P(X = b) = F(b) —lim,_,}- F(ﬂ) 12 2 This is also called the magnitude of
the jump.
& Proof

Proof shall be provided later
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66 Note
The definition and properties of the cdf hold for the rv X regardless of
whether S is discrete (finite or countable) or not.

- Discrete Random Variable

& Definition 9 (Discrete Random Variable)

Anrv X is a discrete random variable when its image is finite or
countably infinite, i.e. X € {x1,xy,...}. The function

Vxe€R f(x):=P(X=ux)=F(x)— lim F(x —¢)

e—0t

is its probability function, commonly known as the probability mass
function (pmf). The set A := {x : f(x) > 0} is called the support set of
X, and

Y fx) = if(xi) 1. (1.4)

xeA

8 Proposition 6 (Properties of pmf)

With the notation from & Definition 9, prove that

1. Vxe R f(x) >0

2. Yxea f(x) =1

¢ Proof

1. This result follows from the fact that f is a pdf, a probability, i.e. Vx €
R, f(x) = 0is x ¢ S where S is the sample space, and 0 < f(x) <1
ifxeS.

2. Since A = {x: f(x) > 0}, we know that

Y f(x)>o.

xeA
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If we consider all the elements of A, we have that the events (X = x;),
for x; € A, constitutes the entire sample space. Therefore,

Y flx)=) P(X=x)=P(S) =1

xeA xeA

Exercise 1.3.1

Consider an urn containing r red marbles and b black marbles. Find the pmf
of the rv for the following:

1. X = number of red balls in n selections without replacement.
2. X = number of red balls in n selections with replacement.

3. X = number of black balls selected before obtaining the first red ball if
sampling is done with replacement.

4. X = number of black balls selected before obtaining the kth red ball if

sampling is done with replacement.

# Solution
1. Let d = max{n,r + b}. The desired pmf is therefore the pmf from the
hypergeometric distribution

VxeZL, f(x)=

X

+ n r b\ S
2. Vx € Z7 f(x) = (}) (rTb) (rTb) , which is the pmf of the

binomial distribution.
X
3. Vx € Zt  f(x) = (%) (#)
x k
4. Yx€Z" f(x)= (x;gf;l) (Hib) (r%h)
Example 1.3.1

Consider the function

—.X x€Z, u>0

0 otherwise



26 Lecture 1 May 1st 2018 - Discrete Random Variable

Find C such that f(x) is a pmf for the rv X.

# Solution

We have that This gives us that Vx € Z*, f(x) =
eiil!” i , and this is, of course, the pmf of
Cu* the
1= )
xeZ+t x!
x
=C Z ’L'
xeZ+ x
= Cet
Thus C = e H,

Exercise 1.3.2

Prove that the pdf of X ~ Poi(u) sums to 1 over all of its values.

¢ Solution

xeN x! xeIN x!
— ¢ HeH - E _ k
xeIN x!
=1
Exercise 1.3.3
If X is a random variable with pmf
— _ X
f(X) = M/ x=12,.;0< p < 1,
xlogp
show that
Y flx)=1
xeIN

# Solution

¥ —(=-pr_ 1 ¥ (=D*(p—-1"

ot xlogp _logp ot X
I e (p-1> (p—1)7°
T (r—1)+ > R

Taylor expansion of —log p



B [ ecture 2 May o3rd 2018

I Continuous Random Variable

& Definition 10 (Continuous Random Variable)

Suppose X is an rv with cdf F. If F is a continuous function for all x € R
and F is differentiable except possibly at countably many points, then X is
a continuous ro. The probability function, or more commonly known as
the probability density function (pdf), of X is f(x) = F'(x) wherever
F is differentiable on x and O otherwise.

The set A = {x : f(x) > 0} is called the support set of X and

/xeAf(x)dx =1

8 Proposition 7 (Properties of pdf)
Let X be a random variable and f be its pdf.

1. Vx e R f(x) >0

2. [T f(x)dx=1

3. f(x) = limy_o BEHFE) gy POSXSYE) g ype fini
exists)

4. Vx €R F(x)= [T f(t)dt

5. P(a< X <b) = ["f(x)dx = F(b) — F(a)

6. P(X = b) = F(b) —lim, ,,- F(a) = E(b) — E(b) =0
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¢ Proof
1. The argument of this proof is similar to that provided in & Proposition 6.

2. Same as above, except that the support set can now have complete
intervals.

3. The first equation follows from the first principles of Calculus. The
second equation follows by method of calculation using the cdf.

4 F(x)=P(X <x) = [ f(t)d.
5. This follows immediately from the above property.

6. The first part of the equation is a way to interpret the above property.
The limit equates to F(b) since F is continuous.

Example 2.1.1

Consider the function

o
=
N
—_

For what values of 6 is f a pdf?

# Solution

If f is a pdf, then 8 > 0. In fact, 0 # O; otherwise f would be equivalently
0 for all x € R, which would imply that [ f = 0, which is impossible. It
remains to check if > 0 is a safe choice. Now

© 0 1 |
/1 x0+1 dx:_F‘l =1

Note that the above integral is valid because # < % Therefore the choice
of 8 > 0 is safe.

I L comples of Discrete RV's
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I  Binomial Distribution

& Definition 11 (Binomial RV)

Consider X to be the number of successes in a sequence of n experiments

where

1. experiments are independent;

2. the outcome of each experient is a binary (e.g. success or failure); and
3. has the probability of success, p for each singular experiment.

X is called a Binomial rv, and we write X ~ Bin(n, p) and its pmf is

(Mp*(1—p)* x=0,1,2,..,n

0 otherwise

I Geometric Distribution

& Definition 12 (Geometric RV)

Consider a sequence of independent success/failure (binary) experiments,
each of which has a success probability of p. Let X be the number of
failures before the first success is reached. We call X a Geometric ry,

and we write X ~ Geo(p), and its pmf is

1-p)'p x=0,12,..,
P(X = x) = (I=p)p x n

0 otherwise

66 Note
Some authors would define the Geometric rv as:

Let X be the number of experiments until the first success.
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But that really is just a play of words.

_ Poisson Distribution

& Definition 13 (Poisson RV)

Suppose X is defined to be the number of occurrences of an event in a
given time period. If the process on which the events occur satisfies the

following:

1. The number of occurrences in non-overlapping intervals are indepen-
dent of each other;

2. The probability of the occurrence of an event in a short interval of

length h is proportional to h;

3. For sufficiently short time periods of length h, the probability of 2 or
more events occurring in the interval is negligible, i.e. almost zero;

then X is a Poisson rv, and we write X ~ Poi(A), with A > 0, and the
pmf is

—Ayx
A x=0,1,...

0 otherwise

B Coomples of Continuous RVs

_ Normal/Gaussian Distribution

& Definition 14 (Normal / Gaussian RV)

The Normall Gaussian Distribution is a continuous probability distri-
bution that is symmetric about the mean, showing that data around the
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mean is more frequent than data far from the mean. If X is a Normal/-
Gaussian ro, we write X ~ N(p,02), and its pdf is

1 _G=w?
e 22 forx €.
V2mo?

f(x) =

& Definition 15 (Standard Normal Distribution)

The Standard Normal Distribution is the simplest case of a Normal
Distribution. An rv Z is called the Standard Normal roif w = 0 and
o =1. We write Z ~ N(0,1) and its pdf is

1 2

f(x):\/z_neJ7 for x € R.

Uniform Distribution

& Definition 16 (Uniform RV)

If X represents the result of drawing a real number from an interval
(a,b), with a < b, such that all numbers in between are equally likely to
be chosen, then X is called a Llniform rv, and we write X ~ Unif(a,b),
and its pdf is

ﬁ x € (a,b)

f(x) =

0 otherwise

Exponential Distribution

& Definition 17 (Exponential RV)

Let X show the time between two consecutive events in a Poisson pro-
cess, Le. the 3 conditions in Poisson Distribution are satisfied. Then X is
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called an rv, and we write X ~ Exp(0), where 6 > 0, with
its pdf
1. _x
ze 8 x>0
flx)y=4"°
0 otherwise

2.3.4

& Definition 18 (Gamma RV)

Let X be the sum of n independent rvs with some fixed 6.
Then X is called a rv, in which we write X ~ T'(n,0), and its
pdf is

n—1

-8
f(x): % x>0/\9,n>0

0 otherwise

where T(n) = [ e Vy"~1dy = (n — 1)!, where the last equality is true
when n is an integer.

The Gamma Distribution is usually used for when we are looking for the
probability of the occurrence of the n-th event in the desired waiting time.

I [ nctions of Random Variables

CoNSsIDER the rv X with pdf/pmf f and cdf F. Given Y = h(X)
where &1 is some real-valued function, we are interested in finding the
pdf/pmf of Y.

The following are some possible scenarios:

1. X and Y are both discrete;
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2. X is continuous and Y is discrete;
3. X and Y are both continuous

We may also define Y = h(X) for a continuous rv X such that Y is
neither discrete nor continuous (e.g. discrete for some values of X

while continuous for others).

2.4.1

If X and Y = h(X) are both discrete, we can derive P(Y = y) by

mapping values in Y onto their corresponding value through 4, i.e.

PY=y)= ) P(X=x)
{x:h(x)=y}

Exercise 2.4.1

Let X have the following probability function:

1

) ¢ x=0,12,..
x(x) = )

0 otherwise
Find the pmfof Y = (X — 1),

# Solution
Note that since
Dom X ={0,1,2,3,4,...},

we have that
DomY = {1,0,1,4,9,...}.

With that, note that

1 1
e 1N _3 4
ol + o e <1+2>—2e
—1
e
o1
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Therefore, the pmf of Y = (X —1)2 is

et y=0
3,-1
5e y=1
P(Y=y)=
-1
(1fr\/w y=4916,..
0 otherwise

2.4.2

If X is continuous and Y is discrete, we can use the method that we
have used in the previous subsection, and replace X by the integral
sign [, i.e. define A := {x : h(x) = y} such that we have

P(Y=y) = [ fr)d

Example 2.4.1 (Example 2.9)

Suppose X is a random variable with the following probability function

2% x>0

fx(x) =

0 otherwise

Suppose Y = h(X) is defined as follows:

1 X<1

Y =
2 1<X<2
3 X>2

Find the probability function of Y.

# Solution
Note that X ~ Exp(%). So it is clear that X is a crv and since Y = 1,2, or
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3, we have that Y is discrete. Now

1
P(Y=1)=P(X<1) = / 2e-2% dx
0

1
=¥ =1-¢?2
0

2
P(Y=2)=P(1<X<2) :/ 2e ¥ dx
1

—2x 2

— e -2 _ 4

=e 4

1
P(Y=3)=DP(X>2) = / 202 dx
2

(o)
= 674

_ _872x

Thus the pmf is

P(Y =y) = 2 _,4 y_»

2.4.3

If X and Y = h(X) are both continous, start with the definition of the
cdf of Y, i.e.
F(y) = P(Y <y) = P(h(X) <)

solve the inequality for X, and then obtain the cdf of Y. We will then
only need to differentiate the cdf wrt y to get the pdf that we desire.

Example 2.4.2 (Example 2.10)

Let X have the following pdf:

0 otherwise

Find the pdf of Y = V/X.
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¢ Solution

We have that the range of values where fy(y) < 0isy > 0. Now
Fy(y) = P(Y <y) = P(VX < y) = P(X < %)

2
Yy
:/ 2¢ 2 dx
0

2

_oxlY 2
__er :1_62y

Therefore, the pdf of Y is

o2 o2
%1—6 W =dye= y <0

fr(y) =

0 otherwise

2.4.4

% Theorem 8 (One-to-One Transformation of a Random Vari-
able)

Suppose X is a continuous random variable with pdf fx and support set
A ={x: fx(x) >0} and Y = h(X) where h is a real-valued function.
Let fy be the pdf of therv Y and let B = {y : fy(y) > 0}. Ifhisa
one-to-one function from A to B and if I is continuous, then

yEB

Fry) = £ ) - \%h—%y) ,

¢ Proof
Note that since h is one-to-one, it is monotonous. Suppose h is increasing.
Then h=' is also an increasing function. Note that the cdf of Y is

Fy(y) = P(Y <y) = P(X < h™'(y)) = Fx ("' (v))-
Then the cdf of Y is

frly) = diypx(h—1<y>) = fx(h () - j—yh—%w



If h is decreasing, then so is its inverse. Thus
Fy(y) = P(Y <y) = P(X = ™} (y)) = 1= Fx(h™ ' (y))

Thus the cdf of Y is

d d

fr(y) = @(1 ~Ex(h™ () = —fx(h " () - @h_l(y)-

Note that the pdf of Y is indeed positive since h~! is decreasing.
Combining the two, we have that

Fr) = Fx(h () - ]”’w(y)

as required.
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- Functions of Random Variables (Continued)

_ Special Cases

Example 3.1.1

Recall Example 2.4.1. Suppose X is a ro with the following probability

function
2072 x>0
fx(x) =
0 otherwise
Define Y = h(X) as follows:
.
1 X<1
Y =
X 1<X<2
3 X>2

Find the cdf of Y.

¢ Solution

Solution is given differently in the 2 sections. I am not happy with
either solutions because some things don’t add up. My opinion is
that the definition of Y is badly given, along with a badly phrased
question. As a result, there are more ways than one to interpret an
already confusing information, and thus we have ourselves one hell

of a mess.
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B Crovability Integral Transformation

% Theorem 9 (Probability Integral Transformation)

If X is a contiunous rv with cdf F, then Y = F(X) ~ Unif(0,1).
Y = F(X) is called the probability integral transformation.

66 Note
The distribution of Y = F(X) can be proven.

¢ Proof

Let X be a continuous rv and Y = F(X). Since F(X) is one-to-one and
increasing (i.e. monotonous), there exists F~1(Y) that is a real-valued
and increasing function. Then

Fy(y) =P(Y <y) = P(Fx(X) <y) =P(X < F'(y))
=F(Fl(y)=y

Note that Fy(y) = y is the cdf of a Unif(0,1) rv, i.e. the standard
uniform random variable. Thus Y ~ Unif(0,1).

66 Note
This theorem essentially states that any rv from a continuous distribution
can be transformed into a standard uniform distribution.

Example 3.2.1 (Example 2.11)

Suppose X ~ Exp(01). We know that Fx(x) = 1 — e % for all x € Ra.
By Probability Integral Transformation, we have that Y = Fx(X) =
1 — e 19X ~ Unif(0,1).

Note that the converse of Probability Integral Transformation is
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true:

% Theorem 10 (Converse of Probability Integral Transformation)

Suppose X is a continuous ro with cdf F such that F~1 exists. If U ~
Unif(0,1), we have that Y = F~1(U) ~ X.

& Proof
Note that

Fy(y) = P(Y <y) = P(F}(U) < y)
= P(U < Fx(y)) = Fx(y).

Example 3.2.2 (Example 2.12)
Suppose X ~ Unif(0,1). Find a transformation T such that T(X) ~
exp(0).

¢ Solution
Let Y = T(X) ~ Exp(6). Note that

F(y)=1 —e_%, y>0

Observe that since

y
0

x=1—-e? = y=—-0In(l—x)

we have that
F,1(X) = —0In(1 — X).

By Conwverse of Probability Integral Transformation 10, we have that T =
R
Y

I Location-Scale Families

When we look into methods for constructing confidence intervals for

an unknown parameter 0. If the parameter 6 is either a scale parameter
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or location parameter, then a confidence interval is easier to construct.

& Definition 19 (Location Parameter and Family)

Suppose X is a continuous rv with pdf f(x; i), where u is a parameter
of the distribution of X. Let Fy(x) = Fx(x;u = 0), where Fy is the cdf
of X, and fo(x) = f(x;u = 0). The parameter y is called a location
paramter of the distribution if

Fx(x;p) = Fo(x —pu), peR

or equivalently,
feou) = folx—p), peR

We say that F belongs to a location family of distributions.

& Definition 20 (Scale Parameter and Family)

Suppose X is a continuous rv with pdf f(x;0), where 6 is a parameter of
the distribution of X. Let Fy(x) = Fx(x;0 = 1), where Fx is the cdf of X,
and f1(x) = (x;0 = 1). The parameter 0 is called a scale parameter of
the distribution if

Fx(x;6) = Fl(g). >0

or equivalently,
1. x
f8) = 5fo(5), >0

We say that F belongs to a scale family of distributions.

& Definition 21 (Location-Scale Family)

Suppose X is an rv with cdf F(x; p, o) where y € R and o > 0 are the
parameters of the distribution. Let Y = ¥ If the distribution of Y
does not depend on y and/or o, then F is said to belong to a location-
scale family of distributions, with location parameter y and scale
parameter o. In other words, F belongs to a location-scale family of
distributions if

F(x;u,0) =F <¥) ,
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where Fy(x) = F(x; . = 0,0 = 1), or equivalently,

find) = 3o (5).

where fo(x) = f(x;p=0,0 =1).

Example 3.3.1 (Example 2.13)

Consider X ~ G(p, o). Show that Fx belongs to a location-scale family of

distributions.

We know that if y = Oand o = 1, then Y = ¥ ~ G(0,1), and we
know that G(0,1) has no dependence on unknowns y and o. Therefore, Fx
belongs to the location-scale family of distributions, with location parameter

u and scale parameter .

Another solution is to show that one of the equations in the definition is
fulfilled. Observe that

1 (=)

fr(x) = 7/27_[73 202

So if we set y = 0 and o = 1 to get fy, we have that

Now, note that

flay = 1L ()"

027

Let y = £, and we have ourselves

11 2 1, x—upu

Y
T T —
1o 27-,_—6 (Tfo( 1o

flx) = )

Example 3.3.2 (Example 2.14)

Consider X € G(u,2) where u = E(X). Show that y is a location parame-
ter.

We can use a similar approach as before and define Y = X — p which
follows G(0,2). It is clear that we then have that Fx, the cdf of X, belongs to

a location family of distributions.

Example 3.3.3 (Example 2.15)
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Consider X ~ Exp(0). Show that Fx belongs to a scale family of distribu-
tions and find the scale parameter.

Note that

S
x
=

x>0

0 otherwise

LetY = %. Then

_x 6 1 y
— ¢8|l y=1—e¢"
e Oy e
and we have
eV y>0
fr(y) =
0 otherwise

Note that if we set ¢ =1 to get f1, we have

e x>0

filx) =

0 otherwise

Therefore, Fx belongs to a scale family of distributions.

I Copectations

3.4.1

& Definition 22 (Expectation of A Discrete RV)

If X is a discrete ro with pmf f and support set A, then the expectation
of X, or the expected value of X is defined by

E(X) =) xf(x) (3.1)

xeA
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provided that the sum converges absolutely, i.e.

E(IX]) = }_ [x] f(x) < 0.

xeA

If E(|X|) does not converge, then we say that E(X) does not exist.

& Definition 23 (Expectation of A Continuous RV)

If X is a continuous rv with pdf f and support set A, then the expecta-
tion of X, or the expected value of X is defined by

EX) = [ () 62)

provided that the integral converges absolutely, i.e.

E(X) = [ _ Il fx) <.

If E(|X|) does not converge, then we say that E(X) does not exist.

Example 3.4.1 (Example 2.16)

Suppose X ~ Poi(A). Calculate E(X).

¢ Solution
Note

N2 0,1,2, ...

fy =4 "

0 otherwise

Then

I
(3]
L
>
agk

Example 3.4.2 (Example 2.18)
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Suppose X is an rv with

= 1<x<oo

0  otherwise

Calculate E(X).

# Solution
Observe that x - xl*z = % and the antiderivative of % is In x, which would
need to be evaluated at In co. Thus, we should instead immediately check if

the integral converges absolutely.
B(X)) = [ Il 5 dx
A x2
:/ |x|idx
1 [ ]
© 1
:/ — dx
Y
Je'e) 1
:/ —dx,
J1 X

and we notice that the integral would not converge. Therefore, E(X) does
not exist.
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I Expectations (Continued)

_ Expectations (Continued)

2 Theorem 11 (Expectation from the cdf)

Suppose X is a non-negative continuous rv with cdf F, and E(X) < oo.
Then

E(X) = / [1— F(x)] dx = / P(X > x)dx (4.1)
0 0
If X is a discrete rv with cdf F, and E(X) < oo, then

(0]

E(X) = i)[l —F(x)] =) P(X>x) (4.2)

x=0

& Proof
Note that for a continuous rv X, we have

1—F(x):P(X2x):/oof(t)dt

Therefore,

/0°° [ — F(x)]dx = /0°° /:’f(t) dt dx.

Since 1 — F(x) is a finite value, so is [y f(t)dt, and thus we can apply

Fubini’s Theorem™: * Condition for Fubini’s Theorem to
, hold is that the integrand of the double
o o e o0 integral must be absolutely convergent.
| n—reax= [ ["f@araxe= [ [ favar puege st

Note that the limits of the integral utilizes the following figure:


https://en.wikipedia.org/wiki/Fubini%27s_theorem
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X
t
Work on the discrete case as an exer-
cise.
With that, note that Exercise 4.1.1
For a non-negative discrete rv X with cdf F
! t dE(X) < oo that
[ fwyax =xfw] = tr) and E(X) < o, prove
0 0 o
) . . ) E(X) =} [1-F(x)]
Since t is just a dummy variable, we can indeed let t = x, and thus we =0

have
/0 [l—F(x)]dx:/O xf(x)dx = E(X)

as required.

O
Example 4.1.1 (Example 2.20)
Suppose X ~ Exp(6). Use ® Theorem 11 to calculate E(X).
¢ Solution
Note that X is a non-negative rv. The cdf of X Im Exp(0) is
Fx(x)=1—¢"d.
Then
E(X) = 1—FX(x)dx—/ e 0 dx
0
— o] =0
0
O

Suppose h(x) is a real-valued function.
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If X is a discrete ro with pmf f and support set A, then
E[h(x)] = ) h(x)f(x) (4-3)
X€A

provided that the sum converges absolutely.

If X is a continuous rv with pdf f, then
EIh)] = [ ha)f(x) dx (4.4)

—00

provided that the integral converges absolutely.

The proof is, unfortunately, not trivial. One would have to look
into Lesbesgue integrals (or at the very least, Riemann-Stieltjes inte-
grals) in order to prove this statement. This “theorem” is also called

[Reference - Wikipedia].
An idea of the proof is given on Math SE.

Example 4.1.2

Suppose X ~ Unif(0,0). Calculate E(X?).

¢ Solution

Exercise 4.1.2

Find the pdf of Y = X? and find E(Y) by evaluating [ yfy(y)dy

Suppose X is an rv with pf f. Let a;,b; € R, fori =1, ..., n, be constants,

and g;(x), for i =1, ..., n, are real-valued functions. Then This theorem essentially states that the
expectation is a linear operator.

™=
™=

E[ (a;gi(X) + b;) (a;E[gi(X)] + b)) (4.5)
i=1

1

i=1

provided that E[g;(X)] < co fori=1,..., n.



https://en.wikipedia.org/wiki/Law_of_the_unconscious_statistician
https://math.stackexchange.com/questions/1277800/expected-value-of-a-function-of-a-random-variable

50 Lecture 4 May 10th 2018 - Expectations (Continued)

# Proof
Suppose X is a discrete rv with support set A. Then

E [i( igi(X)+b)| =) [i a;gi(x )| f(x) 1 Theorem 12
i=1 xeA |i=1
= 2 Z a;gi(x) f (x) + bif (x)]
- _f i) () +bf (0] (4)

Il
—_
=
m
hS

x)+bi ), f(X)l

xeA

I
—

I I
M= M=
ZM

(a:E[gi(X)] + bi)

I
—

where note that (x) is valid because a;, b; are constants, and g;(x), f(x)
are finite real-valued functions.

In general, E(g(X)) # (E(X)) unless if g is a linear function. For
example, for a,b € R, we have

E(aX+0b) =aE(X)+0b

4.1.2

Since these concepts were introduced in STAT230 and were given

little treatment in the lecture, we shall only cover over them briefly.

