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& Preface

The pre-requisite to this course is Real Analysis. We will use a lot of
the concepts introduced in Real Analysis, at times without explicitly

stating it. Refer to notes on PMATH351.
This course is spiritually broken into 2 pieces:
* Lebesgue Integration; and
» Fourier Analysis,
which is as the name of the course.

In this set of notes, we use a special topic environment called
to discuss interesting contents related to the course, but will not

be throughly studied and not tested on exams.

For some unknown reason, mysterious glyphs are replacing com-
mon math characters in an inconsistent way, and I have not the faintest
idea how this is happening, or why this is happening. The dark ver-
sion of the notes does not seem to have this problem. Please use that

version of the notes for a cleaner reference.

If you have any idea what is causing the weird glitch, or a solution,
please shoot me anissue at https://gitlab.com/japorized/

TeX_ notes/issues.


https://tex.japorized.ink/PMATH351F18/classnotes.pdf
https://gitlab.com/japorized/TeX_notes/issues
https://gitlab.com/japorized/TeX_notes/issues




@ Lecture 1 May 07th 2019

Since many of our results work for both C and R, we shall use K

throughout this course to represent either C or RR.

Riemannian Integration

& Definition 1 (Norm and Semi-Norm)

Let V be a vector space over IK. We define a semi-norm on V as a function
v:V =R

that satisfies

1. (Positive Semi-Definite) v(x) > 0 forall x € V;

2. v(xx) = |k| v(x) for any x € Kand x € V; and

3. (Triangle Inequality) v(x +y) <v(x)+v(y) forall x,y € V.

Ifv(x) =0 = x = 0, then we say that v is a norm. In this case, we

usually write ||-|| to denote the norm, instead of v.

o We sometimes call a semi-norm a pseudo-length.

Remark 1.1.1
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Notice that we wrote v(x) =0 = x = Oinstead of v(x) =0 <= x =
0. This is because if z = 0 € V, then

v(z) = v(0z) = 0. L

Exercise 1.1.1

Show that if v is a semi-norm on a vector space V, then Vx,y € V,

v(x) —v(y)| < v(x—y).

Notice that by condition (2) and (3), we have
v(x —y) Sv(x) +v(-y) = v(x) —v(y),
and
vix—y) = —v(y —x) = —(v(y) —v(x)) = v(x) —v(y).

It follows that indeed

v(x) —v(y)| < v(x—y). 0

Example 1.1.1
The absolute value || is a on K. >
Example 1.1.2 (p-norms)

Consider N > 1 an integer. We define a family of norms on

KN=KxKx...xK.
N——

N times

1-norm

|G |, = i"‘""
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Infinity-norm, co-norm

N :
H(x")"le - 1I<I;11a<XN|x”|'

Euclidean-norm, 2-norm

| Gedla, = <Z|xn| )

It is relatively easy to check that the above norms are indeed norms,
except for the 2-form. In particular, the is not as

easy to show 1. ! See Minkowski’s Inequality.

Less obviously so, but true nonetheless, we can define the following

Jesia], = (£ )

p-norms on KN :

for1 < p < oo N
¥ Culture
Consider V.= M, (C), 2 wheren € N is fixed. For T € M, (C), we  Note that M, (C) is the set of 1 x 1
i C.
define the of T to be matrices over

$1(T) > s(T) > ... >s,(T) >0,

where o(T*T) = {s51(T)?,52(T)?,...,5n(T)?}, including multiplicity.
Then we can define
: ;
ITll, = (ZSi(T)’“>
i=1

for 1 < p < oo, which is called the p-norm of T on M, (C).

Example 1.1.3

Let
V=C([0,1,K) ={f:]0,1] = K| f is continuous }.


https://tex.japorized.ink/PMATH351F18/classnotes.pdf#thm.29
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Then
[ fllsup = sup{lf(x)| | x € [0,1]}

3 defines a norm on C([0, 1], K).

A sequence (fy),—1)~ in V converges in this norm to some f € V,

ie.
nlgrc}o ||f" _f”sup = O/
which means that (f,)$°_; converges uniformly to f on [0, 1]. >

& Definition 2 (Normed Linear Space)

A normed linear space (NLS) is a pair (V, ||-||) where V is a vector

space over K and ||-|| is a norm on V.

& Definition 3 (Metric)

Given an NLS (V, ||-||), we can define a metric d on V (called the metric

induced by the norm) as follows:

d:VxV =R dxy) =|x—y|,
such that
e d(x,y) >0forallx,y € Vandd(x,y) =0 <= x=y;
* d(x,y) =d(y,x); and

o d(x,y) <d(x,z) +d(y,z).

Norms are all metrics, and so any space that has a norm will induce a

metric on the space.

& Definition 4 (Banach Space)

% Some authors use || ||, but we will
have the notation ||[f]||,, later on, and so
we shall use || f]|,, for clarity.
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We say that an NLS (V, ||-]|) is or is a Banach