& Definition 24 (Variance)

The expectation tof the squared deviation of an rv from its mean is called
the variance, i.e. for an rvo X with mean y = E(X),

0 = Var(X) = E[(X - p)?] = E(X2) — E(X)*
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& Definition 25 (Moments)
Let X be an rv with mean .
The k™ imoment about the origin is defined as:

E(Xx%)

The k'™ imoment about the mean is defined as:

E[(X = p)f]

The k'™ factorial moment is defined as:

EX®] = E[X(X~1)...(X —k+1)] =E {(X)E!k)!}

¥ Theorem 14 (Variance of a Linear Function)
Suppose X is an rv with pf f and a,b € R. Then

Var(aX 4 b) = a® Var(X)

& Proof
Observe that

Var(aX +b) = E[(aX +b)?] — E(aX + b)?
= E[a®X? + 2abX + b*] — (aE(X) + b)?
= a?E(X?) + 2abE(X) + b* — (a®E(X)? 4 2abE(X) + b?)
= A?E(X?) — a*E(X)? = a* Var(X)

Example 4.1.3 (Example 2.22 (course notes - 2.6.10 (1))

If X ~ Poi(8), then E[X®)] =6 for k =1,2, ...
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¢ Solution
Note

e —0,1,2,..

fx(x)=4 *
0 otherwise

So

EX® = E(X(X—1)(X=2)...(X—k+1))

Note that it is not necessarily true that

x!

x(x—l)...(x—k—i—l):m

0 8—9936 for 0 < x < k— 1. And so we can only
= Z x(x - 1)(x - 2) T (x —k+ 1) ¥ say that the equality is true for x > k,
x=0 ' and hence we have the approach that
0 e fpx we use in ().
=0+ ) x(x—1)(x—2)...(x —k+1) - (%) "
x=k
x! e 0g% x!
= -1)...(x—k+1) = —+
RN N R
B 6—997( i gx—k
= (x—k)!

0k
=e 0 Z—| lety=x—k
y:()y'
:e—99k89:9k

where for (x) we have that Z’;;%) x(x—1)...(x —k+1)A = 0 for any
AeR

I [cqualities

_ Markov/Chebyshev Style Inequalities

% Theorem 15 (Markov’s Inequality)

If X is a non-negative rv and a > 0, then the probability that X is no less
than a is no greater than the expectation of X divided by a, i.e.

E(X)

P(X>a)< p

(4.6)
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# Proof

We shall prove for the discrete case. Suppose X is a non-negative discrete
ro with pf f. Let A C S, where S is the sample space, such that
A={weS: X(w)>a}.

E(X) =) xf(x)

x€eS

=) xf()+ ) xf(v)

xeA x¢A

> ) xf(x) o) xf(x) =0

xX€A X¢A

> ) af(x)

xeA

=0 Y f(x) =a-P(A)

xeA
=a-P{weS:X(w)>a})=aP(X >a).

2 Theorem 16 (Markov’s Inequality 2)

If X is a non-negative rv and a,k > 0, then the probability that X is no
less than a is no greater than the expectation of X divided by a, i.e.

k
P(|X| >a) < E(fﬂ ) (4.7)

# Proof
We shall, again, prove for the discrete case. Suppose X is a non-negative
discrete ro with pf f. A :=={w € S : |X(w)| > a} C S. Then

E(IX[) = Y [« f(x)

xeS

= Y f) + X 1 fx)

xeA x¢A

> Y I f(x) = ¥ af(x)
xX€EA xeA

= a*P(A) = d*P(|X| > a).

Exercise 4.2.1
Prove Markov’s Inequality for a continuous
ro.

Question: Can we write

P({w € S : [X(w)] = a}) = P(X] > a)?

Exercise 4.2.2
Prove for the continuous case.
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% Theorem 17 (Chebyshev’s Inequality)

Suppose X is an rv with finite mean y and finite variance 0. Then for
any k >0,

1
P(X -yl 2 ko) < 5 49
¢ Proof
By ® Theorem 16,
E(X—pu) 1
P(IX = u| = ko) SW:]{_Z
since E(|X — u|*) = Var(X) = o2 O

Example 4.2.1 (Example 2.23)

A post office handles, on average, 10000 letters a day. What can be said
about the probability that it will handle at least 15000 letters tomorrow?

¢ Solution
X := number of letters handled in a day. Note that by its definition, X is a
non-negative discrete rv. Then, using ® Theorem 15, since E(X) = 10000

10000 2
> < 0 _ <
P(X > 15000) < 3255 = 3

Thus, we know that there is less than two-third of chance that the post office
will handle more than 15000 tomorrow.



I [:cqualities (Continued)

5.1.1

Example 5.1.1 (Example 2.24)

A post office handles 10000 letters per day with a variance of 2000 letters.
What can be said about the probability that this post office handles between
8000 and 12000 letters tomorrow? What about the probability that more
than 15000 letters come in (use ™ Theorem 17)?

1. Probability that this post office handles between 8000 and 12000 letters
tomorrow:

P(8000 < X < 12000)
= P(—2000 < X — 10000 < 2000)
— P(]X — 10000 < 2000) = 1 — P(|X — 10000| > 2000)

1 2000
1— ———— -1 Theorem 17 N k = —— = /2000
- (1/2000)2 (o
~ 1999
~ 2000

2. Probability that more than 15000 letters come in:

X — 10000 > 5000) + P(X — 10000 < 5000)

|X —10000| > 5000)
1 2000
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I \oment Generating Function

Moment generating functions are important because they uniquely

define the distribution of an rv.

& Definition 26 (Moment Generating Function)

If X is an rv, then Mx (t) = E(e'™) is called the moment generating
function (mgf) of X provided this expectation exists for all t € (—h, h)
for some h > 0.

When determining the mgf of an rv, the values of t for which the expecta-
tion exists must always be stated. The range of t where the expectation is

defined is “essentially” the

Exercise 5.2.1 (Example 2.25 (2.9.2 (1) of the course notes))

Find the mgf of X ~ T'(a, B). Make sure you specify the domain on which
the mgf is defined.

# Solution
Note that the pdf of the Gamma distribution is:

0 otherwise
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Therefore
Mx(t) = E(e™) :/ etxix"‘A[B dx
0
B AN
= ,B"‘/o T(zx)x e dx
,B 4

(f) o0 1 a1 L 1
=) ESETH I

sum over all values for pdfofl"(a,% =1)

=

=(1—-tg)" fort < /13

& Definition 27 (Indicator Function)

The function 1 4 is called the indicator function of the set A, i.e.

1 if A occurs
14 = (5.1)

0 if AC occurs

Example 5.2.1
The pdf

0<x<9

~
—
=
SN—
Il
[SY[EY

0 otherwise
can be represented as
1
f(x) = Glio<x<)

Example 5.2.2 (Example 2.26)

Find the mgf of X ~ Poi(A). Make sure you specify the domain on which
the mgf is defined.

¢ Solution
Note that the pmf of X is
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The mgf is thus

8 Proposition 18 (Properties of the MGF)
Suppose X is an rv. Then
1. Mx(0) =1

2. Suppose the derivatives Mg() (t), fork =1,2,..., exists for t € (—h,h)
for some h > 0, then the Maclaurin Series® of Mx(t) is * The Maclaurin series is the Taylor
expansion around 0.
o MY(1)]
Mx(t) =), i

k=0

3. If the mgf exists, then the k'™ moment of X is:

d*Mx (t)

ky
E(XT) = dtk ‘t:O

4. Putting 2 and 3 together, we have

Mx(i’) _ i E(]i(k) tk

k=0

The final item shows why Mx (t) is called the moment generating func-

tion.

& Proof

1. Mx(t) o E(etX) o E(e%) =1

2. This is simply a result of using the Maclaurin series.
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3. Note that

E(eX)=E [1 + X + %(tX)Z - %(tX)3 . ]

2 3
=1+tE(X)+ t—E(Xz) + t—E(X3) +....

2 3!
So
dk k! k-t
ZE(etX = “E(xk E(XMHY . = E(X*
g By = B F Gy BT ) | = E(XD)
=0 when t=0
O

Example 5.2.3 (Example 2.27)

A discrete random variable X has the pmf

1 x+1
flx) = <2) Lo,

Derive the mgf of X and use it calculate its mean and variance.

x=0
1 & e\
25 (3)
1 1 f
= ; f0r6—<1ort<ln2
2 1-4
1
2—¢t
To get the first two moments,
d
E(X) = & |
(x) = SMx(0)]
ot -
B (2—et)2’t:0
42
E(X?) = £ |
() = Z5Mx(h)]
et 2¢t
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Thus we have that the expected value and variance are

respectively.

_ MGEF of a Linear Transformation

¥ Theorem 19 (MGF of a Linear Transformation)

Suppose the rv X has an mgf Mx (t) defined for t € (—h,h) for some
h>0.LetY =aX+0b, where a,b € Rand a # 0. Then the mgf of Y is
h

My(t) = e Mx(at), |t] < al

. (5-2)

& Proof
Observe that

My(t) _ E(etY) _ E(et(aX+h)) _ E(eatXetb) _ ethx(ﬂlt).

The range of t is
h

0
at| < h 422 |1 < a

Example 5.2.4 (Example 2.28)

Consider X ~ Unif(60y,6,). Find the mgf of Y = 5X + 3.
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¢ Solution

Note that
6 plx
Mx(t) = dx
x(t) 6, 62— 06
(]
Etx

_ ) H02-01) |g, t#0
1 t=20

o102 gty
— J t0—01) E#0

Thus by ® Theorem 19,

3¢ 5102 5ty
PHe2=ell 42
My(t) = My (5t) = ¢ 070 7

_ Uniqueness of the MGF

¥ Theorem 20 (Uniqueness of the MGF)

Suppose the rv X has mgf Mx (t) and the rv Y has mgf My (t). Suppose
also that Mx(y) = My(t) forall t € (—h,h) for some h > 0. Then X
and Y have the same distribution, that is, Vs € R,

P(X <s)=Fx(s) =Fy(s) =P(Y <s)

# Proof

The proof of this theorem is not trivial. See this comment on Math SE for
information. It appears that the 2nd bullet point points to a material that
I might be able to understand. If I can find that material, and understand
it, I may change this proof section to become my own notes.



https://math.stackexchange.com/q/2388038
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Example 5.2.5 (Example 2.29)

Suppose X ~ Unif(0,1). Define Y = —2log X, and use the mgf method to
show that Y ~ x3.
( Hint: Find mgf of x» and show that Y has the same mgf )

# Solution
Let Z = x3. The pdf of Z is therefore

1 -
fz(z) = 5¢ 2250

Then

—
“Hh
NI—

I
P e L Y
8 N—=
-
| ‘»—l
Nl
(3
-
T
[N
—
N
-
|
NI—
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I Joint Distributions

_ Introduction to Joint Distributions

66 Note (Motivation)

Most studies collect information for multiple variables per subject rather
than just one variable. Because these variables may interfere/interact
with each other and hence give us results that may not be fully reliant
on a single variable, it is in our interest to study the interaction of these
variables.

To start off with the basics, we will first look at the bivariate case of a
joint distribution.

_ Joint and Marginal CDFs

& Definition 28 (Joint CDF)

Suppose X and Y are rvs defined on a sample space S. The joint cdf of X
and Y is given by

Y(x,y) € R? F(x,y) = P(X < x,Y <vy).
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* Depending on whether X and Y are both discrete or both continuous,
we can derive the joint pmf or joint pdf of (X,Y), respectively.

e & Definition 28 only concerns two variables (a bivariate case), but we
can certainly extend the idea to a k-dimensional joint cdf for the rvs
X1, X, ooy Xp as ¥ (x1, X2, ..., X ) € Rk,

F(xq,x2, .., x) = P(X1 < x1, X2 < x9, 00, Xie < X))

Suppose X,Y are rvs, either both continuous or discrete, and has a joint
cdf F. Then

1. F is non-decreasing in x for fixed y.
2. F is non-decreasing in y for fixed x.
3. limy o F(x,y) = 0 and lim,_, ¢, F(x,y) = 0.

4 My ) (oo, —co) F(X,y) = 0and Hmy ), (eo,00) F(2,y) =1

¢ Proof
1. Suppose not, i.e. that we have instead that F is decreasing for x. Then

for x1 < xo € R, we would have

F(x1,y) > F(x2,y)
— P(X<x,Y<y)>P(X<x,Y<y)

In other words,

P({(w,v): (w,v) €8, X(w) <x1, Y(v) <y})
> P({(w,v) : (w,v) €S, X(w) < x2, Y(v) < y})

Howeuver, note that for fixed y, since x1 < xp, we must have that

{(w,0) € S: X(w) <x,Y(v) <y}
C {(w,0) € S: X(w) < x2,Y(0v) <y}
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By & Proposition 1, we have that

P{(w,v): (w,v) €S, X(w) <x1,Y(v) <y})
< P{(w,v): (w,v) €S, X(w) <x3, Y(v) <y}).

This is clearly a contradiction.
2. The proof for this statement is similar to the above.
3. Note that

AT Foy) = B PX < %Y <y)

=P(X < —00,Y <)
= P([X < —eo] N [Y <))
— P(@U[Y <y]) = P(@) =0

The proof for the case where y — —oo is similar.

4. This is simply a consequence of 3.

We say that F is a joint cdf if it satisfies all the conditions in & Proposition 21." * Many literature actually claims this,
and it does look like it will be assumed
so for this class.

Example 6.1.1 (Example 3.1)

Consider the following joint cdf of two rvs (X1, X3):

0 X1 <0V ax<O0
049 0<x<1IAO0<LSx<1
F(x1,x7) =

07 0<x1<1Ax>1

07 x>21AN0<x<1

1 x1>1Axp>1

Flipping an unfair coin with P({H}) = 0.3 twice independently, we define



66 Lecture 6 May 17th 2018 - Joint Distributions

fori=1,2
1 if the i'™ flip is heads

0 otherwise

The joint cdf of (X1, Xp) is the given F above. Verify that under this experi-

ment, F is indeed a cdf.

¢ Solution

Note that conditions 3 and 4 of & Proposition 21 are automatically satisfied

by the definition of F.

& Definition 29 (Marginal CDF)

For the rvs X, Y with joint cdf F, the marginal cdf of X is
Fx(x) =P(X <x)= lim F(x,y) = F(x,00) Vx€R
y o

and the marginal cdf of Y is

Fr(y) = P(Y <y) = lim F(x,y) = F(oo,y) Vy € R

Example 6.1.2
Based on Example 6.1.1, derive Fx,(x;) fori = 1,2.

# Solution

Fx, (x1) = xi@ooF(xl’XZ)

0 x1 <0
“ Yo7 0<x <1
1 xlzl

The solution for Fx,(xy) is similar.

Note that the marginal cdf is defined
for both discrete and continuous cases.
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Joint Discrete RVs

& Definition 30 (Joint Discrete RV)

Suppose X amd Y are rvs defined on a sample space S. If S is discrete
then X and Y are discrete rvs. The joint pmf of X and Y is given by

V(xy) €R* f(x,y) =P(X=1xY =y).

The set A = {(x,y) : f(x,y) > 0} is called the support set of (X,Y).

8 Proposition 22 (Properties of Joint PMF)
Suppose X, Y are discrete rvs with joint pmf f and support set A. Then
1. V(x,y) €R?>  f(x,y) >0

2. Y Yflxy) =1

(xy)eA

3. VR C R?,
P(X,Y) R =) ) f(xy)

(xy)eR

The proof is analogous to the univariate case as seen in 8 Proposition 6

Example 6.1.3 (Example 3.2)

Consider the following joint pmf where the numbers inside the table show
P(X =x,Y =y). Find c. Then, calculate P(X +Y < 2).

y=o0| o0.05 0.1 0.15

y=1 0.07 0.11 c

y=2| 0.02 | 025 | 0.05

¢ Solution

Since the sum of all the probabilities must be 1, thus

c=1-005-0.07-0.02—-...-0.15-0.05 =0.2.
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Notice that the only cases where X +Y > 2 is when
e X=2,Y=1;and
e X=2Y=2
Thus
P(X4+Y<2)=1-P(X=2Y=1)-P(X=2Y=2)
=1-02-0.05=0.75
Example 6.1.4 (Example 3.3)

A small college has 90 male and 30 female professors. An ad hoc committee
of 5 is selected at random to write the vision and mission of the college. Let
X and Y be the number of men and women in this committee, respectively.
Derive the joint distribution of (X,Y).

¢ Solution

Observe that the support set of this distribution is
A={(x,y):x+y=51xy=0,123,45}

We have that the distribution is

90y (30
GG xy=0,1,2,3,4,5

P(X = x,Y = y) = 150) x+y:5

0 otherwise

& Definition 31 (Marginal Distribution - Discrete Case)

Suppose X and Y are discrete rvs with joint pf f. Then the marginal pf
of X is

Vx e R? fx(x)=P(X=x)= Z}%{f(x,y),
ye

and the marginal pfof Y is

VWweR? fy(y) =P(Y=Y)= Y f(xy).

xeR

Example 6.1.5 (Example 3.4)

Consider the joint pmf from Example 6.1.3. Find the marginal distributions,



i.e. marginal pmfs of X and Y.
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X=-2
y=o0| o0.05
y=1| 0.07

y=2| 0.02

# Solution

Using the definition, we have that

@) = ¥ Fm) = e

yeR

and

) =) flxy) =

xeR

Example 6.1.6 (Example 3.5)

0.1 0.15
0.11 0.2
0.25 | 0.05
014 x=-2
x=0
040 x=2
03 y=0
038 y=1
032 y=2

Suppose that a penny and a nickel are each tossed 10 times so that every pair

of sequences of tosses (n tosses in each sequence) is equally likely to occur.

Let X be the number of heads obtained with the penny, and Y be the number
of heads obtained with the nickel. It can be shown that (show it!) the joint

pmfof X and Y is as follows.

PX=xY=y)={ "

10) (%)ZO %,y =0,..,10

otherwise
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¢ Solution

Note that the support set of X and Y are the same, i.e.
Ax = Ay =1{0,1,..,10}.

We may assume that the penny and the nickel are fair coins, i.e. if we let py
and py be the probability of getting a head for a penny and nickel, respec-
tively, then py = py = % Since there are 10 ways to get x heads with the
penny, and similarly so for the nickel, we have that

I
—~
=
S—
g
<o
—
N—
N———
—
=)
—
N—
N——
—
)
=
$
<
I
o
N
—_
s
d
—_
(@)

P(X=xY=y)

0 otherwise

as required.

66 Note

It is interesting to observe that the two rvs in the last example have seem-
ingly no relationship with one another in terms of the experiment con-
ducted, since they do not affect each other. This leads us to introducing
the next concept.

- Independence of Discrete RVs

& Definition 32 (Independence of Discrete RVs)

Two rvs X and Y with joint cdf F are said to be independent if and only
if
Yy € R F(xy) = Fx(x)Fr(y)

¥ Theorem 23 (Independence by PF)
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I 'am not certain as to why this is
presented as a theorem that repeats the
definition. As so, the prove for the 2nd
equation will not be shown.

Suppose X and Y are rvs with joint cdf F, joint pf f, marginal cdf Fx and
Fy respectively, and marginal pf fx and fy respectively. Also, suppose
that Ax = {x : fx(x) > 0} is the support set of X and Ay = {y :
fy(y) > 0} is the support set of Y. Then X and Y are independent rvs if
and only if either

V(x,y) € Ax x Ay f(x,y) = fx(x)fr(y)

holds, or
Vi y € RF(xy) = Fx(x)Fy(y)
& Proof
The ( =) direction is simply a result of 2. While > Work needs to be done to show that
. Lo . . . our statement actually satisfies the
the ( <=) direction is a direct result of applying double integrals. g condition for Clairaut’s Theorem to

apply. Clairaut’s Theorem states that:

If (x0,y0) is a point in the domain of a
function f with

Example 6.1.7 (Example 3.6) o fis defined on all points in an open
disk centered at (xo,Yo);

e the first partial derivatives, fy, and
fyx are all continuous for all points
Suppose X and Y are discrete rvs with joint pf in the open disk.

Then fxy(x0,¥0) = fyx(x0,Y0)-
flxy) = Ty!]l{x,yzo,l,...}'

Are X and Y independent of each other?

¢ Solution

Note that we may write f as

gxe—f gye—t

f(x’y) = ( x! y| ) ﬂ{x,y:O,l,..‘}

and so this suggests that we can indeed break down f into two parts, each

only affected by x and y respectively, “indenpdent” of each other. Indeed,
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since
o 9x+ye—9
fx(x) = Zo Ty!]l{x,y:(),l,...}
y=
i (6"39 Gyee) 1
! x! y| {x=0,1,..}
Gxe—G 00 gye—G
Y = Y
——
sum of pmf of Poi(f)=1
6%e?
T
Similarly, we can obtain
Ye—?
fry) = m

Multiplying fx(x) and fy(y) together, we indeed get back to the original
joint pmf.
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- Joint Distributions (Continued)

_ Independence of Discrete RV's (Continued)

Example 7.1.1 (Example 3.7)

Consider the joint pmf below from Example 6.1.3. Are X and Y indepen-
dent? Prove or disprove.

x=-2|x=0|x=2|PY=y)

y=o0 0.05 0.1 0.15 0.3
y=1 0.07 | 0.11 0.2 0.38
y=2 0.02 | 0.25 | 0.05 0.32

P(X=x) | o014 | 0.46 0.4

# Solution
Note that

P(X =-2,Y =0) =05 but
P(X = —2)P(Y =0) =0.14- 0.3 = 0.042 # 0.5.

Thus X and Y are not independent.

_ Joint Continuous RVs

& Definition 33 (Joint Continuous RVs)
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Two random variables X and Y are said to be if there
exists a function f(x,y) such that the joint cdf of X and Y can be written
as

Yy e R Fy) = [ [0 ft)dndy,

The function f is called the joint density function of X and Y. It fol-
lows from the above defintiion that when the second partial derivative

exists, we have
aZ

flxy) = WF(x,y)

The set {(x,y) : f(x,y) > 0} is called the support set of (X,Y).

Define f(x,y) = 0 when %F(x,y) does not exist.

Example 7.1.2 (Example 3.8)

Suppose X and Y have joint pdf f(x,y) = Njocxy<1} = Locr<1,0<y<1}-
Calculate the joint cdf of X and Y.

# Solution

0 x<0,vy<o0

Jo J{tdsdt=xy 0<x<1AO0<y<]1

F
(xy) folfoyldsdt:y x>1A0<y<1

foxfolldsdt:x 0<x<lAy>1

Prildsdi=1 x>1Ay>1
fo 0 Y

1. V(x,y) €R? f(x,y) >0

2 [T [Lu flxy)dxdy =1
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3. VB C R?,
PIx,Y) € Bl = [ [ flxy)dxdy
(

x,y)€EB

& Proof

Example 7.1.3 (Example 3.9)

Suppose that f(x,y) = Kxy - Lig<ry<1y for some constant K > 0. Find K
so that f is a valid joint pdf. If X and Y have the joint density f, calculate
P(X>Y).

¢ Solution
Note that

1 r1 K
1://1< dedy = =
[, Keydxdy = 7

Thus K = 4. To solve the next part, observe that for X > Y, we have the

diagram to the right to show the support set of the joint distribution. The y
shaded region is the support set. We then have T I .
P(X>Y):/1/x4xydydx:/12xy2xdx
0 L 0
:/0 2x3dx:§x3‘ozi
Example 7.1.4 (Example 3.10) / L

Suppose that

Cxy O0<xy<lx+y<l1
floy) =

0 otherwise

Find C so that f(x,y) is a valid joint probability density function, and
calculate P(Y? < X).

# Solution
Note that the diagram on the right shows the support set of (X,Y). To find y
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C/

. 1 17xC o 1cC zlfxd
—/()/0 xyyx—/ozxy‘o X

o't 2 DAL P
_C/o Ex(x —2x—|—1)dx—C/O E(x —2x° + x) dx

/1, 145 1,\' (3 8 6\ C
_C(sx 3x+4x>’0—C 24 24 124)

And so C = 24.
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To calculate P(Y? < X), note the diagram to the right. Then y
3+f 1—x 1 N
P(Y? < X) = / / 24xydydx+/3 f/ 24xy dy dx
3+f \\\
= / 12xy ‘ dx + 245 12xy ‘ L T
T : AN
— 4,3
=4x . + 3+\[24(x —2%% + x) dx 3y5 1
3 Solve for y = 1 — x and y> = x to get
—4 3+ \/g +24 1 x4 2 =3 + 1 2 ! — the intersection.
2 1 T3 TN | s

We shall not proceed to get the final solution since it is a messy process and

the result is not important.

7.1.3

& Definition 34 (Marginal PDF)

Suppose X and Y are continuous rvs with joint pdf f. Then the marginal
pdf of X is given by
veeR fx(x) = [ fay

and the marginal pdf of Y is

WeER fyly / fdx.

Example 7.1.5 (Example 3.11)

Suppose X and Y have joint pdf f(x,y) = K(x + y)lo<x<y<1 for some
constant K. Find K. Then, calculate the marginal density of X.
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¢ Solution

A diagram showing the region of the support set is on the right. y

To get K,

1,1 1 1 1
1:/ / K(X+y)dydx:/ (ny+1<y2>] dx y
0 Jx 0 2 x y

1 K 1
:/0 Kx+§—Kx2—§Kx2dx

R |

_ K/ ' _K
—5( +x—x>’0—§

Thus K = 2.

To get the marginal density of X, note that our joint pdf is now the fol-

lowing:
fxy) =2(x + ¥)jo<ray<ty
Thus . )
/ 2(x+y)dy =2xy +y?| =2x+1—3x
X X
And hence
“3x?4+2x+1 0<x<1
fx(x) =
0 otherwise
7.1.4

& Definition 35 (Independence of Continuous RVs)

Two random variables X and Y with joint cdf F and joint pdf f are inde-
pendent iff
Vx,y €R F(x,y) = Fx(x)Fy(y)

ort *It's really an "AND"
Vy,y e R f(x,y) = fx(x)fy(y).

A necessary, but insufficient, condition for X and Y to be independent is
that

supp(X,Y) = supp(X) x supp(Y)



STAT330518 - Mathematical Statistics 79

Example 7.1.6 (Example 3.12)

Are random variables X and Y introduced in Example 7.1.5 independent?
Explain.

& Solution

Recall that the pdf was given as
flxy) =2(x + y)lj1cxey<y-
We derived the marginal pdf of X in the earlier example:
fx(x) = (—3x2 +2x + 1)1{0§x§1}.
To get the marginal pdf of Y, note
/Oyz(ery)dx = x>+ 2xy Z = 3y
Thus

3y 0<y<1
fr(y) =

0 otherwise.

Note that
fx(X)fy(y) = —9x%* +6xy> +3y> 0<x<y<1

which is not equal to f. Thus, X and Y are not independent.
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I Joint Distributions (Continued 2)

_ Independence of Continuous RVs (Continued)

Example 8.1.1 (Example 3.12 (3.4.8 course note))

Suppose X and Y are continuous with joint pdf

3
flxy) = E?/(l - xz)]l{flgxgl}]l{ogygl}
Are X and Y independent?

# Solution
The marginal pdf of X is

13 3 1
fxx) = [ va—dy = 320 -
S1-x%) -1<x<1

0 otherwise

The marginal pdf of Y is
3 2, 3 1 5\ !
fy(x)—/lzy(l—x)dx—§y<x—§x)’_1
2y 0<y<1

0  otherwise.
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Clearly, we have

fx()fr(y) = oy(1- ) = floy) ~1<x<1,0<y<1.

Thus X and Y are independent.

Suppose X and Y are rvs with joint pf f, and marginal pf fx and fy,
respectively. Suppose also that

A={(xy): f(x,y) > 0} is the support set of (X,Y)
Ax = {x: fx(x) > 0} is the support set of X, and
Ay ={y: fy(y) > 0} is the support set of Y

Then X and Y are independent rvs iff A = Ax X Ay and there exist

non-negative functions g and h such that

f(x,y) = g(x)h(y)

forall (x,y) € Ax X Ay.

¢ Proof

The = direction is straightforward: Since X and Y are independent,
we have that f = fx fy, and so clearly, A = Ax x Ay and so¥(x,y) €
A = Ay X Ay, we have that fx and fy are non-negative.

For the <= direction, note that

fr) = [ s@h)dx=nly) [ glx)dx

xeAy xeAx
fr= [, s@ht)dy=g() [ h(x)dy

Thus,

Frfry) = $mty) [ s@dx [ niw)dy
= () [ [ sy dydx = g(h(y)

where line 2 is by . Thus f(x,y) = fx(x)fy(y).
Thus X and Y are independent. g
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1. If ® Theorem 26 holds, then fx will be proportional to g and fy will
be proportional to h. Clearly so, since

g(x) -h(y) = fx(x)fr(y)
g(x) o fx(x) A h(y) < fy(y)

2. The definitions and theorems can be easily extended to the random
vector (X1, Xo, ..., Xn). Indeed, if we apply mathematical induction on

the proof above, we will be able to get our desired result. *I wonder if this statement is equivalent
to the Fisher-Neyman Factorization

Theorem.

8.1.2

& Definition 36 (Conditional Distributions)

Suppose X and Y are rvs with joint pf f, and marginal pfs fx and fy,
respectively. Suppose also that A = {(x,y) : f(x,y) > 0}. The
conditional pfof X given Y = y is given by

_ floy)

for (x,y) € A provided that fy(y) # 0. The conditional pf of Y given
X = x is given by

fY(]/lx) = fX(x)

for (x,y) € A provided that fx(x) # 0.

Remark
If X and Y are discrete rvs then

and

oy Sy 1 e = W)
LAGW =Ly =m0 = 5y~

Y


https://en.wikipedia.org/wiki/Sufficient_statistic#Fisher%E2%80%93Neyman_factorization_theorem
https://en.wikipedia.org/wiki/Sufficient_statistic#Fisher%E2%80%93Neyman_factorization_theorem
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and similarly so for fy(y|x). Similarly, if X and Y are both continuous rvs,
then

* _ f(xy v _Hy) _
| fxtalyyax= [ ok / flay)dx= g0

Now consider if X is a continuous rv such that fx(x) # P(X = x) and
P(X = x) = 0 for all x. Then to justify the definition of the conditional
pdf of Y given X = x, when X and Y are both continuous rvs, we consider

P(Y < y|X = x) using the limit approach:

P(Y <y|X =x) :}limP(ng|x§X§x+h)

) f”hfy (u,v)dvdu
:;111—>0 x+h
Je 7 fx(
dhfx+hfy f(u,v)dvdu
"0 ar fx+hfx( u)du
y x+h dud
— lim foodhf f(u,0)dudo (1)

0 fx+hfx( u)du
[Y . f(x+hv)do

B ;1H0 fx(x+h) )
fy f(x,0)do
fx(x)

where (1) is by assuming that the integrands are all convergent so that we
may interchange the integral signs and the differential operator, and (2) by
the . If we differentiate the last line
with respect to y, by the Fundamental Theorem of Calculus, we have

P <ylx =) = LY

which justifies the using of our definition

RiCA)
fY(V| )_ fX(x) :

Example 8.1.2
A fair coin is flipped 10 times independently.
1. What is the distribution of Y, the number of heads in 10 flips?

2. Suppose the first 4 flips have all landed on tails. What is the distribution
of Y given this information?
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¢ Solution
1. Clearly, we know that Y ~ Bin (10, %)

2. Since each flip is independent of each other and the first four flips have al-
ready been determined, the range of values for Y changes from {0, ..., 10}
to {0, ...,6}. Since the experiment is still essentially the same, we have
that

Y| first 4 flips are tails ~ Bin (6, ;) .
Example 8.1.3 (Example 3.13)

Consider the experiment carried out in Example 8.1.2. Let

X := number of heads in the first 4 flips
Y := number of heads in 10 flips

Derive the conditional distribution of Y given that the first 4 flips landed on
heads, i.e. derive the distribution for Y|X = 4.

¢ Solution
Let W be the number of heads in the last 6 flips. Then W has the same

distribution as in part 2 of our earlier example. Also, X ~ Bin (4, %)
Clearly, Y = X + W. We proceed to derive the joint pf of X and Y:

P(X=x,Y=y) = P(X =% X+ W =y) = P(X =x, W =y )

-6 )( )

X

Then

P(X =4)

_ (yf4) (;)6 y € {4,5,..,10}.

We may also re-label the conditional distribution to have

<y6> <;)6 y* €40,...,6}
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Example 8.1.4 (Example 3.14)

From Example 7.1.5, we had that
fxy) =2(x +y)lqocxay<1}
and the marginal density of X is
fx(x) = (2x —3x* + Dljo<x<1y-

Derive the conditional distribution of Y|X = 1.

¢ Solution

Observe that

for%<y§1.

Let X and Y be rvs. If both X and Y are discrete, then

LI f(x‘y) =1 Exercise 8.1.1

Prove & Proposition 27.

* F(x|y) = Liwwex) f(wly); and
e flxly) = F(x|y) — F(x"|y).

If X and Y are both continuous, then
o [ flxly)dx=1;

o F(xly) = [, f(tly)dt and

* fxly) = ZF(xly)

Suppose X and Y are rvs with joint pf f, marginal pfs fx(x) and fy(y)
respectively, and conditional pfs fx(x|y) and fy(y|x) respectively. Then

fxy) = fx(xly) fr () = fr(lx) fx ().
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¢ Proof
Notice once and for all that by rearranging the definition of conditional
distribution

fx(xy) fr(y) = f(xy) = fr(ylx) fx(x)

8 Proposition 29 (Independence from Conditionality)

Suppose X and Y are rvs with marginal pfs fx(x) and fy(y) respectively,
and conditional pfs fx(x|y) and fy(y|x) respectively. Let Ax = {x :
fx(x) >0} and Ay = {y: fy(y) > 0}. X and Y are independent rvs iff
either of the following holds:

Vx e Ax  fx(xly) = fx(x)

or

vy € Ay fr(ylx) = fy(y).

# Proof
Suppose that X and Y are independent rvs. Then

flxy) = fx(x)fy(y)-
Then

ey RO
R = A R
fy(]/lJC) _ f(x/]/) _ fX(x)fY(y) :fy(]/)-

fx(x)  fr(y)

forx € Axandy € Ay.

Suppose WLOG that fx(x|y) = fx(x). Thus by ® Theorem 28

fy) = fx(xly) fr(y) = fx(x) fy(y) for x € Ax, y € Ay.
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Example 8.1.5 (Example 3.15)

In a game of chance, a random number is generated from P ~ Beta(w, B).
Given P = p, a coin with P({H}) = p is flipped independently n times,
where the player is rewarded the same amount of dollars as the number of
heads in n. Calculate the probability that a random player earns at least $1

in this game.

# Solution
Let X be the number of heads that appear in n flips, which equates to the
total amount of $1 earned. Then

X |P =p~Bin(n,p)
However, note that
P(X > 1) = P(earn at least $1) = 1 — P(earn nothing) =1 — P(X = 0)

To get P(X = x), we need to do the following: note that the support set of P
is from 0 to 1, then

1 & Definition 37 (Beta Distribution)
Pr(X=x)= / Pr(X =x,P=p)dp If X ~ Beta(a, B), then
0
1 1 —x)ft
= /0 Pr(X =x|P =p)Pr(P=p)dp by 1 Theorem 28 flx) = B(w, B)
1 1’1) . B pafl(l _ x)/Sfl where
= / prA—p)t e dp I()r(p)
0 X B(OC/:B) B(&,‘B)Z F(a+/3)

n 1 ! a+x—1 B+n—x—1
x)B[xﬁ/P 1-p) dp

_ En)B(zx—i—x B+n—x) / poc+x L(1 = p)ptn—x-1
(

dp

=

oc—l—x [H—n—x)

pdf of Beta(a+x,p+n—x)

n) B(zx—i—x,ﬁ-f—n_x)
B(a,B)
Therefore,
. o n\ T(a)T(B+n) T(a+B)
P(X>1)=1-P(X=0)=1- <o) T(a+B+n) [(a)T(B)

- D(a+p)I(B+ n)
I'(a+p+n)T(B)
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8.1.3

& Definition 38 (Joint Expectation)

Suppose h(x,y) is a real-valued function. If X and Y are discrete rvs with
joint pf f and support A, then

Elh(x,y)] = Y. ) h(x,y)f(xy).

(xy)eA
provided that the joint sum converges absolutely.

If X and Y are continuous rvs with joint pf f, then

Elney)) = [ [ hoy) Sy dxdy

provided that the joint integral converges absolutely.

This is also known as the Law of the Unconscious Statistician for
fwo rvs.

Example 8.1.6 (Example 3.16)

Consider X and Y with the following joint probability distribution. Calcu-
late E(XY).

y=o0| 0.05 0.1 0.15

y=1 0.07 0.1 0.2

y=2| 0.02 | 025 | 0.05

& Solution

E(XY) =) ) xyf(xy)
Xy

= —2(1)(0.07) — 2(2)(0.02) +2(1)(0.2) + 2(2)(0.05)
= 0.38
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_ Joint Expectations (Continued)

¥ Theorem 30 (Linearity of Expectation in Bivariate Case)

Suppose X and Y are two rvs with joint pf f, a;, b;, fori = 1,...,n, are
constants, and g;(x,y), for i = 1, ..., n, are real-valued functions. Then

E li (a:8i(X,Y) +b;)

i=1

- é(aiE[gi(X, Y)]) + ébi

provided that E[g;(X,Y)] is finite fori =1, ..., n.

& Proof

This is simply an extension of ® Theorem 13.

® Theorem 31 (Implication of Independence on Joint Expecta-

tion)

If X and Y are independent rvs with joint pf f, and g(x) and h(y) are
real valued funcctions, then

Elg(X)h(Y)] = E[g(X)]E[h(Y)]
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# Proof
We shall prove for the discrete case and leave the continuous case for
future exercises.

Observe that Exercise 9.1.1

Prove ® Theorem 31 for the continuous

case.

E[g(X) (x,y) @ Definition 38
(x) fy ()
(x) Y h(y)f
y

Elg(X)IE[(Y)]

<M <[\1

I
Ayl

where fx(x) and fy(y) are the marginal pfs of X and Y respectively. [

We may repeatedly apply the above proof for #n rvs through induc-

tion and get the following result.

If X1, X2, ..., Xy, for some n € IN, are independent rvs and hy, hy, ..., hy

are real valued functions, then

o

9.1.2

INDEPENDENCE of two rvs X and Y implies that knowledge of the
value of X does not provide any information whatsoever about the
distribution of Y. Essentially, we can say that there is no “relation-
ship” between X and Y. In statistics, are often
the subject of interest. The strength of a linear relationship is related
to and measured by the , usually

denoted by p.
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It can be shown that when X and Y have no linear relationship iff

their covariance is 0.

On a related thought, does covariance relate to independence? If

so, how?

& Definition 39 (Covariance)
The covariance of rvs X and Y is given by

Cov(X,Y) = E[(X — ux)(Y — )] = E(XY) = pxpry.  (0.1)
where ux = E[X] and yy = E[Y].

If Cov(X,Y) =0, then X and Y are called uncorrelated rvs.

Note that the 2nd and 3rd term are equivalent in Equation (9.1) since

E[XY = uxY — py X + pxpy]
E[XY] — uxE[Y] — uyE[X] + pxpy " 1 Theorem 30
E

E[(X — px)(Y — py)]

[(XY] = pxpy — puxpy + pxpy = E[XY] — pxpy

From here, it is easy to see from B Theorem 31, that since E[XY| =
E[X]E[Y] = puxpy, we have that the independence of X from Y will
imply that Cov(X,Y) = 0.

However, the converse of the above is not true.

Example 9.1.1
Source: Stats SE

Let X be an rv that it is —1 or 1 with probability 0.5. Then let Y be an rv
such that Y = 0if X = —1, and Y is randomly —1 or 1 with probability 0.5
ifX =1

Clearly X and Y are highly dependent (since knowing Y allows me to


https://stats.stackexchange.com/questions/12842/covariance-and-independence#12844
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perfectly know X). They both have zero mean:
1 1
E[X]=-1 <2) +1 (2>
1 1
E[Y]=-1 (2> +1 (2>

E[XY] = (-1)-0P(X = —1,Y =0) +1(-1) - P(X = 1,Y = —1)
+1(1)P(X=1,Y=1)
11

= —— —:O
4+4

Thus Cov(X,Y) =0

0

0

and

Or more generally, take any distribution P(X) and any P(Y|X) such
that P(Y = a|X) = P(Y = —a|X) forall X (i.e., a joint distribution that
is symmetric around the x axis), and you will always have zero covariance.
But you will have non-independence whenever P(Y|X) # P(Y), i.e., the
conditionals are not all equal to the marginal, and vice versa for symmetry
around the y axis.

® IfCov(X,Y) =0, then X and Y are called 08,
* By definition, Cov(X, X) = Var(X), since

Cov(X,X) = E[(X — ux)?] = Var(X)

Example 9.1.2 (Example 3.17)

Consider the rvs X and Y with the joint pdf

2 0<x<y<l1

flxy) =

0 otherwise

Calculate Cov(X,Y).

# Solution

Observe the diagram of the support set of X and Y to our right.

S |
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Then we can calculate

1,1 1
E[XY}:/O / nydydx:/o xy?

1 1 1 1
_ 43 -
—/Ox x> dx 5 1°1

1
dx
X

1 2—-2x 0<x<1
fX(x):/x 2dy =

0 otherwise
1 2 1
E[X] = 2-2x)dx=1— == =
X = [ x2-20)dr=1-3 =
U 2y 0<y<l1
fr(y) = ; 2dx =
otherwise

0
1 2
ElY] = [ 2pdy =2
[Y] /0 ydy =3
Thus
1 3\3) 36
We observe that the covariance is positive. This implies a

. However, we cannot tell from this value the strength of the
relationship between X and Y.

Cov(X,Y) = E (2) !

Example 9.1.3 (Example 3.18)

Consider rvs X and Y with the joint pf

x
flx,y) = 7y]1{y:1,z}]1{x:o,...,y}-
Calculate Cov(X,Y).

¢ Solution

The following table captures all the probabilities that can be found from the
given pf

y=1 0 % 0
_ 2 4
y=2 0 7 7
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Observe that we thus have

3 x=1
fx(x) =47
% x=2
3 11
E[X]—§+2 5=
1
ES y:l
Ary) =37
§ y=2
1 6 13
Also,
2 4
eper = Loz (2) 11 (2) =3
Therefore,
1113 4
Cov(X,Y)—E[XY]—E[X]E[Y]—3—77_4—9

¥ Theorem 33 (Variance of Linear Combinations)

Suppose X and Y are rvs and a, b, c are real constants. Then

Var(aX + bY +c) = a* Var(X) + b* Var(Y) + 2abCov (X, Y)

& Proof
Let E[aX + bY + c| = p. Observe that

Var[aX + bY + ]

—E [[(ax+ bY +¢) — ;42]

= E[(aX +bY +0)? —2p(aX +bY +¢) + 7]

—E [azXz +abXY + acX + abXy + b2Y? + bcY + ¢
—2u(aX +bY +c)+ yz]

= a*E[X?] + 2abE[XY] + acE[X] + b*E[Y?] + bcE[Y] + ¢* — p?



STAT330518 - Mathematical Statistics 97

Note that

E[aX +bY 4 c]?
= (aE[X] 4 bE[Y] +¢)*
= a%E[X]? + b*E[Y]? 4 2abE[X]E[Y] + acE[X] + bcE[Y] 4 ¢?

‘u2

Therefore, we have that

Var[aX + bY + ]

= aE[X?] + a*E[X]? 4+ b*E[Y?] — V?E[Y]? + 2abE[XY] — 2abE[X]E[Y]
= o (E[X?] - E[X]2) + 82 (E[Y?] - E[Y]2) + 2ab (E[XY] - E[X]E[Y])
= a*Var(X) + b Var Y + 2abCov(X,Y)

as required.

By applying ® Theorem 33 repeatedly, we have the following
generalized theorem.

Suppose X1, Xy, ..., Xn are rvs with Var(X;) = 012, and ay, ay, ..., 4, are
real constants. Then

n n n—-1 n
Var <Z aiXi> = 201%0’1-2 +2 Z Z a;a; Cov(X;, X])
i=1 i=1

i=1 j=it+1

Note that the prove the above, we have to also use the fact that

COV(Xi, X]) = COV(X]', Xl)

Note that in ® Theorem 34, if the rvs are independent rvs, then Cov(X;, X;) =
0 for i # j, thus wiping off the 2nd term in the equation, leaving us with

n n
Var (Z al-Xi> = Zaizaiz
i=1 i=1
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Example 9.1.4 (Example 3.19)

To build a ship engine piece, suppose two pole-shaped components A and B
are attached at one end to each other to make one long pole-shaped compo-
nent C. Suppose the length of part A is an rv with a mean of 3 inches and a
variance of 0.25 inch?. Similarly, the length of component B is an rv with a
mean of 25 inches and a variance of 0.5 inch?.

Find the mean and the variance of the length of part C if
1. the lengths of A and B are independent;

2. the covariance between lengths of A and B is —0.3 inch?.

# Solution
Note that we are given that C = A+ B

1. We have that
E(C) =E(A+B) =E(A)+E(B) =3+25=28.
For variance, since A and B are independent, Cov(A, B) = 0, thus

Var(C) = Var(A + B) = Var(A) + Var(B) +2Cov(A, B)
=025+054+0=0.75

2. Since C is a linear equation, the covariance does not affect the expectation
and thus we still have
E(C) = 28.

Now, given that Cov(A, B) = —0.3, we have

Var(C) = Var(A) + Var(B) +2Cov(A,B) = 0.75 — 0.6 = 0.15.

9.1.3

The is a real number which depends on the units of mea-
surement of X and Y. The information part of a covariance is its sign,

unless if it is used as the context.

To use the covariance as the context, and to quantitatively measure
the strength of a linear relationship, which we have discussed and

desired before, we use the
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& Definition 40 (Correlation Coefficient)

The correlation coefficient of rvs X and Y is given by Note that this is the definition of the
Pearson Correlation Coefficient. There
Xy COV(X, Y) are other correlation coefficients but we
P( ’ ) - ox0y will be using only Pearson, at it seems.

where ox = \/Var(X) and oy = +/Var(Y).

8 Proposition 35 (Properties of the Correlation Coefficient)

Let X and Y be rvs, and p(X,Y') the correlation coefficient of X and Y.
Then

T [p(X,Y)[ <1

2. ( perfect positive linear relationship )
p(X,Y) =1 < Y =aX+1D for some a > 0;

3. ( perfect inverse linear relationship )
p(X,Y) =—1 < Y =aX+D for some a < 0.

# Proof
1. This is somewhat beyond the scope of what we can cover now but we
shall use this result presented on Wikipedia:

|Cov(X,Y)| < 4/Var(X) Var(Y).

Then given the formula of p(X,Y'), the proof is complete:

p(X,Y)| = WCO“X'Y) o VVarX)Var(Y) |
ar(X) Var(Y) | = /Var(X) Var(Y)

Proving 2 and 3 is currently outside of my abilities. Refer to this Math
SE Q&A for a hint on how to prove this statement.

Example 9.1.5 (Example 3.20)


https://en.wikipedia.org/wiki/Covariance#Relationship_to_inner_products
https://math.stackexchange.com/questions/478137/proving-y-ax-b-given-correlation-coefficient-rhox-y-1#478147
https://math.stackexchange.com/questions/478137/proving-y-ax-b-given-correlation-coefficient-rhox-y-1#478147
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Consider rvs X and Y with the joint pdf

2 0<x<y<l1

flxy) =

0 otherwise

Calculate p(X,Y).

# Solution
The diagram to the right is an illustration of the region of support for X and

Y. We now calculate the following values:

1 1 1 s 1
E(XY):/O/x2xydydx:/0 xX—x dx:i

1
fX(x):/ 2dy=2-2x 0<x<1
X
Y
fy(y):/de:Zy 0<y<1
0

1 2 11
= — 2 = 2—7 3 = —
E(X) _/0 2x — 2x“dx (x 3 ) ‘0 3

Therefore we have that

Cov(X,Y) = E(XY) ~ E(X)E(Y) = 1 — & =
Var(X) Var(Y) — %
and so 1
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& Definition 41 (Conditional Expectation)

Let G be a real-valued function. The of g(Y)
given X = x, denoted as g(Y) | (X = x) is given by

Eg(YV)]x] = Y _g(y)fr(y]x)
Yy
if Y|(X = x) is a discrete rv and
Elg() 4] = [ )ty )

if Y|(X = x) is a continuous rv. This definition only holds provided that
the sum and the integral converges absolutely. The conditional expecta-
tion of h(X) given Y =y, where h is a real-valued function, is defined in

a similar manner.

We also call E[Y | X = x| the conditional mean, which may be
denoted as E(Y | x), and Var(Y | X = x) the conditional variance,
which may be denoted as Var(Y | x).

Note that there is also the notation E(Y | X), which is an rv, and hence
different from E(Y | x).

Example 9.1.6 (Example 3.21)

Consider f(x,y) = 8xyligcr<y<1}- Calculate the conditional mean and the

conditional variance of X | (Y = %)

# Solution
The diagram to the right illustrates the region of support for X and Y. To y
derive the conditional distribution, we first need fy (y). 1

Y Y
fr(y) = /0 Bxydx = 4x%y| =4y

Thus

N[ —

x, 3 .
fX(XYl)J;E(;)) :?=8x 0<x<
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Therefore the conditional mean is

o[- [en=t 5=
the second conditional moment is
5 1 T, 1 1
E{X 2] :/0 B%dx =2 =
and so the conditional variance is

1 1 1177 1 1 1
2 2 - e —
Var<X|2)——E[X|2}+E{X|2} =55
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B /oit Distribution (Continued 4)

B Conditional Expectation (Continued)

Example 10.1.1 (Example 3.22)

Given the joint distribution below, calculate Var(X | Y = 1) and compare it
to Var(X).

x=-2|x=0|x=2| PY=y)

y=o0 0.05 0.1 0.15 0.3
y=1 0.07 | o0.11 0.2 0.38
y=2 0.02 | 0.25 | 0.05 0.32

P(X=x) | o014 | 0.46 0.4

# Solution
Note that

Var(X) = E(X?) — E(X)?
=4-014+4-04—(—2-0.14+2-0.4)> = 1.889%
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To get Var(X | Y = 1), we first need

Thus

Var(X|Y =1) = E[X?|Y =1] — E[X|Y = 1]?
14 40 13

_ 2
T 19 19(> 361

8 Proposition 36 (Independence on Conditional Expectation)

If X and Y are independent rvs then E[g(Y) |x] = E[g(Y)] and
E[r(X) |yl = E[n(X)].

# Proof
We shall prove one of the above for the other will follow a similar argu-
ment. Also, we shall prove the continuous case and leave the discrete case

as an exercise.

Observe that

Els(n) X =31 = [ s 2 ay

fx() fr(y)
iy

/|
=Aﬂﬁh@ﬁy=ﬂﬂﬂ]

" independence

¥ Theorem 37 (Law of Total Expectation)

Suppose X and Y are rvs, then

E(E[g(Y)[X]) = E[g(Y)]

Exercise 10.1.1

Prove the discrete case for & Proposition 36.
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If g is the identity function, we have E(E[Y | X]) = E(Y).

# Proof
We shall prove for the discrete case and leave the continuous case as an

exercise. Observe that

Prove the continuous case for
® Theorem 37.

Elg(Y)|X] = 2 [g(y) - P(Y =y |X)] Exercise 10.1.2
Y

Example 10.1.2 (Example 3.23 - A Classical Example) This is a very classical example to

illustrate the power of the
A man is lost in a mine, and 3 paths are in front of him. If he takes path 1,
after 3 hours, he will be back at his current place. If he takes path 2, the time
to get out of the mine (in hours) follows an Exp(1) distriburion. If he takes
the 3vd path, he will be back to his current place after 2 hours. Suppose that
the man cannot recognize which path he took every time he comes back to the
original spot (after going through either path 1 or 3), and so he randomly
chooses a path every time he comes back to this original spot. What is the
expected time that he will take to get out of the mine?

# Solution

Let X an rv that represents the path number, i.e. X = 1,2 or 3, and let Y
represent the total time that the man takes to exit the mine. We are given
that

105
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We are also given that

E[Y|X =1] =3 +E[Y]
EY|X=2=1 --Y|(X=2)~Exp(1)
E[Y|X =3] =2+ E[Y].

Therefore, to get the expected time, by ® Theorem 37,

E[Y] = E[E[Y | X]]
1 1 1
=3 EV|X=1+ 3 E[Y|X =2+ 3 E[Y|X=3|
1 1 1
:§~(3+E[Y])+§-1+§(2+E[Y])
=2+ 2E[Y]
and hence
E[Y] =6

2 Theorem 38 (Law of Total Variance)
Suppose X and Y are rvs. Then

Var(Y) = E[Var(Y | X)] + Var[E(Y | X)]

& Proof
Note that
Var(Y|X) = E(Y?|X) — E(Y|X)?
E[Var(Y|X)] = E[E(Y?|X) — E(Y|X)?]
= E[Y?] — E[E(Y|X)?]
E[Y?] — [Var(E(Y|X)) + E (E(Y|X))’]
= Var(Y) — Var(E(Y|X))

By rearranging the above, we get

Var(Y) = E[Var(Y|X)] + Var[E(Y|X)]
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Example 10.1.3 (Example 3.24 (Course Note 3.7.11))
Suppose P ~ Unif(0,0.1) and Y | P = p ~ Bin(10, p). Find E(Y) and
Var(Y).

# Solution

E[Y] = E[E[Y|P]] = E[10P] = 10E[P)]

0.1 0.1
—10. P _ 10 501
=10 / 01 dp——ozp ’ = 0.05

0001 1
Note: E[P?] = / = =
ore: 01 = 03‘ 03 300

Var(Y) = E[Var(V|P)] + Var[E[Y|P]]
= E[10P(1 — P)] + Var[10P]

= 10E[P] — 10E[P?] + 100 Var(P)

=0.05— % +100 [E[Pz] - E[P]z]

1 1 )] 1 11
60+100{300—005] 60+100[300 400]
_1.,1_1

60 12~ 10

10.1.2

& Definition 42 (Joint Moment Generating Functions)
The joint moment generating function of two rvs X and Y is defined as
M(tll tz) —E (eth-‘rth)

if the expectation exists for all ty € (—hy,hy) and ty € (—hy, hy) for
some hy, hy > 0.

More generally, if Xy, X, ..., Xy, are rvs, then

M(tl,fz, ., )—E[exp (th>

i=1

is called the joint mgf of X1, X, ..., Xy is the expectation exists for all
€ (—h;, h;) for some h; > 0, wherei =1,...,n
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& Definition 43 (Joint Moments and Marginal MGF)

Given the joint mgf M(tq,tp), we can calculate the joint moments. In

particular,
p) j+k

M(t, 1)

E(XYr) = =
( ) otloth V2 )=(00)

If M(ty,tp) exists for all t; € (—hy, hy) and ty € (—hy, hy) for some
hy,hy > 0, then the mdf of X is given by

Mx(t) = E (efX) = M(t,0) te (—hy,h)
and the mgf of Y is given by

My(t) = E (&) = M(0,£) ¢ € (=, o).

Example 10.1.4 (Example 3.25)

Given the joint distribution below, calculate the joint mgf M(ty,t2), the first
joint moment, E[XY], from the joint mgf, and the marginal mgf of X and
that of Y.

y=1 0.5 0.3

y=2| o1 0.1
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¢ Solution

Since all probabilities are provided,

M(ty, ) =E (et1X+t2Y) = ZZet1x+t2yP(X =xY=y)
Xy

= 0.5e 1112 4 031712 + 0.1 111202 4 0.1¢h1 722

32
E(XY) = —— M(#, ¢
( ) atlatz ( 1 2) t1:0,t2:0
_ 9 [0.5¢71752 4 03¢ 4 02711422 4 0,211 20
oty t1=0,t,=0
= —0.5e fitt2 4 030112 — 0. 2e 111202 4 e T2
t1=0,tp=0

=02

Mx(t;) = M(t,0) = 0.5 "1 +0.3¢"t 4+ 0.1e~"1 4 0.1
= 0.6e 1 4 0.4¢"

My(ty) = M(0,t5) = 0.5¢'2 + 0.3¢'2 + 0.1e*2 4- 0.1¢*2
= 0.8¢2 + 0.2¢%"2

8 Proposition 39 (Independence on Joint MGF)

Suppose X and Y are rvs with joint mgf M(t1, to) which exists Vt; €
(=hy, ), to € (—hy, hy), for some hy,hy > 0. Then X and Y are
independent rvs iff

Vi € (_hllhl)/ I, € (—hz,hz) M(tl,tz) = Mx(tl)My(tz)

where Mx(tl) = M(fl,O) and My(tz) = M(O, tz).

& Proof

Example 10.1.5 (Example 3.26 (Course Note 3.8.5))
Suppose X and Y are continous rvs with joint pdf
flr,y)=e? 0<x<y<o

Find the joint mdf of X and Y. Are X and Y independent rvs? What is the
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marginal mgf of X and Y?

# Solution

© [y
M(ty,ty) = E[ehXT2Y] = / / e ¥ty e~V dx dy
0 Jo
= /oo leflxﬂzy*y‘y d]/
0k 0

_ / ® tl [erttat) vtttz gy
0 1

B B () B S (RS ) ‘°°
t1 [t —1 t+1t—1) 0

tq (tz—l)(t1+t2—1)
= ! h<lAt+t <1
T -+t —1) 7 rrR

1

My(t) = M(0, 1) = (tzil)z

Observe that

Mx(t1)My(t2) = 5 # M(ty, t2)

N
(h=1)(2=1)

and so by & Proposition 39, X and Y are not independent.

Example 10.1.6 (Example 3.27)

Investigate the independence of X and Y in Example 10.1.4 using the mgf
method.

¢ Solution
We had that

Mx(t) =061 +04e" t €R
My(t;) = 0.8¢2 +0.2¢*2 t, € R.

e (3) 2 (3) 24 (3)

we have that X and Y are not independent.

Since
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B  VVorking with Multivariate Cases

Almost everything that has been introduced above can be extended

to cases where we have more than just 2 rvs. For example:

& Definition 44 (k-variate CDF)
The le-variate CDF, k > 2, rvs Xy, ..., X is defined as
F(xl,..., xk) = P(Xl S X1, X2 S X2, ueny Xk S xk).

In the continuous case, we may write

ok
f(.X'1, veey .X'k> = mF(X], vy .X'k).

& Definition 45 (k-variate Support Set)

The support set of the distribution for Xq, X, ..., Xy is

{(X1,..., xk) Zf(X1,..., xk) > 0}

We also have the following;:

8 Proposition 40 (Law of Total Probability - Multivariate)
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If X3, ..., Xy are continuous rvs, then

/ / f(xl,...,xk)dxl...dxkzl.
X1 X

Should they by discrete, then

2. . Zf(xl,..., xk) =1

& Definition 46 (k-Variate Marginal Distribution)

To get the marginal distribution of a subset of m variables from Xy, ..., Xy
(1 < m < k), we will sum or integrate over the other ones if they are

discrete or continuous, respectively. For example,

f(xl,x2,x3) :/ / f(xl,...,xk)dx4...dxk
Xy X

& Definition 47 (k-Variate Joint MGF)
The joint mgf of Xy, ..., X is defined as

M(ty,tp, ..., 1) = E (et1X1+...+thk)

8 Proposition 41 (Independence for Multivariate Cases)

If X1, ..., Xy are independent, then

k k
fOer,m) =] fx, (i) F(xroxi) = [ [ Fx, (xi)
i=1 i=1
k
M(tlr /tk) = HMX,(tl)
i=1

THERE ARE many different examples of multivariate distributions.
We shall discuss two:

e Multinomial Distribution
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e Multivariate Normal Distribution

The is an extension of the binomial dis-
tribution to cases where there are more categories than two results.

For a multinomial distribution, we have that

¢ the experiment involves 7 trials, each with k categories

the outcome of trials are independent of each other

the probability of each category, p;, remains the same across n

trials

X = (Xy,..., Xx) ~ Mult(n, py, ..., px) counts the number of ele-

ments in each category among the # trials.

& Definition 48 (Mutlinomial Distribution)

Suppose X1, ..., Xy are discrete rvs with joint pf

n! X1 ,X2 Xk Xk+1
X1, X ) = L PR
flay, i) xl!xz!...xk!ka!pl P2 k P

where x; = 0,1, X = 1— Y5k 1%,0 < p; < 1, peyq =
- Zﬁ":1 pi, fori=1,.,k+1.

Under these conditions, (X3, ..., Xy) is said to have a multinomial

distribution, and we write (X, ..., Xi) ~ Mult(n, p1, ..., px)-

Observe that Bin(n, p) = Mult(n, p, p).

Suppose (X, ..., Xg) ~ Mult(n, p1, ..., px), then

1. V(... 1) € R, the random vector (X1, ...r Xi) has joint mgf

M(ty, .., tx) = E (etlxﬁ'"thk) = (pre" + ... + pre™ + priq)"

2. Any subset of Xy, ..., X1 also has a multinomial distribution. In

particular, X; ~ Bin(n, p;), i =1,..., k+ 1.
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3. If T = X; + Xj, fori # j, then T ~ Bin(n, p; + p;)
4. Cov(X;, X]-) = —np;pj, fori # j

5. The conditional distribution of any subset of (X, ..., Xy, 1) given the
rest of the coordinates is a multinomial distribution. In particular, the
conditional pf of X; given X; = x;, i # j, is

Xi|Xj:xj~Bin<n—x]‘,1fip'>
]

6. The conditional distribution of X; given T = X; + X; = t, fori # j, is

Xi|Xi+Xj_t~Bin(t,p‘iip.>
L ]

WE sHALL look at the bivariate normal distribution so that it is easier
to be explained. The same idea can be extended to a multivariate

Normal distribution.

& Definition 49 (Bivariate Normal Distribution)

Let Xy and X, be rvs with joint pdf

1 1 _
f(xl,xz) = 27-[‘7Z|%exp {_Z(X_V)TZ 1(9(-}!)}

_ 1 ex _ 1 (Xl — ]/ll)z
2701071/1 — p? Pl 20— o7
L —m)  20(n — ) (e - m)] }

03 0102

where (x1,%,) € R? and

2
X2 M2 po1oz 05

where Y. is a nonsingular matrix. Then X = (Xq,Xo)T is said to have a
bivariate normal distribution, and we write X ~ BVN(p, Z).
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8 Proposition 43 (Properties of Bivariate Normal Distribution)

Suppose X ~ BVN(p, L), where

2
i oy poioy
;,[: ,2:
p2 o0y 03

1. X has a joint mgf of
M(t, 1) = Elexp (tTX)] —E (et1X1+f2X2) = exp (yTt + 1tT2t>
2
V(tl,tz) € R
2. X1 ~ N(u1,0%) and Xp ~ N(p2,03)

3. Cov(Xy, Xp) = por0y and Corr(Xy, Xp) = p where |rho| < 1

4. Xy and Xj are independent rvs iff p = 0

T

5. ¢ = (c1,¢2)" is a nonzero vector of constants —>

2
X =Y eX;~N (cTy, CTZC> .
i=1

6. If Ais a2 x 2 nonsingular matrix and b is a 2 x 1 vector, then Y =
AX+b~BVN (Au+b, ALAT).

[0k
Xo| X1 =x1~N <V2 +pé(xl —m),03(1 —pz)>

0
Xl |X2 = Xp ~ N (}11 +P;;(xz — “l/lz),U’lz(l —P2)>

8. (X=X —p)~x*(2)

& Definition 50 (Random Sample (IID))

Rus X, ..., Xo are said to form a simple random sample or are said
to be independent and identically distributed (I1ID) if X1, ..., Xy, are
independent, and fx, = fx;, Vi # .
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Example 11.0.1 (Example 3.28)

Let Xy, ..., X109 be a random sample of standard normal distribution. Let
Y7 denote the number of these variables that are between —1 and 1, let Yy
denote the number that have absolute value between 1 and 2, and let Y3
denote the number that have absolute value larger than 2. Calculate:
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I [ ictions of Random Variables

12.1.1

In earlier lectures we discussed about basic transformations from one
random variable to another, for example, from a continuous rv X to

Y = g(X). In particular, we methods were presented:

e THE DIRECT METHOD, ie. P(Y < y) = P(g(X) < y), and taking
the derivative of P(Y < y) with respect to y.

e USING THE MGF OF Y, and then translate it as the mgf of X.

In Section 2.4.4, we used the following idea to obtain the result that we

desire: for rvs X and Y = g(X) where g is some continuous and injective
function
P(Y <y) = P(g(X) <y) = P(X < g7\ (y)) = Fx(§™'(v))

fry) = ddny(g‘l(y)) = (') fx(g ()

In this chapter, we will now study the case where we have more

than one rv involved. In particular, let X and Y be two continuous

rvs with joint pdf f(x,y). Our questions are:
1. What is the distribution of U = h1(X,Y)?

2. What is the joint distribution of U = h1(X,Y) and V = hy(X,Y)?
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To answer the first question, we can actually still employ the direct

method:

Example 12.1.1 (Example 4.1 (Course Notes 4.1.1))

Suppose X and Y are continuous rvs with joint pdf

f(x,y) = 3ylo<r<y<1
Find the pdf of T = XY.
¢ Solution
First, note that!

P(Tgt):P(XYSt):P(Y§;>

The diagram to the right shows us the support of the joint probability. We
observe that if t <0, then P(T <t) =0, and if t > 1, then P(T <t) = 1.
Now if 0 < t < 1, the region that we are looking for is the shaded region
with the label A, and so we consider

P(T<t) =1-P(B) =1 f//f(x,y)dxdy
B

(1_) B 1 Vit - 1 ry
=1 /\ﬂ/; f(x,y)dxdy /\/E /\/Ef(x,y) dxdy
1

=1- [y’ ~31y] ’iﬂ:1—(1—3t—\/¥3+3t\ﬁ)

=3t-2t\Vtforo<t<1

where for step (1), we broke B into two parts, in particular at x = \/t where

y = xandy = L coincide, and step (2) is true by linearity of integration.

*I wonder if the last step is actually
valid. The support of X definitely
includes 0, so the division would not
make sense with % We can, however,
still make sense of the event in the 2nd
term, which we would have P(0 < t).
Should we be concerned about X = 0,
or can we neglect that single point
given that X is a continuous rv?

y
| \
\ \
1 \
\ \
\
! \
| N\
\ \
I|-A-—=====~-—-= EERN
\ - S .
s
\ | — L
\ B y | y—<\,(\t>1
\ , I
\ , |
\ 7
N\ 7 !
N |
A7 !
~ t
~ - | = £
7 \__3/___x—0<t<1
A |
X
1
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With that, i.e. with the CDF of T, we can then obtain

Fr(t) = 3-3yt 0<t<1

0 otherwise

Example 12.1.2 (Example 4.2 (Course Note 4.1.2))

Using the info in Example 12.1.1, find the pdf of T = .

¢ Solution

The diagram to the right shows the support of X,Y and the function t = ; Y y=1xr 0<t<1

We observe that if t = 0, then x = 0, and we would have the line on the M 7/1 .

axis, and so P(T < t) = 0. Ift < 0, we would have y = mx where A /B ///1

m = % < 0, which, regardless of what t < 0 is, will not interact with the ,’/ y i cy=1x t>1

support of X and Y. So for t <0, P(T < t) = 0. Now if t > 0, we have ,’/ /,/’/i/
P(Tgt):P<§§t>:P<Y21X>. o

Consider the case where t > 1, we have that the event would still cover the
entire support set of X and Y, and so P(T < t) = 1 for t > 1. With that,

the only remaining case is when 0 < t < 1. In this case,

1 rty 1 ’
P(T <t) :/ / 3ydxdy:/ ty~dy =t
0 Jo 0

and so the pdf of T is

1 0<t<1

fr(t) =

0 otherwise

Example 12.1.3 (Example 4.3 (Course Note 4.1.3) - Order Statistics)

Suppose X1, ..., Xy are IID samples, each from a continuous distribution,
and with pdf f and cdf F. Find the pdf of

1. T = min(Xl,..., Xn) = X(l)

2. Y= max(Xl,..., Xn) = X(n)

# Solution

1. For T, we have that its cdf is* 2 The use the
here so that we can use the following
argument: “the smallest rv is larger than
t, and so rest of the rvs must be the
same.”
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P(T < t) =1 —P(T > t) =1 —P(min(Xl,...,Xn) > t)
=1 —P(X1 >tXy >t .., X, > f)

n
=1-]]P(X;>1) .+ independence
i=1

n
=1-]]P(X; > 1) . identical distribution

i=1
=1-P(X; > )" =1—[1-Fx,(1)]"

and so its pdf is

Frlt) = — 91— B (0" = —n(~Fx, () [1 — Fx, ()"

= nfx, (t)[1 — Fx, ()] 1.

Since T relies entirely on X (due to IID), and since we did not have to
condition on the values of t, we have that

supp(T) = supp(X1) = supp(X;) fori=1,..,n.

2. ForY, we have that its Cdf is3 3 This time, we do not have to employ

the , because

N - we simply have that “the largest rv is

P(Y < t) - P(max(Xl, e X") < ]/) - P(Xl < Yreeos Xn < ]/) smaller than ¢, and so must the rest of
n the rvs.”

[1P(X; <y) - independence

Exercise 12.1.1

From Example 12.1.3, find the joint distribution of Xq) and X ).

& Definition 51 (One-to-One Bivariate Transformation)
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Let X and Y be rvs, and Rxy = supp[(X,Y)] € R2. We define

u= hl(X/ Y) V= hZ(Xr Y)
S:Ryxy — R? by (x,y) — (h1(x,y), ha(x,y)

The mapping S is called a one-to-one mapping if and only if 4 ¥V (u,v) €
Ryvy, 3'(x,y) € Rxy, 3wy, w; that are functions such that

x=wi(u,0) y=wy(u0)

ie. 3S71 : Ryy — Ryy such that (u,v) — (x,y). The Jacobian of the
transformation S~ is

-1

- ~o(xy)

Axy) _ (5 %I _|9(w0)
d(u,v) 5
v

where % is the Jacobian of the transformation S.

2 Theorem 44 (One-to-One Bivariate Transformations)

Let X and Y be continuous rvs with joint pdf fxy and let Rxy =
{(x,y) = f(x,y) > 0} be the support set of (X,Y), and Ryyy be the
support set of (U, V). Suppose the transformation S : Rxy — Ryy
defined by

U=mn(XY) V=mn(XY)

is a one-to-one transformation, with inverse transformation
X=w(UV) Y=w(U,V).

Then g(u,v), the joint pdf of U and V, is given by

I(x,y)
d(u,0)

Y(u,v) € Ryy g(u,v) = f(wy(u,v), wa(u,v)) ‘

# Proof
Let the inverse transformation be labelled as S1:Ryy DB — AC

+ There is nothing magnificent about
this definition, since this is simply the
definition of a one-to-one function.

This is a generalization of

% Theorem 8.
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R XY- Then

//gmmmMuzmwnoem=prmeA]
B

=/ﬂmww@
A

— /B/f(wl(u,v),wz(u,v)) 'ggiizg ‘ du do

where the last step is by the Change of Variables Theorem. And so by

comparing integrands, we have

V(u,0) € Ruy  g(u,v) = f(wi(u,v),wy(u,v)) la(u,v)

as required. 0

8 Proposition 45 (Properties of the Jacobian)

Given the setup in @ Definition 51, we have that

1. if S is a linear transformation, i.e. 3ay,by,c1,a2,ba,c2 € R such that
u(x,y) = a1x + by + ¢ and v(x,y) = axx + byy + co, then the
Jacobian is a constant;

2. if S is a one-to-one transformation, then ‘% #0

X,
u,o

& Proof
1. We have
ey
ox 1 oy !
W, o,
ox 2 dy 2
and so
d(u,v a b
J| = (w0) _|m b = a1by —axby

a(x,y)
a, by

which is a constant, as required.

2. I have no idea how to prove this.


http://mathworld.wolfram.com/ChangeofVariablesTheorem.html
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Example 12.1.4 (Example 4.4 (Course Notes 4.2.4))

Suppose X ~ Gam(a, 1) and Y ~ Gam(b, 1) independently. Find the joint
pdfof U = X+ Yand V = %5. Show that U ~ Gam(a + b, 1) and
V ~ Beta(a,b), independently. Find E(V).

# Solution
Given U =X+Yand V = %, rearranging variables, we have

X=UVandY =U(1-V)

In order for U to have a Gamma distribution, we need U to be non-negative,
which we do since both X and Y have Gamma distributions. Note that the

transformation is indeed one to one, since ¥ (uy,v1), (uz,v2) € Ryy with

+ =
up=x1rtyr 91 =
X1+ Y1
X2
Up=x2+Yy» 2= ,
X2+ Y2

we have that, if we let ¢ denote the transformation,
¢(u1,01) = P(u2, 02)

X1 X2
- x1+]/1/x1+y1 = x2+y2’x2+y2

which then

X1 +y1=x2+Yy2 (12.1)
X1 X2
X2+Yy2 x2+Y2

Equation (12.1)
:

X1 = X2

Equation (12.1)
:

n =y

We shall now get the Jacobian so that we may use ® Theorem 44, so that
we may consequently get the distributions for U and V.

Jx  0x

gx o v u
J= |9 9| =-—ou—u(l—v)=-u
dy Iy
Ju 30 1—-v —u
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By ® Theorem 44, and since X and Y are independent, we have

fuy(u,0) = fxy(xy) -]l = fx(x)fry) 1]l
xaflefx ybflefy
=~ T 1w

—b

e e
r@re
i tb—1,—(a+b) I(a+D) 1

Ta+b) T@r®)’
pdf of Gam(a+b,1) pdf of Beta(a,b)

aflubfl(l o Z))bilu

(1-— v)bfl

We have already shown that U is a non-negative rv, and so U ~ Gam(a +
b,1) as required. Note that for V, we have X +Y > X >0 = 1 >
XLJFY >0 X+Y#0andso0 <V <1 Therefore V ~ Beta(a,b).

With that, we can look for E[V].

(Y Ta+b) , _
E[V]f/o UWU 11 —o)1do
_T@+b(a+1) 1T(a+b+1)
T(@l(a+b+1) /o T(a+1)T(b)
pdf of Beta(a+1,b)
al'(a)T'(a+ b) a

v"(1—0) " do

(a+b)T(a)T(a+b) a+b
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B [nctions of Random Variables (Continued)

_ One to One Bivariate Transformations (Continued)

Example 13.1.1 (Example 4.5 (Course Notes 4.2.8))
Suppose X and Y are continuous rvs with joint pdf

flxy) = eixiy]l{0<x,y<oo}-

Let U= X+Yand V = X — Y. Find the joint pdf of U and V. (Note: Be
sure to specify the support of (U, V).) Then, find the marginal pdf of U and
V respectively.

# Solution
Note that because 0 < x,y < oo,

u=x+y = 0<u<oo

V=X—Yy — —0o<v<®

The Jacobian is

o(u,v) 1 1
= =[-2=2
e =2
1 -1
and so
2(xy)| _[awo)| " _1
a(w,0)| |o(xy)| 2
Note that U_v U_v
X==" " y==—"—"



126 Lecture 13 Jun 14th 2018 - Functions of Random Variables (Continued)

and so
u+v
X = 2 >0 = u>-v
u—7uv
y="— >0 = u>o.

The diagram to the right shows the support of U, V. With that,

For the marignal pdf of U, we have

U= —-U

*V is also called the Double Exponen-
tial Distribution.

w1
fulu) = / Ee‘” dv=ue ™ for0<u < oo.
—u

13.1.2

This method is particularly useful in finding distributions of sums of

independent rvs.

% Theorem 46 (Sums of MGF)
Suppose X1, ..., Xy, are independent rvs and X; has mgf M;(t) which

exists for t € (—h, h) for some H > 0. The mgf of Y = Y.I' | X; is given
by

fort € (=h,h).



http://atomic.phys.uni-sofia.bg/local/nist-e-handbook/e-handbook/eda/section3/eda366c.htm
http://atomic.phys.uni-sofia.bg/local/nist-e-handbook/e-handbook/eda/section3/eda366c.htm
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¢ Proof
Observe that

i=1 i=1

and t € (—h, h) is preserved. O

1. If X;’s are IID rvs each with mgf M(t) then Y has mgf

My(t) = [M(D]"  fort € (—h,h).

2. Used in conjunction with the Uniqueness Theorem for mgfs, this
theorem can be used to find the distribution of Y.

Exercise 13.1.1

Show the following results:

1. If X ~ Gam(w, B), where & € IN, then % ~ x*(2a).

2. If X; ~ Gam(w;, B), i = 1, ..., n independently, then

n n
in ~ Gam (Zai, ‘B) .
i=1 i=1

3. If X; ~ Gam(1, B) = Exp(B), i = 1, ..., n independently, then

iXZ- ~ Gam(n, B).

i=1
4. If X; ~ Gam (%,2) = x2(k;), i = 1,...,n independently, then

n n
ZXZ' NXZ (Zh) .
i=1 i=1
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5. If X; ~N(p, 02),i = 1,...,n independently, then
Xi—u\* .,
(B2 ~ 20,

6. If Xj ~ Poi(u;), i =1, ..., n independently, then

n

i=1

n n
ZXi ~ Poi (Z}x[l> .
i=1 '

i=1

7. If X; ~ Bin(n;, p), i = 1, ..., n independently, then
n n
ZXiNBil"l E]’li,p .
i=1 i=1

8. If X; ~NB(k;, p), i = 1,...,n indepdently, then

n n
i=1 i=1

¢ Solution

1. Using the mgf method,

My(t) = E I:etyi| =FE |:€t.2§:| :/O 6%1{ /%rl(a)xa_le_g dx

i © 1 7x(1g2t)

_ (1_1%)“ —(1—2)

where in () we note that 1 —2t > Oand sot > . Observe that the
mgf of Y is the mgf of x*(2a) and so by the ® Theorem 20, Y = % ~
X*(2a).

2. Using the mgf method, let Y =Y " | X;
n

= HE[etX"]

i=1

n n

=[IMx () =TJA - pt) ™ = (1—pp)~ Ea

i=1 i=1
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and we observe that the last term is the mgf of Gam (Y} ; «;, B) and so
the result follows.

3. From (2)isa; = 1fori =1,..,n,then Y} yo; = Y 11 = n. The

result follows.

4. By (2), we have Y} ; X; ~ Gam ( " %1,2). Then by (1), we have
that
n 5 n
Y Xi~x <Z i>
i=1 i=1

as required.
5. We know that Y; = X2 ~ 7(0,1). Let W; = Y2. Then

M (1) = E [e%] = [~

2
T
e~ zeV dy
—c0 /27T

- [ (gt
oo 2
—a-2 m(ll_ztr% or {2(1 STE } “

pdf of N<0,(172t)7%>

= (1-2t)2,

which is the mgf of x*(1). Let W = Y W;. Then
n 1 n
Mw(t)=]J(1—2t)"2 =(1—-2t)"2
i=1

which is the mgf of x*(n).

6. Let Y =Y, X;. Then
n ¢ n
My (t) = [Ter“ Y =exp (e = 1) ) m
i=1 i=1

is the mgf of Poi (11 u;).

7. LetY =Y | X;. Then
L n
My (t) = T T(pe' + )" = (pe' + q)-=1"
i=1

is the mgf of Bin (Y_/_; n;, p).
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8. Again, a similar approach: let Y =Y ' | X;. Then

n 1—p k; 1—p Y ki
MY(t):H<1—Pef> :<1—P€t>

i=1

is the mgf of NB (LI ki, p).
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I Foictions of Random Variables (Continued 2)

_ Moment Generating Function Method (Continued)

2 Theorem 47 (Gaussian Distribution)

If X; ~ N(p;, 0?), with i = 1,...,n independently, then

n n n
Z al-Xi ~ N (Z aiui, 2 a?af) .
i=1 i=1 i=1

# Proof
Let Y; = a;X;. Then by ® Theorem 19, we have

11

2

Myi(t) = MXi(uit) = exp |pa;it +

c2att? ]
7

which implies that Y; ~ N(a;p;,a?0?) by ® Theorem 20. Then let
Y =3Y",Y; Then

n o2 th n 2 n
My(t) =] Jexp |piait + - 2’ =exp [t ) ajui+ 7 Y atd?|,
i=1 i=1 i=1
which implies that Y ~ N (L1 a;p;, Y1 a?0?). O

2 Theorem 48 (Properties of the Gaussian Distribution)
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Asumme Xy, ..., Xy ~ N(p,02), independently, where X = % Y X,

and §% = w Then

1. XwN(y,%).

n _Y\2
2. (Cochran’s Theorem) (";g)sz = L (XX X>(n—1).

2

3. (t-test) E/;\/P% ~t(n—1).

¢4 Proof

1. LetY; = % ® Theorem 47 implies that Y; ~ N (%, ;’—i) LetY =
Y. 1Yi. Then ® Theorem 47 implies that Y ~ N (Z?:l %, " ‘272) =
N (u, %) m

2. The proof of Cochran’s Theorem is beyond the scope of this course, for
it uses knowledge from linear algebra and involving Fourier Trans-
forms. [Reference - Wikipedial

3. The proof of this statement is non-trivial: [Reference - Wikipedia]
[Reference - Math SE]

% Theorem 49 (F Distribution)

Suppose X1, ..., Xy is a random sample from the N(pq, 07) distribution
and independently Y1, ..., Yo is a random sample from the N(p, 03)
distribution. Let

1 & - 1 X -
2 2 2 2
= X:— X = — Y, —Y)~.
Sl n_1i=21( 1 ) ‘mdSZ m_lizzl(z )
Then o

S1/ 0%

~Fn—1,m-—1).

S3/02 ( )

& Proof

This is, once again, an incomplete proof. Rigor shall be appended where
it is due or they shall be stated with reference, or if it is at a level that I
cannot understand and that I cannot find a reference, I shall state that as
well.


https://en.wikipedia.org/wiki/Cochran%27s_theorem
https://en.wikipedia.org/wiki/Student%27s_t\protect \discretionary {\char \hyphenchar \font }{}{}distribution
https://math.stackexchange.com/questions/474733/derivation-of-the-density-function-of-student-t-distribution-from-this-big-integ
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Note that the definition of the F distribution is as follows:

£ X(m)/n
TR (1) /2
where x%(71) and x*(2) are independent.

Now we are given that Xy, ..., X, and Y1, ..., Yy, are independent of one

another. It can likely be shown, using induction, that the following two

are independent of one another:

i=1
=\ 2
mo (Y, —Y
Z(’ >~ﬁw—ﬂ
=1\ 72
Then ; 5
X;—X
El( 1 ) B (11—1)5%/(712
mo v,y 2 (m—1)S3/0%
A

With that, we have that

(n=1)ST /0y _
S%/(le 012 /(I’l 1)

S3/o3 (’”;7%)5%/("1_1)'
2

The result follows.







B Lccture 15 Jun 215t 2018

I Liniting or Asymptotic Distributions

_ Convergence in Distribution

& Definition 52 (Convergence in Distribution)

Let Xq,X —2,..., Xy, ... be a sequence of rvs such that X; has cdf F;,
fori € IN. Let X be an rv with cdf F. We say that X; converges in
distribution to X and we write

X, =X

lim F;(x) = F(x)

i—o00
at all points x at which F is continuous. We call F the limiting or
asymptotic distribution of X;.

The following theorem, that we shall not prove, will be useful for
the remainder of the notes.

2 Theorem 50 (Taylor Series with Lagrange’s Remainder)

Suppose that f : [a,b] — R is infinitely differentiable, and x € [a, b].
Then Vx € [a,b] and Vk € N,

SO x =)t | D (gx) (x —o)f
flx) = ,;o i + (kX+ 1!
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for some {x € [c, x].

The proof for the above involves the use of the Mean Value Theo-

rem for Integrals.

¥ Theorem 51 (Generalized Limit Definition of e)

Ifb,c € R are constants and lim Y(n) =0, then

lim [1+ +

n—o0

§] " _ e

& Proof

The above equation can be rewritten as

b v
lim ecnlog<l+"+ g ) = el
n—00

and so it suffices to prove that

n—o00

lim cnlog (1 + = b + Mn)) = bc

Note that the Taylor Expansion with Lagrange’s Remainders (% Theorem 50)

of log(1 + x), where we pick ¢ = 0 and k = 1 for convenience,

1 1
g () ¥ et e
0! 1! 2! T 21+ gy)

log(1+x) =
where { € [0,x]. Then

M] _ _clbtym)?

b
cnlog [1—}—;—# = cb+ cp(n) (1102

where { € {0, h++(")} . Note that by L'Hopital's Rule, we have that

/
lim bt+y(n) _ lim y'(n) -0
n—oo n n—oco 1

and so the possible highest value for { goes to 0 as n — oo. Then

c(b+p(m)*
ngrolo 2n(1+§)2 =0
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As a result, we have

n—o0

lim cnlog (1 + b + lp(n)) = bc
n n

as required. U

If b, c € R are constants, then

b cn
lim (1 + > = ebc
n—00 n

Example 15.1.1 (Example 5.1 (Course Notes 5.1.4))

Let X; ~ Exp(1), where i € IN, independently so. Consider the sequence of
rvs Y1,Ya, ..., Yu, ..., where Yy, = max(Xy, ..., X,,) — logn. Find the limiting
distribution of Yy,.

¢ Solution
Firstly, observe that to find the support set of Y, note
0< X1, Xy < 00
0 < max(xy, ..., X,) < 00

—logn < max(xy, ..., x,) —logn < oo
50
supp(Y) = (—logn, o)
Now the pf of Yy, is

F.(y) = P(Yy <y) = P(max(Xy, ..., X,) —logn < y)
= P(max(Xjy, ..., Xn) <y +logn)

n
=[[P(X1i <y+logn) - X,.. XyarellD
i=1

1

:ﬁ{l—e_y_k’g"} _T [1—6:] - [1—7}'1.

i=1 i=1

Thus the limiting distribution of Y; is

— n
lim F,(y) = lim [ - ey] =e " fory € (—logn, o).

n—o0 n—o0 n
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Example 15.1.2 (Example 5.2 (Course Notes 5.1.5))

Let X; ~ Unif(0,0), i € N, independently so. Consider the sequence of
random variables Y1,Ya, ..., Yy, ..., where Y, = max(Xy, ..., Xy,). Find the
limiting distribution of Yj.

¢ Solution
Clearly, support of Y, = (0,0). Note that

1
fx,(x) = 5110<x<9-

Now since X; are IID,

n n

Faly) = PO <) = [TPO0 <) =]

=(5)" vewo

I
I

Then the limiting distribution is

1 y>90
Define Y to have a distribution such that P(Y = 6) = 1. Then

Y, =Y.

& Definition 53 (Degenerate Distribution)
A function F is the cdf of a degenerate distribution at value y = c if

0 y<c
Fly) = :
1 y>c¢

In other words, F is the CDF of a discrete distribution where

1 y=c
P(Y =y) =

0 otherwise
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We have that the earlier example gives us that the limiting distri-

bution is a degenerate distribution.

15.1.2

& Definition 54 (Convergence in Probability)

A sequence of rvs X1, X2, ..., Xy, ... converges in probability to an ro X
if, for every e > 0,

lim P(|X, —X|>¢)=0

n—00

or equivalently
lim P(|X, —X| <¢)=1

n—,oo
We write

X, B x.

Example 15.1.3 (Example 5.3)

Consider X ~ Bernoulli(0.3). Define the sequence X, = (1 + %) X,
n € IN. Show that X, A x

¢ Solution
Note that

Since X, = (1 + %) X, we have

3 4
X1=2X, X = 5X, X3 = 3X, ...
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Note that | X, — X| = ’(1—%)X—X’ -

1X‘ = %X, so

puquq<@:p<%x<{>:mx<n@

P(X=0)=07 n<

™ =

PX=1)4+P(X=0)=1 n>

o=

Therefore
lim P(|X, —X| <¢) =1

n—o0

and so
X, B X.

We shall look into the following proposition in the next lecture.

8 Proposition
Suppose Vn € IN, {X,, } is a sequence of rvs. Then

X, Hx — x,2x

where X is an ro.
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I Liniting or Asymptotic Distributions (Continued)

_ Convegence in Probability (Continued)

Before proving the proposition introduced in last class, we require

the following lemma.

4 Lemmass

Let X, Y bervs,a € R, and ¢ > 0. Then

P(Y<a)<P(X<a+e)+P(]Y—X|>e)

¢ Proof
Note that
P(Y<a)=P(Y <aX<a+e)+P(Y<aX>a+e) (16.1)
<P(X<a+e)+P(Y-X<a—X,a—X<—¢) (16.2)
<PX<a+e)+P(Y—-X< —¢) (16.3)
<P(X<a+e)+P(Y-X<—€)+P(Y—X>c¢) (16.4)
=P(X<a+e)+P(|lY—X]|>e¢)

where Equation (16.1) is by Law of Total Probability, Equation (16.2)
and Equation (16.3) are by the fact that for non-empty sets A and B,
P(ANB) < P(A), and Equation (16.4) is because P(Y — X >¢) > 0.0
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8 Proposition 54 (Convergence in Probability Implies Conver-

gence in Distribution) This only states for the case of scalar

random variables.

Suppose Vn € IN, {X,,} is a sequence of rvs. Then
X, 5 X — x, 2 x

where X is an ro.

& Proof

By Lemma 53, we have that" * We choose to use Lemma 53 to have
P(X, < a) in two inequalities. Note that
our goal is to show that

P(Xy <a) <P(X <a+e)+P(|Xy—X| >¢)

lim P(X, <a)=P(X <a).
P(X <a—¢) < P(Xy <a)+P(|Xy— X| > ¢) oo
We already know that ¢ — 0, so we
should use that to our advantage in
the case of X. Also, in hindsight, it is

clear why we choose this method as the

Then

P(X<a—¢)—P(|Xy—X| >e) is suitable to help us
o reach our conclusion.

<P(X,<a)

<P(X<a+e)+P(|Xy—X|>¢)

As n — oo, by assumption that X, L5 X, we have that P(|X, — X| >
€) — 0, and so

P(X<a-—¢) Snlgn P(X, <a)<P(X<a+e)

Now as ¢ — 0T, note that we must have the cdf of X be continuous on a
by assumption, and so

P(X <a) Snlgn P(X, <a)<P(X<a)

and so by the ,
nh_r}r;to P(X, <a)=P(X<a)
which then
X, 2 x

as required. O
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& Definition 55 (Convergence in Probability to a Constant)

A sequence of rvs {X; }icN converges in probability to a constant b € R
if Ve > 0,
lim P(|X, —b| >¢) =0

n—o0

or equivalently
lim P(|X, —b| <e¢) =1.
n—00

We write
Xy 5.
Example 16.1.1 (Example 5.4 - Weak Law of Large Numbers) The Weak Law of Large Numbers is

also known as Bernoulli’s Theorem.
Let Xy, ..., Xn, ... be a sequence of IID rvs, each having mean y and variance

2. Let

Then X 5 1.

¢ Solution

Observe that

S|~

E[X.] =E [le

Also, we have that

Var (X,,) = Var liX :ii:Var(X‘):l-mfz:(L
" n&= n? = ! n2 2
Then by ® Theorem 16, we have that Ve > 0,

- Var(X,) o2
- g ne2

Therefore, we have
_ . (72
0< P(’Xn — y| > ¢) < min (1,n€2>
Asn — oo, by , we have that

lim P(|X, —pu| >¢) =0

n—o0

ie. Xp 5.
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Note that the converse of 8 Proposition 54 is not generally true.

(Example required) However, with an additional condition, the con-

verse becomes true.

8 Proposition 55 (Partial Converse of & Proposition 54)

Suppose Vn € IN, {X,,} is a sequence of rvs, each with cdf F,. If

0 x<c
n—oo n—00
1 x>c¢
then
Xu £> c.
& Proof

Note that for € > 0, we have

P(|Xp—c| >€)=P(Xp—c < —¢)+ P(Xy —c >¢)
=P(Xy, <c—e)+P(X, >c+e)

By assumption, we have that

lim P(X, <c+¢)=1
n—o0

lim P(X, <c—¢)=0
n—o0

So
lim P(|X,; —c|>¢)=1-1-0=0
n—o0
and so by definition, we have X, 5e 0

& Definition 56 (Double Parameter Exponential Distribution)

We say that an rv X ~ Exp(A,0) when X has pdf

flx) = e for x € (6,00)
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where A is the scale parameter, and 6 the location parameter.

Example 16.1.2 (Example 5.5 (Course Notes 5.2.5))

Let X; ~ Exp(1,0),i = 1,2,..., independently. Consider the sequence of rvs
Y1, Ya, ... where Y, = min(Xy, Xy, ..., Xy), n = 1,2, ... Show that Y, P,

¢ Solution
Since we want to show that Yy, 3) 0, and 0 is a constant, we can use
& Proposition 55. Thus we need to show that

0 <0
lim Fy, (y) = lim P(Y, <y) = g

n—o0 n—oo

1 y>0

Since Yy, is defined as the minimum of n of the first X; rvs, we need to use
the in order to be able to make sense of the order
statistics, i.e.

P(Yo <y)=1-P(Yy >y)

Now
n n (e
PV, >y)=]]PXi>y)=]] [/ e~ (x=0) dx}
i=1 i=1 LYY
fnd - |:ei(y79)j| :efn(yfg)
i=1
Thus

1— lim P(Y;, > >0
lim P(Y, < y) = lim P(Y, >y) y

n—o00

0 y <6

1—lime "0 =1 y>9

— n—o0

0 y<90
since if y < 6

P(Y, <y) = P(min(Xy, Xy, .., X,) < y) = 0.
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Note that if y = 6, then
e Y= — 1,

The proof is complete with & Proposition 55.

_ Limit Theorems

8 Proposition 56 (Convergence in Distribution and MGF)

Let X1, X2, ..., X, ... be a sequence of rvs such that X,, has mgf My (t).
Let X be an rv with mgf M(t).

X, 3 X [ah >0¥te (~hh)  lim My(t) = M(t)}

# Proof
Note that
d
. T tx_
nh_{r;o M, (t) = nh_r)r(}o / e dxFX"(x) dx
supp(Xu)
and p
M(t) = " —Fx(x)d
(= [ L Px(x)dx
supp(X)
The result follows assuming that the integral converges?. g > This allows us to “swap” the limit,

the integral sign, and the differential

operator.

Example 16.1.3

Consider the sequence Y1,Y>, ..., where Y; ~ Bin (n, %),for i=1,2,..
Find the limiting distribution of Yy,.

¢ Solution (Example 5.6)
Note that Yy, ~ Bin (n,£) =

My, (1) = (Be+1- 2" = <1+ pe-2 (etn_1)>

So .
t—1
lim My, (t) = lim (1 + pEe= (6 )> = ei‘(‘ftfl)
n—oo n—00 n
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which is the mgf of a Poisson Distribution. Thus by & Proposition 56, we
have that
Y, 3 Y ~ Poi(y).

Example 16.1.4 (Example 5.7)

Let Y1,Y>,... ~ G(u, ). Then
Yy—u
o/\/n

~ G(0,1)

where Y, = 1Y ;.

¢ Solution

Note that by ® Theorem 19, we have that

n ¢ n ﬂ+((7t)2 212
i=1

i=1

Let X, = (f"*”

which is the mgf of G (]/l, T

%)

Then again, by ® Theorem 19, we have

__nt t
My, (1) = ¢V My, (£) )

which is the mgf of G(0,1).

Example 16.1.5 (Example 5.8)

Let Y, ~ Gam(n,2). Find the limiting distribution of

1
Wy = —=(Y,, — 2n).
N 2\/H( n=2n)
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¢ Solution

By ® Theorem 19, we have

= i) 12(o53))
[ -] - [-RE ]
k=0 :

(1}) (1+jﬁ+i+35$+...)}"

t b2 2 #3 £3 #4 "
l—-—t—=——+————+—— 5 +...
vnoymnoon 2n 23 33 3n

2 #3 4 -
1—— ———— — ...
2n  g/n3  3n?

—0as n—oo

So we have, by ® Theorem 51,

. : /2 P t
which is the mgf of G(0,1). So we know that
D

for some limiting distribution W that has a G(0, 1) distribution.

Suppose X1, X, ... is a sequence of 1ID rvs with E(X;) = uand

Var(Xi) = g2 < 0o, for i=1,2,... Then @ We actually also need the condition
that all moments of X‘; % exists and is
X, — n(X, — D bounded.
n= i VXa = 1) By o)
o/\/n o

where X, = Ly | X,

# Proof
Since the first and second moment exist, the mgf must be well-defined,

and is at least of class C? 3. We will use & Proposition 56 and 3 You should remember this from your
calculus courses. Otherwise, [Reference
- Wiki].


https://en.wikipedia.org/wiki/Differentiable_function#Differentiability_classes
https://en.wikipedia.org/wiki/Differentiable_function#Differentiability_classes
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® Theorem 50 in this proof. Firstly note that

E

n
Y Xi
i=1

n
= ny and Var <Z Xi> = no?
i=1

Let XX, =Y.'y Xjand Z = @ Note that

Z:\/H(Xn—y):n}?n—yn:ZXn—ny:X”:Xi—y

o o\/n o\/n = oyn

L

1

Now the mgf of Z, by ® Theorem 19 and & Proposition 39, is

Ma(0) =TT (72 ) = My () s

Note that

E(Y;)=E (Xl_y> ~ gyt oo

g ag g

X; — 1
Var(Y;) = Var ( Z(r Pl) = ﬁVar(Xi) =1

So by ® Theorem 50 up to the second derivative, we have

3
t g M@ (ﬁ)

where { € [0, ﬁ} . Note that the last term in the above equation goes
to O faster than the second term as n — oo, since we would have n% in
the denominator, which is larger than n in the second term. With that,
continuing with Equation (16.5) and now taking the limit as n — oo, we

have
. . 2 !
Jim, Mz (1) = lim, [1 T +4’<”>}

where

MP @) (£)

Then by ® Theorem 51, we have

2
lim My(t) = ez

n—o00
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which is the mgf of N(0,1). This completes the proof. O

Example 16.1.6 (Example 5.9)

Revisit Example 16.1.5 using the ® Central Limit Theorem. Given

Y —2n
W =
" 2yn

where Y ~ Gam(n,2), find sequences a, and b, such that

an(Y —by) B Z ~ G(0,1).

# Solution
Let X1, X», ... be a sequence of IID rvs with distribution Exp(2). Note that
we then have E(X;) = 2 and Var(X;) = 4. Let Y, = Y.} ; X;. Note that

My, (t) = [Mx,()]" = (1 -26)""

which is the mgf of Gam(n, 2). By CLT, we have that

1
Y, —2 p
I 5 G(0,1).
Note that .
<Y, —2
ntn T4 ﬁ(Yn—2n)
2/\/n 2n
and so

a, = %\/ﬁandbn =2n

Example 16.1.7 (Example 5.10 (Course Notes 5.3.6))

Suppose Yy, ~ x%(n), n = 1,2, .... Consider the sequence of rvs Zy, Zs, ...
where Z,, = (Y, —n)//2n. Show that
Y,—n D

Zy = — Z ~ G(0,1).
n \/27 ( )

¢ Solution
Let X1, X, ... ~ x*(1) be IID rvs, and so E[X;] = 1 and Var(X;) = 2 for
1<i<m,andletY, =Y ; X;. Note that

My, (1) = [Mx,()]" = (1-21)"2

This involves the knowledge that the
sum of 1 exponential distributions with
mean y results in a gamma distribution
with parameter 7 and . Since this has
never been proven in this set of notes, it
shall be proven here in this solution.

Once again our class pulls the card

of “not explaining or showing stuff

that they are supposed to”. We will

be using the fact that a sum of n Chi-
Squared Distirbutions, each with degree
of freedom k, will result in a gamma
distribution with parameter ”71‘ and 2.
This will be proven in this exercise.
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is the mgf of x*(n). By CLT, we have that
1y

aim1Xi—1p

nee 37 ~G(0,1).

V2/v2 o

Note that .
EZ?:lXi—l_ Y, —n Y, —n

2/ Nau/m v

This completes our example.

Example 16.1.8 (Example 5.11 (Course Notes 5.3.7))

Suppose Yy, ~ Bin(n,p), n = 1,2,.... Consider the sequence of rvs
71,20, ., Where Zy = —2="P_ Show that

np(1-p)
Zy—= =" B N(©021).
np(1—p)

¢ Solution

Let Xy, X, ... be a sequence of IID Bernoulli trials with success probabil-

ity 0 < p < 1. Note that for i € IN, we have that E[X;] = p and
Var(X;) = p(1 — p). Now let Yy, = Y1 ; X;. We note that this satisfies our

assumption, i.e. Y, ~ Bin(n, p) since
My, (t) = [Mx,]" = (pe' +1—p)"
is the mgf of Bin(n, p). By CLT, we have that

Iyt Xi—p p

\/P(l—;ﬂ)/\/ﬁ_>

Z ~N(0,1).

Note that .
i Xi—p Yy, —np

VP —p)/ v ~ Vnp(—p)

and so this completes our proof.

1. Xp 5 a A g continuous at x =a = g(X,) 5 g(a).

2. Xy 5 an Yy 5 b g continous at (x,y) = (a,b) —

8(Xu, Yan) B g(a,b).

3. (Slutsky’s Theorem) X, Bxav,Bbn g continous at (x,y) =
(x,b) forall x € supp(X) = g(Xn, Yn) B g(X,b).

151
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4. (Continuous Mapping Theorem) X, B xa g continous at all
D
x € supp(X) = g(X,) = g(X).

& Proof
1. Since g is continuous at a, we have that

Ve >036>0Vx € supp(X) (|[x —a| <d = |g(x) —g(a)| <e)
It follows that
Pllg(Xu) — g(a)| < e = P[|Xy —a| <]

since P(B) > P(A) whenever A C B 4. Since X, L 4, we have that
for any & > 0, we have

1> lim P[|g(X,) — g(a)| <¢] > lim P[|X, —a| <] = 1.

Thus
lim Pllg(Xn) —g(a)] <] =1

and so
P
8(Xn) — g(a)

as required.
2. This is simply a more general case than (1). O

3. See this Wikipedia article for a proof. Requires knowledge of measure

theory (in particular, convergence of measures).

4. See this Wikipedia article for a proof. Requires knowledge of measure
theory (in particular, convergence of measures).

Example 16.1.9

If Xy 210 and Y, R 2, then X, Yy P20 since e(x,y) = xyis

continuous at (10,2).

IfZ, Bz~ G(0,1) and ay, P g where ais a constant, then a,Z,, B

aZ ~ (0,a) since g(a,z) = az is continous at (a,z) for all z € supp(Z)..

Example 16.1.10 (Example 5.12 (Course Notes 5.3.10))

+ While Ld I . ]
 this £ here, it i bl

My hunch was right: thinking about
the two probability measures using

the definition of a random variable,

we see that the w € S that works for

| X, —a| < ¢ will definitely work for
|g(Xy) —g(a)| < & but the converse

is not necessarily true. Therefore, the
events covered in the left term is a
larger set that contains the event on the
right.


https://en.wikipedia.org/wiki/Slutsky�_theorem
https://en.wikipedia.org/wiki/Continuous_mapping_theorem
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IFXy 5a>0Y 5b#£0and Z, 3 Z ~ G(0,1), the find the limiting
distributions of each of the following:

# Solution
1. Since a > 0, we have the function g(x) = \/x is continuous on a, and so

by é Proposition 58, we have that \/ Xy, g Va.

2. Since the function g(x,y) = x + y is continous on the real number
2-tuple (a,b), we have that X, + Yy L +b.

3. Since the function g(x,z) = xz is continuous on the real number 2-tuple
(x,z) forall x € supp(X,) and z € supp(Z,), by ,
we have X, Z, Bz~ G(0,a).

4. Note that the function g(z) = L is continuous for all z € supp(X)

z
except at z = 0. But since Z ~ G(0,1) is a continuous distribution, at a
single point z = 0, P(Z = 0) = 0, and in a distribution it is of negligible

value>. Therefore, we have that 5 This is a painful thing to write down
for me...

11
Zn | Z

Example 16.1.11 (Example 5.13 (Course Notes 5.3.11))
Suppose X1, Xy, ... ~ Poi(u) are IID rvs. Define Z,, = % Find the
limiting distribution of Z,. '

# Solution
Firstly, note that the parameter for a Poisson distribution is positive. Note
that by CLT, we have
Xy —u
———= ~Z~G(0,1)
N
Note that since \/m is a constant, we have that \/m EN \/m is trivially true.
Thus by our limit theorems, we have

Vi(Rn = B) ~ VIZ ~ G0, /).
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Now by the Weak Law of Large Numbers, we have

Xn 5o
Since a function g(x) = /x is continuous for x = p > 0, we have that
< P
VX, 5 .
Then by the Continuous Mapping Theorem, we have that

Ty = \/ﬁ()?n _.u) ~ \/ﬁz NG(O,l).

VX Vi

% Theorem 59 (Generalized §-Method)
Let Xq, Xy, ... be a sequence of rvs such that
n? (X, —a) B x

for some b > 0. Suppose the function g(x) is differentiable at a and
¢'(a) #0. Then

ng(X) — g(a)] B ¢'(a)X.

& Proof
Using the Mean Value Theorem, we have that

§(Xn) = g(a) +¢'(c)(Xy — a) (16.6)

. . P
for some ¢ in between X, and a. Since X, — a 6 and, WLOG, X, < ¢ I have no idea why...

c<ac L5 4. Then by the Continuous Mapping Theorem, we have
P
8(c) = g(a).

Now by rearranging Equation (16.6) and multiplying both sides by n?,
we get

ng(X) — g(a)] = §'()n"[Xu — a] B ¢'(a)X

by Slutsky’s Theorem. O

$ Corollary 60 (5-Method)

Let X1, Xy, ... be a sequence of 11D rvs with mean y and variance o>.
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Suppose the function g(x) is differentiable at y and ¢’ (u) # 0. Then

Vilg(Xe) — g(1)] 3 Z~ N (0,[¢' (1)]*0?)

& Proof

Note that by the same working as in Example 16.1.11 for \/n(Xn — ),

we have that’? 7 This is actually stated as an assump-
\/H (Xn _ “Ll) B) Y ~ N(O, (72)‘ ;iIz):f ;r; r;cilee] .5—Method Wikipedia article -

Then by 2 Theorem 59, we have that

Vi(g(Xa) = () 2 &' ()Y ~ N (0, g/ ()]*0?)

as required. O

Example 16.1.12 (Example 5.14)

Let X1, X3, ... ~ Geo(p) is a sequence of IID rvs, each with support
supp(X;) = {0,1,2,...}. Derive the limiting distribution of

Wn:\/g(l_?’>

Xn 1- p
¢ Solution
Note that by CLT, we have that

Then using & Proposition 58, we have

ﬁ(xn_l_p>ﬂ> 1_2pZ~N<0,1_2p>
p p p

g(x) = % and the given solution in class somehow circumuvents
the fact that x = 0 is a case.

Example 16.1.13 (Example 5.15)

Suppose that X1, Xy, ... ~ Exp(0) is a sequence of IID rvs. Find constants
ay and by, such that
Wy = by(X2 — ay)


https://en.wikipedia.org/wiki/Delta_method
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has a non-denegerate limiting distribution.

# Solution
By CLT, we have
X,—6 p
= Z ~N(0,1

which then by & Proposition 58, we have

Vi(X, —0) B 0z ~ N(0,62).

Let g(x) = x2. Then g is continous on any x € supp(Xy,) and on 0. Then
using $= Corollary 60, we have

V(X2 —0%) ~ 02Z ~ N(0,46%).

So we just need to pick by = \/n and a, = 62,
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- Estimation

SuPPOSE Xj,..., Xy ~ f(x;0) is an IID sequence of rvs, where f(x;6)
is the pf of the X;’s. The joint distribution of Xj, ..., X, is

f{f(xi;e)

where the unknown parameter 0 can either be a scalar in (), where ()

is the parameter space or the set of possible values of 6, or a vector,

T
1.e.49:(61 0, .. 9n>.

We are interested in making inferences about the unknown param-
eter 6, i.e. we want to find estimators (point and interval) of 6 and we

want to test our hypothesis about 0.

Before proceeding the the rest of this chapter (actual chapter,

ahem...), we require the following definitions.

& Definition 57 (Statistic)

A statistic, T = T(X) = T(Xqy, ..., Xn), is a function of the data which
does not depend on any unknown parameter(s).

Example 17.1.1

Suppose X1, ..., Xy is a random sample from a distribution with E[X;] = u
and Var(X;) = o2, where y and o2 are unknown. The sample mean X =
% Y" | X; and the sample variance S* = % Y1 (X; — X)? are statistics,
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X—p
o/\/n

while is not a statistic.

& Definition 58 (Estimators and Estimates)

A statistic T = T(X) = T(Xy, ..., Xy,) that is used to estimate T(0), a
function of 6, is called an of T(0), and an observed value of the

statistic t = t(x) = t(x1, ..., Xy ) is called an of T(0).

Example 17.1.2

Suppose X1, ..., Xy are IID rvs with E[X;] = p. The rv X is an estimator of
u. For a given set of observations, x1, ..., X, the number X = % Yo xjis an
estimate of .

There are certain “properties” of an estimator that we look for, in
particular, for an estimator, 8, of an unknown parameter 6, we want

that the estimator
* is not biased, aka an unbiased estimator, i.e. E[f];
¢ has small variance;

. . . %P
e is consistent, i.e. 6 — 0.

Surrosk X is a discrete rv with pf P(X = x;0) = f(x;6),0 € Q
where the scalar parameter 0 is unknown. Suppose x is an observed

value of the rv X. Then the probability of observing this value is
P(X =x;0) = f(x;0).

With the observed value of x substituted into f(x;6), we have a func-
tion of the parameter 0, referred to as the , and
denoted L(6). In the absense of any other information, it seems log-
ical (temptingly so) that we should estimate the parameter 6 using

a value that is “the most compatible” with the data. E.g., we might
choose the value of 6 of which it maximizes the probability of the
observed data, or equivalently, the value of 6 which maximizes the
likelihood function L(6).
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But first, let us formally state the definition of a likelihood func-

tion.

& Definition 59 (Likelihood function)

Suppose X is an rv with pf f(x;0), where 0 € Q) is a scalar. If x is the
observed data, then the lilkeliliood function for 0 based on x is

L(0) =P(X=x;0) = f(x;0) forf e Q.

Similarly so, suppose X1, ..., Xy, is a random sample from a distribu-
tion, each with pf f(x;0), and let x1, ..., x, be the observed data. Then the
likelihood function for 6 based on x1, ..., Xy is

n
L(G) = P(Xl =X1,., Xn = xn}e) = Hf(xl','e) fO?’ 0 e Q.
i=1

As discussed earlier, a natural estimate of 6 is the value which maximizes

the probability of the observed sample, and we denote this notion as

0 = argmax L(6)
IS0)

and call 0 the maximum likelihood estimate (ML estimate). In prac-
tice, it is often convenient to work, instead, with the natural logarithm of
the likelihood function, in which we call the Log-likelihood:

0(6) = InL(6).

Note that the maximum likelihood estimate for both the likelihood func-
tion and the log-likelihood are the same since log is a strictly increasing
function.

Example 17.1.3 (Example 6.1)
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Consider flipping a coin repeatedly, where for i € IN

1 ifthe i flip lands on heads

0 otherwise

Based on 4 independent flips, we are given that X1, X5, X3, X4 ~ Bernoulli(p)
are IID rvs. The sample has been observed as x1 =1, xp = 1x3 =0, x4 =

1. Write the probability of this sample as a function of p. Then, compute the
likelihood function and find the ML estimate.

¢ Solution

Since the X;'s are IID rvs, we have

f(x1,x2,x3,x4;p) = | | P(X; = xi5p)

pHi(1— p)l=% = phia®i(] — p) i (1),

e T

I
—

Note that the likelihood function for p under the observed values is therefore

L(p) = p*(1—p).
To find the ML estimate, we do

dL
0= d;p )= 3p2—ap? = (3 - 4p) (17.1)
and we observe that p = 0 or %. Clearly, p = % maximizes the likelihood

function.

WE HAVE BEEN talking almost solely about the discrete case, so what
about the continuous case? We have that P(X = x) = 0, and so we
consider a small neighbourhood of radius 6 > 0. Then for a small 6 > 0
around any point x € supp(X), we have that

X+0
P(x—(5<X<x+(5;9):/ 5 f(50)dt =26 f(x;0). (17.2)

And so for an observed value x, since 0 is fixed in Equation (17.2), we
have that the value of 0 that maximizes f(t;0) also maximizes 26 - f(t;6).
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¥ Warning

We shall clarify the following notations: we use
o 0 as the estimator, which is an rv; and

® 0 as an estimate, which is a fixed value.

Example 17.1.4 (Example 6.2 (Course Notes 6.2.4))

Recall the coin flip example in Example 17.1.3. Suppose X1, ..., Xy ~
Bernoulli(p) is a sequence of IID rvs. Calculate the ML estimate of p.

¢ Solution

Since X1, ..., Xy are IID, let X = (xq xp ... X,), then the joint distribution

is
n
f(&p)=11f(xip)
i=1
L e i » (1-x;)
pi(l—p) N = pS (11— p)
i=1

To get an ML estimator, we shall use the log-likelihood:

lp) = (Zl x,) Inp + (n — il i) In(1 - p)

and so to get the ML estimator

o], = (£5) (3) - (- £5) ()

_ Xy on—Xx  (1-p)Ex; —np+ pEy;
p1-p p(1—p)
_Xxj—np
p(1—p)

where we represent Y_I' | x; by Xx; for sanity. Thus we have that

n 1 n
= Z:Zl xl E ;
Example 17.1.5 (Example 6.3 (Course Notes 6.2.5))

Suppose we have the data X = (x1 xp ...
Xl/ XZ/ e

Xy for the sequence of IID rvs
Xy ~ Poi(0). Find the likelihood function, log-likelihood, the ML

Note that when looking for an
, we should also check for the
case when %E(p)‘ < 0 to ensure

maximality (instead of minimality).

Note that the in this case

would be represented as

p=X.
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estimate 0, and the ML estimator 0.

¢ Solution
Since each of the X;'s are IID, we have that their joint pmf, and in particu-
lar, their likelihood function, is

n —1
n 67999{ B ‘Z X n

L(0) :H o= ngi=i (11x!> .
1=

Then the log-likelihood is

1=

(0) = —nb + ( xi> logf — ) log(x;!).
=1 i=1

1

To get the ML estimate, note that
J 1&
=200 ’ = —n+=Y'x
0 aeﬂ( )G:é n—i—ei;xl

and so

1=

A1 _
0=—-) x;=x.
m;

Il
—

Consequently, we have that the ML estimator is

6 =X.
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I Estimation (Continued)

_ Maximum Likelihood Estimation (Continued)

& Definition 60 (Score Function)

The score function is defined as

S(0) = S(0: %) = %ae) _ %mue) 6eq.

66 Note
Notice that to find the ML estimate, we usually set the score function to
zero and solve for S(8) = 0.

& Definition 61 (Information Function)
The information function is defined as

d? d?

1(0) =1(6;x) = — 10

If @ is the ML estimate of 6, then 1(8) is called the observed informa-
tion.

Example 18.1.1
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Going back to our example in Example 17.1.4, we had that the likelihood
function was

the log-likelihood was
n n
l(p) = (2 xi> Inp + (n - le-) In(1 - p).
i=1
So the score function is

1= i~ (o)

pim 1-p
Consequently, the information function is

2
I(p) = —jpzam - —jpsua)

Recall from the calculus knowledge of the 2nd derivative being the “cur-
vature” of the original function, and so 1(0) is a function about the cur-
vature of the log-likelihood. In particular, we have that 1(8) tells us about
the convacity of the log-likelihood function at the ML estimate.

Note that the information function is a function that has two variables:
the unknown parameter 0, and the data X = (Xy ... X»).

In a later lecture, we shall see how the observed information 1(0) can
be used to construct approximate confidence intervals for the unknown
parameter 6.

& Definition 62 (Fisher Information)

If 0 is a scalar, then the , or
(function) is given by
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Just to take away the layers of definitions and compare the Fisher infor-
mation with our pf for the ro(s), if Xy, ..., X, is a random sample (i.e. 11D
rvs), each with pf f(x;0), then

J(0) = E { =5 (0; X)] = nE [ aa; In f(X; 9)]

where X = (X ... Xp).

Example 18.1.2 (Example 6.4 (Course Notes 6.2.10))

Suppose X1, ..., X, ~ Bernoulli(p) is a sequence of IID rvs. We have
showed in Example 17.1.4 that the ML estimator of p is p = X. Calculate
the Fisher information and compare it with the variance of the ML estimator
of p.

¢ Solution

Recall that from Example 18.1.1, we had

n

((p) = (z) Inp+ ( zx,) In(t

i=1

1 n
I(p)

~_

n

Xj— —

1 n i=1

n n
X + n—») x|,
L <1—p>2< 21)

So the Fisher information is

1
P

EU(m]:EL}zZé T (Z})
—plzli;E[ 1+ ! E (n iéE[Xj)
= mp) + = (n = np)
_%+1EP p(ln—p)

On the other hand, note that the variance of the ML estimator is

Var(p) = Var(X) = %Var(Xi) = @

165
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Example 18.1.3 (Example 6.5 (Course Notes 6.2.10))

Suppose X1, ..., X ~ Poi(0) is a sequence of IID rvs. We showed in Exam-
ple 17.1.5 the ML estimator of 0 is § = X. Calculate the Fisher information
and compare it with the variance of the ML estimator of 6.

¢ Solution
We had the that log-likelihood is

™=

1

n
L(0) = —nb+ ( xi> logf — ) log(x;!).
=1 i=1
So the score function is
1 n
S(G) = —n—+ 6 in,
i=1

and so the information function is

1 n
1(0;x) = o5 Y xi
i=1
Then the Fisher information is

E[1(6; X)) = E[X{] =

n
62 0

The variance of the ML estimator of 0 is

Var(f) = %Var(X,') = g

We observe from the above two examples that

1
~ Vard

J(6)

where § = X. It is tempting to verify if this is the case in general, but
there does not seem to be reliable sources that points to this case (at least,
online searches have yet to yield me results). The lecture claims that this

is only true for certain families of distributions.

Example 18.1.4 (Example 6.6 (Course Notes 6.2.12))
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Suppose X1, ..., Xy is a random sample, each from a distribution with pdf
flx;0)=0x""1 0<x<1, 6>0.
Find the score function, the ML estimator of 0, the information function and

the observed information.

# Solution

Since X1, ..., Xy, are IID, we have

n n -1
L(6) = H()x?fl =0" <Hxi> .
i=1 i

So the log-likelihood is
n n
(0) =nln6+ (6 —1)In|[]x | =nlnb+(6—1)) Inx;.
i=1

i=1

The score function is therefore

n n
S(0)=—-+) Inx,
0 i=1
and so the ML estimator of 0 is
f=—— "
In x;

i=1

From the score function, the information function is

n

1(9) = 9*21

and so the observed information is

In the above example, note that the Fisher information is

n

J(6) = E[I(6;X)] = R
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Example 18.1.5 (Example 6.7 (Course Notes 6.2.13))

Suppose X1, ..., X ~ Unif(0,0) is a random sample. Find the ML estimator
of 0.

# Solution

Note that fx,(x;;0) = %for 0 < x; < 0. So the likelihood function is

n
1
Le)y=T1] g L{0<x<0)
i—1
= 07" {0<x,<6,0<x,<, .., 0<x, <0}
= gin]l{ogx(n)ge}

where we use the order statistics notation to simplify the equation. Notice
that if we take the derivative of the likelihood function from this point and
try to get the ML estimate/estimator, we would run into the following equa-

tion:
n

_WZO

in which we would have trouble getting the MLE.
Example 18.1.6 (Example 6.8)

Suppose X1, ..., Xy, is a random sample, each from the Unif(6, 6 + 1) distri-
bution. Find the ML estimator of 6.

# Solution
This time, we have that the pdf for each X; is

in (xi; 9) = 1{9§x;§9+1}-

Then the likelihood function is L(6)

n
L(0) = [T/ (x:60) = Ljp<r <041, 0<x,<0+1)
i1

= Lo<ryy Lixg <41}

= 1{9SX(1)}]1{X(n)*1S9} = ﬂ{x(n)*lﬁﬁxu)}

where we, once again, use the order statistics notation. Consequently, we

have the graph of 0 versus 1.(0) on the right.

Thus we observe that the MLE is not unique, since it can be any number

between x(,) — 1 and xy).



STAT330518 - Mathematical Statistics 169

% Theorem 61 (Invariance Property of the MLE)

Suppose T = h(8) is an injective function of 8. Suppose also that @ is the
ML estimator of 0. Then © = h(0) is the ML estimator of T.

¥ Warning
We are short on certain tools to actually prove this theorem.

Example 18.1.7 (Example 6.9)

Suppose X1, ..., Xy ~ f(x;0) = 6x9’11{0<x<1}, where 0 > 0. Find the
MLE of the median of the distribution.

¢ Solution

Recall from Example 18.1.4 that we had

n

0=— :
lnxi
1

n
1=

Let m be the median. The goal is to use ® Theorem 61. Something feels

off...
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- Estimation (Continued 2)

_ Maximum Likelihood Estimation (Continued 2)

& Definition 63 (Relative Likelihood)

Suppose X1, ..., X ~ f(x;0) is an 1ID sequence of rvs where the like-
lihood function is L(0) and the MLE of 8 is §. The relative likelilood

function is defined by
RE) = RO = 29 geq
L(6)
66 Note

Note that since L(8) is maximum since 8 is the maximum likelihood

estimate, we have that L(8) < L(f), and so* * Note that the likelihood function
L(#) = f(x;0) is nonnegative, since the
cdf of a distribution is nondecreasing,
<1l and so the pf must be nonnegative.

I~

G
0

~—

0< R(8) =

I~

66 Note
Given the data 0 = (xq ... x,), we say that

e if R(0) is small (usual threshold is 0.1), then we say that 6 is implau-
sible;

e if R(0) is large (usual threshold is 0.5), then we say that 6 is plausi-
ble.
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& Definition 64 (Likelihood Region & Likelihood Interval)

The set of 6 values for which R(6) > p is called a 100p% likelihood
region for 0. If the region is an interval of real values, then it is called a
100p% likelihood interval (L1) for 6.

66 Note
Using the definition, we can extend on the previous note:

o Values inside the 10% LI are referred to as plausible and values out-
side of this interval as implausible;

o Values inside a 50% LI are very plausible; and

* Values outside a 1% LI are very implausible in light of the data.

As how we had the log-likelihood from the likelihood function, we

can have the log relative likelihood.

& Definition 65 (Log Relative Likelihood)

The log relative likelilood is the natural logarithm of the relative
likelihood function:

r(0) = r(6;x) = In[R(6)] = log[L(6)] — log[L(6)] = £(8) — £(9)

for @ € Q.

66 Note (Unimodality)
If for & € Q, R(0) is unimodal as shown in the graph to the right, then R(6)
R(0) > p will give us the likelihood interval, in which this case we have
that the interval is [ap, by).

Example 19.1.1 (Example 6.10) E
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Let X, ..., X100 ~ Poi(0) be an IID sequence of rvs. Based on the observed
values, you are given that Z}g{ x; = 980. Find a 10% and 50% likelilood
intervals for 6.

# Solution

From Example 17.1.5, we had

—1
L(f) = e "o"¥ <H x,-!) and 6 = x.

The relative likelihood is therefore

and so get

9.8

Using WolframAlpha, we get that the 50% likelihood interval for 6 is
[9.436,10.173]. Unfortunately so, I cannot get the solution for the 10%

likelihood interval since the allowed free computation time is exceeded, and

RO =009 ( )980.

so I shall leave the likelihood interval as

1000-98) [ 0\

Example 19.1.2 (Example 6.11 (Course Notes 6.2.24))

Suppose X1, ..., Xy is a random sample from Exp(1,0). Plot the relative
likelihood function for 0 if n = 20 and x(;y = min{xy, ..., x,} = 1. Find the
10% and 50% likelihood intervals for 6.

# Solution
Recall the definition of the Double Parameter Exponential Distribution. We
have that the pdf of each X; is

fri(x)) = e T =70,
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Since the X;'s form a random sample, we have that
: 0 " 0
Hor= r{ei(xli )]1{%29} = ¢ L St L) >0}-
1=

Firstly, note that L(0) is an increasing function with respect to 6. Now,
note that if the indicator function is 1, we would have that 8y = X, where
we denote the “supposed” ML estimate as 0. However, since the condition
for the indicator function to be 1 is that 6 < x(y), we must then have that

6= X(1), since x(q) < X as x(7) = min{xy, ..., Xy }.

With that, we can calculate the relative likelihood function:

R(0) = = en(e—x(1>)1{x(l)29}_

Given n = 20 and x(1) = 1, we have that
R(9> = Ezo(ail)ﬂ{egl}.
To get the 50% likelihood interval, we have

e00-1) > 05

1
> — D
9_1+201n05

Note that In0.5 < 0, so we have that the 50% likelihood interval is [1 +
0.051n 0.5, 1]. For the 10% likelihood interval, we have

e20060-1) > 01
0>1+ l In0.1
- 20 o

Aguain, note that In0.1 < 0, and so we have that the 10% likelihood interval
is [1 +0.051n0.1, 1].

WE cAN EXTEND our methods analogously for the multiparameter
case. Assume § = (#; ... 0;)T. Then the likelihood function, L(8),

is a function of k parameters. Then the log-likelihood function is

£(0) = InL(0). From there, we can then use the same approach to get
the ML estimate of 6,

0= ... ék)T = argmax /().
01, ..., O

We shall also note that we can extend ® Theorem 61 to the multi-
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variate case.

Furthermore, we will restate some of the definitions that were

stated in univariate context for the multivariate case.

& Definition 66 (Score Vector)

Suppose X1, ..., Xn ~ f(x;0) is a sequence of IID rvs, where § =
(81 ... 0)T. The score vector is defined as

ol ae]T

S(0) = S(6;x) = [@ o

& Definition 67 (Information Matrix)

Suppose X1, ..., Xy ~ f(x;0) be a sequence of IID rvs, where § =
(61 ... 0)T. The information matrix, [(0) = 1(6;x),isak x k
symmetric matrix whose (i, j) entry is given by

9?2

_aeiaeje(e)'

The constant matrix 1(8) is called the observed information matrix.

& Definition 68 (Fisher Information Matrix)

Suppose X1, ..., Xn ~ f(x;0)) is a sequence of IID rvs, where 6 =
(61 ... 0)T. The Fisher information matrix, J(6) is a k x k symmetric
matrix whose (i, j) entry is given by

7

82
E ——aeiaejﬂ(f); X)

where X = (Xq ... X)T.

& Definition 69 (Likelihood Region - Multivariate)

Suppose X1, ..., Xn ~ f(x;0)) is a sequence of IID rvs, where 6 =
(61 ... ). Theset of 6 = (6, ... 6x)T for which R(6) > p, for some



176 Lecture 19 July 5th 2018 - Estimation (Continued 2)

0 < p <1,iscalled a 100p% for 8, which is a region
in a k-dimensional space R¥.

Recall that in the univariate case, we can certainly check if our choice of
the @ is indeed a maximizing value by taking the second derivative of £(8)
or L(6), and checking that 1() > 0. The analogous approach for the
multivariate case is to ensure that the ,

1(9) is positive definite?. > A matrix M is called a
if the scalar zT Mz > 0 for every

. . . " . . - 1 tor z.
We have two methods to verify that a matrix M is positive definite: FONTEETo coTtmn vector =

e detM > 0;

e eigenvalues of M are all positive.

Example 19.1.3 (Example 6.12 Part 1)

Suppose X1, ..., Xn ~ N (p, 0?) is a sequence of IID rvs.
1. Derive the MLE of the parameters y and o,

2. Derive the MLE of the coefficient of variation CV = %

# Solution

1. Since the X;'s are IID, we have

L (y,az) = (2n)"2 ((72>7% exp {_2}(2 ' (x; — y)z}.

BN

1

Then the log-likelihood is
L (;4 02) = —Eln(27r) — T ogo? - 1 i(x‘ —u)?
’ 2 2 087 Tz T

Now, note that the first partial derivatives of { (y,0%) are

S ) = ( )
— ==Y (xi—p)=— Xj — ny
o2 ! 2 111


https://en.wikipedia.org/wiki/Positive-definite_matrix

So the score vector is

ol
s (o?) = | o (Ei xi — np)
2 — 3+ 5o Ty (% — p)?

So the possible candidates for fi and 6% is

1 n
A= A2 2
p=r =Y (W
i=1
It remains to verify that niu and &2 are indeed the “maximizers”, note
that
2 n
oz o2
0%( n 1 & 5
)2 208 P 2“‘" M
1=
0%( np 1 &
2 =1 in/
opde? ot ot =
and so the information matrix is
n me_dyn o
(wet)=| R DAL
% - % i=1Xi 8 Y (xi—p)? - ﬁ
Then the observed matrix is
-] - Gy T
X 1 =\2
o7~ @r it G Dl l_x)_ﬁ
o
_ | e?
1
0 @ ) "oy
RER
° (J;)z
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We have that the determinant of the observed information matrix is

n

(Az)z >0

n
det (A,[Tz) -
V 6.2
since 6% > 0.

2. By ® Theorem 61, we have that the MLE of the coefficient of variation,
CV, is3

3 Note that the function f(x,y) =
f is not injective if x and y are not
coprime. Since both ¢ and i has a
common multiple of %, they are not
coprime, so

® Theorem 61. I shall,
however, leave this answer here from
the lecture.
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I Cstimation (Continued 3)

I  Moximum Likelihood Estimation (Continued 3)

Example 20.1.1 (Example 6.12 Part 2)

Continuing with Example 19.1.3, answer the following questions:

e Derive the Fisher information for the parameter vector (u,c?).

¢ Solution

Recall that the information matrix was

I(V,Uz) = » 1‘%

1 2
g mlim Y miia(xi—u) - 5a

Thus the Fisher information matrix is

](zwz) = ‘ <"%)

ny 1 n i
o T ot =1

n

66 Note

Notice that we have, yet again, a similar scenario as when we first intro-
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duced the Fisher information in the univariate case: notice that

I _ - 0 1
‘u:X — Var(y):Var(X):?:m

and
1 n
azznl;(x X)> :>Var( ) ((n—1)52)
0§Var<”;152> :%

by Cochran’s Theorem. Note that Var (6%) ~ J(p,0?)2

Example 20.1.2 (Example 6.13 (Course Notes 6.3.8))

Suppose Y; ~ N (zx + Bx;, 02), i =1,..,n,is a sequence of IID rvs. Show

that the ML estimators of a, B and o are given by Note that & and f are also the
of « and B.
F=Y - px
n _ —
LR
p=—"=
E (xi —%)?
=1
1 s N2
=) (Yi—a—px)

i=1

¢ Solution

Since the Y;'s constitute a random sample, the likelihood function is

(a,B,0) H exP{_(yi_ga_z ﬁXi)z}

_n 2\ 2 1 ¢ 2
= () z(a) exp —5 3 (i~ — px;)
and consequently the log-likelihood is

(e p0) = ~ 5 In(2m) ~ Sine?— Y (- pri).



The first partial derivatives are

114 1

S = Y i a—pr) = 57— a— B

ow 02;1 ! 2

w1 1|g s 3

ap = 2 L li—a—pri)] = 7 |} xyi—a Y xi—p Y}
= i—1 i=1 i=1

ol n 1 &

o0~ o tor Wi Py

The score vector is therefore

n

o2

(X iy —a Y x — B x2]

[y —a— p3]

S(a,p,0)= |1

0—2
Lyl (yi—a—px)* -2

To get the candidates for respective MLE,

A

R=7—px
B= Yilg Xiyi — &Y X _ Y xyi— (- Bx) Y X
X} "’ 2
_ Yy xiyi—nXy+npR YL xy — niy
rx? Y x? — nx?
A2 1 1t 2
o* =~ (yi—a— pxi)
i3
For B, note that
n n
Y (xi—X)(yi— ) = Y [xiyi — Xy — jxi + XY

i—1
=Y xyi—XY yi—7) xi+nxy
=Y xy; — X(ny) — j(nx) + nxy
= in]/i — nxy

i=1

and similarly so we have

Therefore
Lia(xi = %) (yi — ¥)
2?21(351‘ - 5()2
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Thus the potential ML esimators are

To verify that these are indeed maximizing estimates, we need the following

second order partial derivatives:

rr_on
2 o2
0 nx
9foa o2
0%/ 2n _
doon ~ o 8P
0 nx
dwdp o2
02/ 1 &,
9p? o? = !
0%( 2
2095 = o (LA —a L —p L)
0%l 2n . _ _
wdr o3 y—a—pa]
0%( 2
9pac =3 (inyi —a)y xi— ﬁlez)
0%l

e ﬁz o= pr)’

It remains to show that the observed information matrix is positive definite,

which will not be shown since the working is too tedious.

20.1.2

Suppose X = (X1 ... Xpu) be a random sample from f(x;0). Let
0, = 0,(Xy,..., Xn) be the ML estimator of 0 based on X. Then under

certain regularity conditions™:

*See Appendix A.



1. Consistency:

2. Asymptotic Normality:

7(0)(8, —0) 3 Z ~N(0,1). (20.2)

3. Asymptotic Distribution of Relative Likelihood:
—2InR(6; X) = 2[0(6,; X) — £(6; X)] B W ~ x2(1)

where 6 is the unknown true parameter. If

call 8, a consistent estimator of 6.

For a proof of the above theorem see Casella & Berger 20022

The above theorem implies that for sufficiently large n, 8,, has, approxi-
mately, an N (6, [](0)] ™) distribution (using methods from

8 Proposition 58). [J(0)] " is called the asymptotic variance of 8.
Consequently, for sufficiently large n, we have that

Var (6,) ~ [7(6)]*.

Note that [(0) is unknown since 0 is unknown.3 Since 0, £> 0, by
8 Proposition 58, we have [ (6,) EA J(0) 4. Then for large n, we have

Var(8,) = [J(6)] " = [J(:)]
and so 0, ~ N(6,[](0)]71) = N(8,[J(9)] 1), and therefore we get

U(Gn)]%(gn —0) 2) Z ~N(0,1).

Now, note that the definition of the information function is
noog2
1(6;X) = — Z; @4(9; X;)-
1=

According to Geyer 5, by the ,

0, Po. (20.1)

holds, then we
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*Casella, G. Berger, R. L. (2002). Statis-
tical Inference. Thomson Learning

3 Comments from here on are my own
after discussion with the lecturer. The
explanation here will try to stay within
the syllabus.

+This is if | is continuous on both 6 and
0.

5 Geyer, C. J. (2007). Stat 5102 notes:
Fisher information and confidence
intervals using maximum likelihood.
https://www.stat.umn.edu/geyer/
s06/5102/notes/fish.pdf


https://www.stat.umn.edu/geyer/s06/5102/notes/fish.pdf
https://www.stat.umn.edu/geyer/s06/5102/notes/fish.pdf
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Therefore, by Limit Theorems, we have

1(0) p
W_H

~—

~
~—

Then by the Continuous Mapping Theorem, we have

@-6) 3 7z ~N(©0,1).

N|—

[1(6)]

This result implies, by Limit Theorems, that for sufficiently large n, we
have
Var(8,) ~ [1(8)] 1.

In the next section, we shall study how these results can be used to

construct approximate for 6.

Example 20.1.3 (Example 6.14 (Course Notes 6.4.2))
Suppose X1, ..., Xy, is a random sample from the Wei(0, 2) distribution.

Verify that the consistency and Normal distribution assumption hold for this

distribution. Also, show that

Note that if X ~ Wei(8,2), then E(X¥) = 0T (g + 1) and its pf is

)2

Sk

f () = e

¢ Solution

Since the X;'s form a random sample, we have that the likelihood function is

|

n N2 no _ 1 )E 12 n
L(0) ZHGZfzxie*( ) = <622> = [1x
i=1 =
Then the log-likelihood is

1 n n
0(0) =nIn2—2nlno — 7 Y a2+ Y Inx;.
i=1 i=1

To get a candidate for the MLLE, we have

dal 2n 2 &,
@0 oL
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and so
2 _ 1y 2 _ 1y
==Y xand 0= =) X
nis i

To verify that this candidate is indeed a maximum, note that we have

d>( >
@ — GT_GTZ;XZ (20.3)
=
Evaluating the above at 02 = Ly | x2, we have
2n 6 o, 4n?
182 )28 ZZ;xi__Zz ’
- X 1 2) = b
ot (”) <i§1 xl) i=1 '

Thus 0 is indeed the maximum likelihood estimate. Now to show consis-

tency, note that we have
E(X?) = 6’T(1+1) = 62,
and so ) .
E (62) —E (igxﬁ) - 111;}5 (X}) _

From here, to simplify notations, we shall write® % Note that X2 # X2,

o n

X2 = %Z ande —Zx

By the Weak Law of Large Numbers, we have that X2 L 02, Since x2 >
0, the function g(x) = +/x is continuous on its support, and so using

i-Jx %o

To show normality, note that the Fisher information is

8 Proposition 58, we have

2 6 o 4
J0)=E|-gpt@] =G LECH-F=F @)

where we shall note the use of Equation (20.3). We want to invoke
CLT, and so we also need Var(X2).
n 1 n

var ) = $ovarto) = 32 [ () - [£ ()] =

i=1 i—1

185
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Then by the CLT, we have

X2 _ 92
WQZNN(OJ)_

By & Proposition 58,
¢aﬁ—¥y3#z~N@ﬁﬂ.

Using the same g(x) = \/x as above, by $= Corollary 60, we have

2
v%@—eyggz~N<ai>

Since Equation (20.4), using & Proposition 58 again, we have

e a0 =260 2

I N
N|

Z =27 ~N(0,1)

Now from Equation (20.3), we have that the information function is

6 & 2 2n
1@@:@2&—?
1=

Then

. 6n> o, 2n? 4n? 4n
<ZX2) - L X =1
; .
i=1

Since 0 £> 0, again by Limit Theorems, we have g—; 2) 1, and so

16:X) ¢ P
O
Then
R 1(6; X) e b
[1(6;X)]2(6 —6) = [J(0)]2(0—0) >1-Z=2Z~N(0,1)
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I Cstimation (Continued 4)

21.1.1

Example 21.1.1 (Example 6.15 (Course Notes 6.4.3))

Suppose X1, ..., Xy, is a random sample from the Unif(0, 0) distribution.
We showed in Example 18.1.5 that 0, = X(n) is the ML estimator of 6.
Since the support of X; depends on 6, ® Theorem 62 does not hold. Show,
however, that X(n) is still a consistent estimator of 6.

¢ Solution
Since 0 is a fixed (but unknown) value, we have the option of use

& Proposition 55. We have
PX(H)(t) = P(X(n) < f) = P(X1 <tXp <t ., 6 X;< f)

=[[P(Xi<t) - independence
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Observe that

Jim Fx,,, (£) =

1 t>90

and so as n — oo, we have that X(n) has a denegerate distribution, and so

the proof for consistency follows from & Proposition 55.

I  [:icroal Estimators

& Definition 70 (Interval Estimators)

Suppose X is an rv whose distribution depends on 6. Suppose that A(x)
and B(x) are functions such that A(x) < B(x) forall x € supp(X)
and 6 € Q). Let x be the observed data. Then (A(x), B(x)) is an interval
estimate for 0. The interval (A(X), B(X)) is an interval estimator for
6.

66 Note

Two interval estimators that we already know?:
1. Confidence intervals

2. Likelihood intervals

WE NOW CONSIDER a general approach for constructing confidence

intervals based on pivotal quantities.

& Definition 71 (Pivotal Quantity)

Suppose X is an rv whose distribution depends on 6. The rv Q(X;8) is
called a pivotal quantity if the distribution of Q does not depend on
0. Q(X;0) is called an asymptotic pivotal quantity if the limiting
distribution of Q as n — oo does not depend on 6.

* Well, one from STAT231, that is.
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Example 21.1.2 (Example 6.16)

Suppose X, ..., Xy, is a random sample from the N(p, o?) distribution. The
following rvs are pivotal quantities.:

n 5 n S\2 Exercise 21.1.1
X — i X — u igl(Xi - ,u) o (Tl o 1)52 B igl(Xi - X) ;S'how that the given rvs are pivotal quanti-
a/\n’ S/n’ 02 oz o2 o

Example 21.1.3 (Example 6.17 (Course Notes 6.5.4))

Suppose X1, ..., Xy is a random sample from the Poi(0) distribution. Show

that B
(Xn —6)

R

is an asymptotic pivotal quantity.

¢ Solution

By ® Theorem 57, we have that

X,—0 p

Vn = Z ~N(0,1).
Vo
By & Proposition 58, we have This may be a little late but at this
point, it should be clear how Limit
— D .

\/E(Xn o 9) = \/éz -~ N(O, 9)_ Thec?rems.work when it cofnes. to .
playing with the Normal distribution
as the asymptotic distribution. If this

Now by the Weak Law of Large Numbers, we have that is not clear to you, read back from
& Proposition 58.
- P
X, — 0.

Since X, takes only non-negative values, and 6 > 0, the function g(x) =

\V/x is well-defined on these “points”, and so by & Proposition 58, we have

Vo B Ve,

Then by Slutsky’s Theorem, we have
Xy — 6
V X
We observe that the limiting distribution of \/n(X, — 0)/\/ X, depends not

on the unknown parameter 6. Therefore it is a asymptotic pivotal quantity.

NG B 7 ~N(0,1).

& Definition 72 (Confidence Interval)
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Suppose A(X) and B(X) are statistics, and are called the and
, respectively. If P[A(X) < 6 < B(X)] = p,
where 0 < p < 1, then (a(x),b(x)) is called a 100p%
(CI) for 6.

Pivotal quantities can be used for constructing Cls in the following
way: since the distribution of Q(X;0) is known, we can write down a

probability statement of the form

P(q1 < Q(X;0) < q2) = p.

If Q is a monotone function of 6, then this statement can be rewritten

PA(X) <0 < B(X)] = p,

and the “realized” interval [a(x), b(x)] is a 100p% CL

Example 21.1.4 (Example 6.18 (Course Notes 6.5.6))

Suppose X1, ..., Xy is a random sample from the N(u, 0?) distribution. Use

the pivotal quantities in Example 21.1.2 to find:
1. a 100p% CI for u if o is unknown;

2. a 100p% CI for o2 is y is known.

# Solution

1. Since 0% is unknown, we cannot use

Xy —p
o/\/n

as our pivotal quantity. We shall in fact, use

~N(0,1)

since it contains the unknowm parameter whose confidence interval is
that of what we want to construct, where we know that the rv follows a
t-Distribution with degrees of freedom n — 1 from ® Theorem 47. Then
since the t-Distribution is symmetric?, we have
Xn —
P|—a< Y, \/HM
P[X,—(S/Vn)a <p<Xy+(S/v/n)a] =p.

<a|—-p

*See Wikipedia for a graph of the
t-Distribution.


https://en.wikipedia.org/wiki/Student%27s_t\protect \discretionary {\char \hyphenchar \font }{}{}distribution
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And so the 100p% CI for u when o is unknown is

[Xn - (S/\/ﬁ)“r Xn + (S/\/E)a]

2. Since y is known, we shall use the rv

(X —p)?

o2

It

1

~x(n—1),

where the following of the chi-squared Distribution is from Cochran’s
Theorem. To construct the CI for o2,

n
¥ (X —p)?
Pla< i=1
0—2

1& 1&
p <b Z(Xz‘ - .”)2 <o* < 7 Z(Xi - l‘)2> =P
i=1 i=1

Thus the CI for o2 is

Let X = (X1, ..., Xy) be a random sample from f(x;0) and let § = 6(X)
be the ML estimator of the scalar parameter 6 based on X.

1. If 0 is a location parameter, then Q = 0 — 0 is a pivotal quantity.

2. If 6 is a scale parameter, then Q = 0/ is a pivotal quantity.

Example 21.1.5 (Example 6.19)

Suppse X1, ..., Xn ~ Exp(0) is a random sample. Find a 100p% equal tails
CI for 0. For the data n = 15 and Y2 x; = 36, find a 95% equal tail CI for
6.
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¢ Solution

Referring to Example 3.3.3, we know that Exp(0) belongs to a scale parame-
ter family of distributions. We shall proceed with finding the MLE of 0 and
then use & Proposition 63 to get a CI for 0. Since the X;'s are IID,

Thus the MLE of 0 is § = X. To get the 100p% CI for 6, we have by
8 Proposition 63, Y = X/ is a pivotal quantity. Then

And so the 100p% CI for 6 is

12 12
1% 1],

To solve for a and b, we would need to know what the distribution of Y =

X /0 is:
M E Ly x 1 AR
e (o[ E ) e (03
t n —n
= () = (1-3)
which we observe that then Y ~ Gam (n, )

Forn = 15, 21‘121 x; = 36 (and so X = 36/15 = 2.4), and to find the
95% equal tail CI for 8, we have that

S| -

I

P [0.559 < % < 1.566] =0.95

P[24/1566 <6 <2.4/0.559] = 0.95.

where the values of a and b are verified on R using the following:
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Listing 21.1: R interactive code to get a and b

ggamma (0.025, shape=15, rate=15)
qggamma (0.975, shape=15, rate=15)

Thus

1.566" 0.559
[1.533,4.293]

565 059

Example 21.1.6 (Example 6.20 (Course Notes 6.5.11))

Suppose X1, ..., X ~ Unif(0,0) is a random sample. Find an appropriate
pivotal quantity. Determine a such that

[é,a(ﬂ
is a 100p% ClI for 6.

¢ Solution
Since the X;'s are 11D, we have that

n
1 .
L®) =] ] 5lo<x<oy = 0 "oy <x(, <0}
i=1

0(0) = —nlnb +ln1{0§x(l)§x(,,)§6}'

Using a similar arqument as in Example 19.1.2, notice that —nIn 6 is a
decreasing function, and so to get the maximum likelihood estimate, we want
0 to be as close to 0 as possible, but the closest 6 can get to is x,,). Note that
if the indicator function turns out to be 1, then 0 must also be 1, but this

does not maximize the likelihood function.

So we have § = X(y) and 0 = X(n)- Note that Unif(0,0) is from a scale

parameter family of distributions since

1 1 Xi
Fi() = glosazo) = 5 ()

Then by & Proposition 63, Y = 0/6 = X(ny/ 0 is a pivotal quantity. Note,
then, that we want to solve for

Pl<0<abl=p
1 6
PLSeS%—P
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It suffices, from here, to find the CDF of Y:

Thus




B [ ccture 22 Jul 17th 2018

I stimate (Continued 5)

B  [:icrval Estimators (Continued)

Example 22.1.1 (Example 6.21)

Suppose X1, ..., Xn ~ Exp(1,0) is a random sample. Find an appropriate
pivotal quantity. Determine a such that

[0 —a, 0

is a 100p% ClI for 6.

¢ Solution

Recall from Example 19.1.2 that the ML estimate is 0 = x(1) and and the
estimator is 0 = X(1)- Note that Exp(1,0) is from a location parameter
family of distributions, since

f(x;1,0) =e* = f(x—6;1,0).

We can then use & Proposition 63, and use Y = 6 — 0 as our pivotal
quantity. Note that

P(é—agegé):p
P(—@g—()ga—é):p
PO<f—-6<a)=p
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It remains, again, to find the CDF.

Fy(y) = (X(1)—9<y)—1— P(Xq) >y +0)
—P(Xy>y+6)" - ID

[ee]
/ —(x+8) dx]

y+0
n

L
N [ ¢ He y+9]
Thus
F(a) —F(0) = p

1—e™—-1+1=p

1
a= —ﬁln(l —p)

IN cASEsS WHERE we cannot construct an exact pivotal quantity, we
can use the limiting distribution of the ML estimator 8 = (Xy, ..., X;;)

and construct approximate Cls.

Since®
J(@)2(6-0) 2 z~N(0,1),

then [J(0 )} (6 — 0) is an asymptotic pivotal quantity. An
2 based on this asymptotic pivotal quantity is given by

]

Nl—

[0 —a[](6)]72, 0 +a[](0)]

where P(—a < Z < a) = pand Z ~ N(0,1).

Similarly, since

[1(@)2(0—0) 2 z ~N(0,1),

then [1(6 )] (6 — 0) is an asymptotic pivotal quantity. An asymptotic
100p% CI based on this asymptotic pitoval quantity is given by

N—

10— a[1(6)]72, 0+ a[1(6)] 2]

! This is based on ® Theorem 62,
which we could not prove, and its con-
sequences are more than just fishy. I am
also unsure whether this is presented
as a proof or definition in the lecture,
since there are no indications of that
whatsoever both during the lectures

and in the course notes.
2 Also called
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where 1(0) is the observed information.

Example 22.1.2 (Example 6.22)

Suppose X ~ Bin(n,0). Show how you would construct an approximate
100p% CI for 6.

¢ Solution

Since this is just a single rv, we have

L(0) = (Z)exa —g)nx

0(6) = In (Z) +xInf+ (n—x)In(1 - 0)

. x n—x

o 6 1-0
dze X n—x
— = —-—-=<0
do 62 (1—10)2

where we note that the ML estimate is § = % and the estimator = %, and

we know that this will be the maximum since the second order derivative is

always negative3. The information function is 3 In fact, by rearranging 45, we can
show that it is a linear function.
X n—X
1(0; X) = —
OX) =51 ap
and so the Fisher information is
E(X) n—EX) n n n
9 — = — = .
JO) ==+ "a=p2 “5 7126 " ai-0)
Thus
R
]( ) - x(n _ X) :

Then by & Proposition 64, we have that the asymptotic 100p% CI for 6 is

o L),

where P(—z < Z < z) = p where Z ~ N(0,1).

Example 22.1.3 (Example 6.23 (Course Notes 6.5.15))

Suppose X1, ..., Xy, is a random sample from the Poi(0) distribution. Show
how you would construct an asymptotic 100p% CI for 6.
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¢ Solution
Since the X;'s are IID, we have

n efegxi
L(0) :H - —"991 Hi
i1 X!
n
0(0) = —nb + (2 xi> Ing — Zlnxi!
i=1 i=1
darl 1¢
—=—n4+= x;
do egl
% 1 &
67 = gz

i=1
The candidate for MLE from equating the score function to 0 is =

1 vn _—— . o . . .
Y1 x; = X. We verify that it is indeed a maximum point since

d 1&
@loo= o= <O
The information function is

n

1
16:;X)= 5 ) Xi
i=1

and so the Fisher information is

J(6) = E[1(6;X)] = 7m0 = 1.

Thus
J(0) =

Assuming that our random sample satisfies the reqularity conditions, we
have that the asymptotic 100p% CI for 6, by & Proposition 64, is

emnfE eenf

RS

S| =

& Definition 73 (Likelihood Interval)

Given a random sample X1, ..., X, from f(x;0), the 100p%
for 8 is defined by

{6 :R(9) > p}.
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Recall the 3rd property from ® Theorem 62 that The amount of things built on this
shady theorem is insane...

—2log R(6; X) B W ~ x2(1).
Since the R(0) is a unimodal graph, we have

P[R(6;X) > p] = P[-2InR(6; X) < —21n p]
(W< —2Inp)

~
~

Consequently, if p = 0.15, then
P[R(6;X) > 0.15] ~ 0.95

i.e. a 15% likelihood interval is, approximately, a 95% CI.

Example 22.1.4 (Example 6.24)

In Example 19.1.1, based on Xy, ..., X109 ~ Poi(0) is a random sample,
where 2}2‘{ x; = 980, we derived the 10% and 50% likelihood intervals for
6. Compare the approximate 95% confidence interval based on the asymp-
totic distribution of the MLLE to the 15% likelihood interval for 6.

¢ Solution
Recall that

o) — p—n(6-x) (¢ " ooe-os) [0\
@) =t () = €

and that the MLE is § = x. Using R 4, one can find that the 15% likelihood 4 This is actually a non-trivial process...
interval is
9.2 <6 <104.

Again, assuming that the regularity conditions are satisfied, by & Proposition 64,
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and the previous example, the 95% CI for 0 is

/980 V980
9.8 — 1.96W, 9.8 4 1.96W

[9.186,10.414]
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I ypothesis Testing
_ Introduction

& Definition 74 (Hypothesis)

In inferential statistics, given a model f(x;6), where § = (6, ...0,)" €
O, and Q) is a parameter space, a lypothesis is a general statement about

the parameters for the model, denoted by

H:0cQyCQO.

& Definition 75 (Null Hypothesis and Alternative Hypothesis)

A null hypothesis is a hypothesis of which its default position is that
there is no relationship between the two phenomena measured by the
model f(x;0). We usually denote the null hypothesis by

Hpy: 0 € Q.

The alternative hypothesis is the other case of the null hypothesis; it is
a hypothesis that states that there is a relationship between the two phe-
nomena measured by the model f(x;6). We usually denote the alternative
hypothesis as

H,: 0 & Q.
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& Definition 76 (Test of Hypothesis)

A test of hypothesis is a proedure for evaluating the strength of the
evidence provided by the data against the null hypothesis.

To measure the evidence against Hy based on the observed data,

we use a test statistic or a discrepancy measure.

& Definition 77 (Test Statistic)

A test statistic is a statistic that is used for measuring the evidence

against Hy using the observed data.

66 Note
1. A small observed value of the test statistic shows close agreement

between the observed data and the null hypothesis; while

2. A large observed value of the test statistic shows poor agreement.

& Definition 78 (Significance Level and p-Values)

Assuming that Hy is true, we compute the probability of observing a
value of the test statistic being greater than or equal to the actual observed
value. This probability is called the significance level or p-value of the
data in relation with the null hypothesis.

66 Note
The p-value is the probability of observing a poor agreement between the
null hypothesis and the data.

o A small p-value indicates that the probability that our observed test
statistic occurs under the null hypothesis is low, i.e. an evidence

against the null hypothesis;

* A large p-value indicates that the probability that our observed test
statistic occurs under the null hypothesis is high, i.e. we have little

evidence against the null hypothesis.
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This also means that the smaller the p-value, the stronger the evidence

against the null hypothesis.

There are two types of errors that we may run into while perform-

ing hypothesis testing:

& Definition 79 (Type I and Type II Errors)

A is the case where we reject a true null hypothesis. A
is the case where we fail to reject a false null hypothesis.

Hy:0 € O H,:0 ¢ Q)

Reject Hy v (True Negatives)

Fail to Reject Hy | ¢ (True Positives)

The common practice is to reduce the occurrence of a Type I Error. It is
analogous to the , where the “null hypoth-
esis” is “correct until proven wrong”. In other words, the goal of this

practice is to reduce the occurrence of

Example 23.1.1 (Example 7.11 (Course Notes 7.1.1))

Suppose X1, ..., Xn ~ N (u,0?) is a random sample, where o is known.
Suppose n = 25, 0 =1, x = 0.5, and pg = 0. Perform a test of hypothesis
on the null hypothesis Hy : i = pq and state the conclusion.

# Solution

By the CLT, we have
X—p
o/\/n

which contains all the parameters of our interest and is a statistic*. We shall " Note that it is also a pivotal quantity.

~N(0,1)

use this as a test statistic. Under Hy, we have yu = o, i.e.

X*]JO
o/\n

~N(0,1).
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Then, the observed test statistic is
X—puy 05-0
z0 = = = 2.5,
T o/ 1/V25

and so the p-value is
p =2P(Z > 25) ~ 0.01241923

by the Z-table. Therefore, we observe that the p-value is small, and so we
have evidence against the null hypothesis Hy : pg = 0.

& Definition 8o (Simple Hypothesis)

Suppose X1, ..., Xy is a random sample from f(x;0), where @ = (61 ... 6;)T.
Suppose we wish to test H : 6 = 0y, where 8 is a completely known k x 1
vector. This hypothesis is called a simple hypothesis, which specifies the

values of all unknown parameters in the mode.

& Definition 81 (Likelihood Ratio Statistic)
The likeliliood ratio (LR) statistic is defined as

L(6o; X)

A(6y) = —2InR(6p; X) = —2In [—] =2[0(6;X) — £(60; X)] ,

L(6; X)

where X = (X, ..., Xn) are the data and § = 0(Xq, ..., X;,) is the ML
estimator of 6. The observed likelihood ratio statistic is thus

)\(90) = —2In R(Go,‘ x)

where x = (X1, ..., Xn).

Assuming Hj is true, under certain regularity conditions®, we have

A(6)) = —2InR(6y, X) 2 W ~ 2(k).

where k is the number of parameters under the general hypothesis

minus the number of parameters under Hy. Thus an approximate

? This probably involves ® Theorem 62
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p-value is given by
p~P(W>-2InR(0y;x)]),
where x = (x1, ..., x,,) is the observed data.

Example 23.1.2 (Example 7.2 (Course Notes 7.2.1))

Continuing with Example 23.1.1, find the LR statistic and compare it to the

test statistic used in the example.

# Solution
Let Hy : u = pgand Hy : u # po. We need the MLE of . Since the X;’s
forms a random sample, we have

L) =TT 5 = ) fo o | oL 3~
= e 2r = (27m) 20 "expl —= X —
: i1 V2mo? P 202 S g
n 1 ¢ 5
L) = —Eln(Zn) —nlno — 702 Z;(xi —u)
i=
dal 1 & 1 &
— ==Y (xi—u)=—=() x;—n
an o2 1:21( i— W) 02(1; i )
2
e
dy? o?

and so the ML estimate for u is

1 n

i=1

‘ﬁ =
Thus the likelihood ratio statistic is
A(po) = —2In R(po, X) = 2[€(j1; X) — £(po; X)]

_ 1 X 2 . X ~\2

— 2\ (Xi — po) —;( i— )
1 1=

n
=2l

By our argqument before this example, we have that

™=

1
(7 = o) + 1 — %]

=l

k = number of unknown parameters
— number of unknown parameters under Hy

=1-0=1

Thus
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The observed likelihood ratio statistic is

n(x2 — 2uo% + ud)
0—2

M) = 5 [2%(% — o) + i — ¥ =

The p-value is therefore

n(x — 2
p%P(WZ/\(yO))ZP<WZ(02yO)>.

Using the values given in Example 23.1.1, we have

p~ P(W > 6.25) ~ 0.01241923,

where our value is obtained by the R code:

1 - pchisq(6.25, 1)

We can now conclude that the two tests are similar.

Example 23.1.3 (Example 7.3 (Course Notes 7.2.4))

Suppose X1, ..., Xy, is a random sample from the Poi(0) distribution. Find
the LR statistic for testing H : 0 = 6. Another test statistic which could be
used is

X6
90 /1’1 ’
What is the approximate distribution of

T

:

X — 6y
\/90/7’1

for large n if Hy is true, and how could you use this to find an approximate
p-value?

# Solution
Let Hy : 0 € Qg and H, : 0 ¢ Q. By Example 22.1.3, we have that 6 =%,
and the log-likelihood is

L(0) = —nb + (i%’) Ing — ilnxi! .

i=1 i=1

Thus the likelihood ratio statistic is

A(QO) = Z[ﬂxlné — nXanO] = anln (:)
0
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and so the observed likelihood ratio statistic is

A(6y) = 2n% In (;) .

0

Thus the p-value under the assumption of Hy is
p~P(W > A(b)).
On the other hand, by the CLT, we have that

X — 6y
\/90/1’1

which then the p-value under this method is

lo

Z ~N(0,1),

x— 0

\/90/1/1

pzZP(Zz‘

).

x— 6
\/90/1’[

Example 23.1.4 (Example 7.4 (Course Notes 7.2.6))

Howeuver, it is not necessary that

P(W > A(6)) = 2P (z >

)

The following table gives the observed frequencies of the six faces in 100 rolls
of a die:

Face:i | 1 | 2 | 3 | 4 | 5 | 6 | Total

16 20 | 22

Freq: f; 15 | 14 13 | 100

Ave these observations consistent with the hypothesis that the die is fair?

¢ Solution
Let 6; be the probability that we get face i, and let
Hy:01=6=...=6 _1
0:b1=0=... =0 = ¢
H, : at least one of the 0; # ijori #7,0<4,j<6

Note that the above experiment is of a multinomial model. Let 6 = (64, ..., 6¢).

Thus we have

100!
L(6) = —20 prigi g%,
[T xi!

With the constraint that Z?Zl 0; = 1, we can use Lagrange’s Multiplier3 to 3 A step of that can be found here:
MathSE.


https://math.stackexchange.com/questions/421105/maximum-likelihood-estimator-of-parameters-of-multinomial-distribution#421838
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find that
N xi

"= To0
Then the likelihood ratio statistic is

o [H] gy [T
A6o) = 21“[L(é) T L
6 6X; D 2
l; 100 )

where @ = (,...,06), and the degree of freedom is because 6y = 1 —
Y21 0;. The observed likelihood ratio statistic is

6
6Xx;
Ao) =2) x;In =k
(0) i:lxznloo

= —1.3063 — 3.1608 — 4.8819 + 7.2929 + 12.2158 — 6.4600
= 3.6997 .

And so the p-value, by

pchisq(3.6997, 5, lower.tail=FALSE)

is
p~ P(W > 3.6997) ~ 0.5934.

This shows that we do not have sufficient evidence to reject Hy, i.e. we have
a fair die.

Example 23.1.5 (Example 7.5)

Suppose X1, ..., Xn ~ N (po,0?) is a random sample. Test the hypothesis
Hy:0? = O'g, where the mean g is known.



¢ Solution
Let H, : 0% # 03. Since the X;'s are 11D, we have

and thus

,..2 ~2
A(02) = —2InR(03) = —nlIn (%) —n (1 — Zg)
=nl‘~72—1 1n<§§>] Bw~x21).

‘70 0

The observed likelihood ratio statistic is therefore

Then the p-value can be obtained by evaluating

0’2 ~2
90 70
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Throughout this course, the phrase “regularity conditions” have been
regularly coined but never formally introduced. To clarify that, I
have sought out for the instructor and confirmed that these are the
regularity conditions that are used. This is taken out from Casella &

Berger (2002)*. *Casella, G. Berger, R. L. (2002). Statis-
tical Inference. Thomson Learning

“(R)egularity conditions” are typically very technical, rather boring,
and usually satisfied in most reasonable problems. But they are a
necessary evil...

Furthermore,

These conditions mainly relate to differentiability of the density? and 2 probability function
the ability to interchange differentiation and integration.

The following are the regularity conditions:
1. X1, ..., Xn ~ f(x;0) are IID;

2. The unknown parameter is ,ie if 0 # ¢, then
f(x;0) # f(x;0');

3. The pf’s f(x;60) have common support, and f(x;6) is differentiable
in 6;

4. The parameter space () contains an open set w C () of which the

true parameter value 6 is an interior point3. 3w is an open set, and so we can really
only talk about interior points. The
5. Vx € supp(X), the pf f(x;0) is three times differentiable with laymen definition of an interior point,
8 o ) is a point that is in a set but is not the
respect to 6, and the third derivative is continuous on 6, and limit point of the set.

J f(x;0) can be differentiated three times under the integral sign.

6. Y0y € Q, 3c € R+, I a function M(x) 4 such that Vx € supp(X), 4+ Note that both ¢ and M(x) can depend
on )y, by the way that the statement is
laid out.

3
0 — 6y <c = ’;mlnf(x;e)‘ < M(x)
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with E90 [M (X )] < o5 5 Eg, is the expected value operator that
acts on the variable 6.



B Uiseful References

I Cornmonly Used Distributions

Distribution pf Mean Var mgf
Binomial Distribution : X ~ Bin(#n, p)
x € NU{0}
neN Wp*(t—p)" np np(1—p) (pe' +1—p)"
0<p<l1
Geometric Distribution : X ~ Geo(p)
x € NU{0} p(1— p)* PTP 1;_217 1*(1pfp)e*
0<p<l1 t < —log(1—p)
Poisson Distribution : X ~ Poi(u)
x e NU{0} e—},:!ﬂx " " oi(e—1)
u>0
Uniform Distribution : X ~ Unif(a, b)
a<x<b 1 ath (b—a)? E(}Z:f;tt
b—a 2 i

a<belR t#0
Normal Distribution : X ~ N(u,0)
xeR

\/2;7 o (e’ u o2 ot S
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reR

c>0

Gamma Distribution : X ~ T'(«, B)

X € ]RZO
_x 1—pBt)=*
1 a1 (
& >0 ¢ “p o
1
t < B
B>0
Exponential Distribution : X ~ Exp(6)
€R \ 1—6t)!
X >0 5675 9 62 ( )
0>0 < %
Negative Binomial Distribution : X ~ NB(r, p)
1— r
x € NU{0} (177;;)
x+r—1 Fox pr pr
(1= pr
r>0 ( x ) ( P)P 1-p (1-p)2 t<—10gp
pe01)
Beta Distribution : X ~ Beta(a, B)
x € [0,1]or
T(@T(B) a—1 -1 ap = k=1 _a+r ) £
xe@n)  HEAe-npt ol 1+ L (TS a) b
x>0
B>0
Chi-Squared Distribution : X ~ x?(k)
keN (1-2t)"%
- xi 1o k 2k
ifk=1 221(%) 1
t<3
x € (0,00)
otherwise

x € [0, 0]
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6-Method, 154
o-algebra, 17
o-field, 17
p-Value, 202

Alternative Hypothesis, 201

Asymptotic Confidence Intervals, 196

Asymptotic Distribution, 135

Asymptotic Distribution of Relative
Likelihood, 183

Asymptotic Normality, 183

Asymptotic Pivotal Quantity, 188

asymptotic variance, 183

Bernoulli’s Theorem, 143

Beta Distribution, 88

Binomial Distribution, 29
Bivariate Normal Distribution, 114
Bonferroni’s Inequality, 11, 21
Boole’s Inequality, 11, 21

Central Limit Theorem, 148
Chebyshev’s Inequality, 54
Clairaut’s Theorem, 71
Cochran’s Theorem, 132
Conditional Distributions, 83
Conditional Expectation, 101
conditional mean, 101
Conditional PF, 83
Conditional Probability, 21
conditional variance, 101
Confidence Interval, 189
Consistency, 183

consistent estimator, 183

Continuity Property, 11, 22

Continuous Mapping Theorem, 152
Continuous Random Variable, 27
Convergence in Distribution, 135
Convergence in Probability, 139
Correlation Coefficient, 99
Covariance, 93

Cumulative Distribution Function, 23

Degenerate Distribution, 138
Discrete Random Variable, 24

Double Parameter Exponential Distri-

bution, 144

Estimate, 158

Estimator, 158

expected value, 44, 45
Exponential Distribution, 31

F Distribution, 132

factorial moment, 51
Factorization Theorem, 82
Fisher Information, 164

Fisher Information Matrix, 175

Gamma Distribution, 32
Gaussian Distribution, 30, 131
Geometric Distribution, 29

Hypothesis, 201

implausible, 171
Independence, 70, 78
Independent Events, 21
Indicator Function, 57

Information Function, 163

Information Matrix, 175

Interval Estimate, 188

Interval Estimators, 188
Invariance Property of MLE, 169

Jacobian, 121, 122

Joint CDF, 63

Joint Continuous Random Variables,
74

joint density function, 74

Joint Discrete Random Variables, 67

Joint Expectation, 89

Joint Moment Generating Functions,
107

Joint Moments, 108

Joint PMEF, 67

k-variate CDF, 111
k-Variate Joint MGF, 112
k-variate Support Set, 111
Kolmogorov Axioms, 18

Law of the Unconscious Statistician,
49, 89
Law of Total Expectation, 104
Law of Total Variance, 106
Likelihood function, 159
Likelihood Interval, 172, 198
Likelihood Ratio Statistic, 204
Likelihood Region, 172, 175
Limiting Distribution, 135
Linearity - Expectation, 49, 91
Location Family, 42
Location Parameter, 42
Location-Scale Family, 42



Log Relative Likelihood, 172
Log-likelihood, 159
Lower Confidence Limit, 189

Marginal CDEF, 66

Marginal Distribution, 68

Marginal MGF, 108

Marginal Probability Density Func-
tion, 77

Markov’s Inequality, 52

Markov’s Inequality 2, 53

maximum likelihood estimate, 159

Measurable Space, 18

Moment Generating Function, 56

Moments, 51

Mutlinomial Distribution, 113

Normal Distribution, 30
Null Hypothesis, 201

observed information, 163

observed information matrix, 175

One-to-One Bivariate Transforma-
tions, 121

One-to-One Transformation, 120

Pearson Correlation Coefficient, 99

Pivotal Quantity, 188

plausible, 171

Poisson Distribution, 30

power set, 17

probability axioms, 18

probability density function, 27

Probability Integral Transformation,
40

probability mass function, 24

Probability Measure, 18

probability set function, 18

probability space, 18

Product Rule, 86

Properties of pdf, 27

Properties of pmf, 24

Properties of the cdf, 11, 23

Random Sample, 115
Random Variable, 22
Relative Likelihood, 171
right-continuous, 23

Sample Space, 17
Scale Family, 42
Scale Parameter, 42

Score Function, 163

Score Vector, 175

Significance Level, 202

Simple Hypothesis, 204

Slutsky’s Theorem, 151

Standard Normal Distribution, 31
Statistic, 157

support set, 24, 67, 74

t-test, 132

Taylor Series with Lagrange’s Re-
mainder, 135

Test of Hypothesis, 202

Test Statistic, 202

Type I Error, 203

Type II Error, 203

unbiased estimator, 158
uncorrelated, 93

Uniform Distribution, 31
Upper Confidence Limit, 189

Variance, 50

Weak Law of Large Numbers, 143
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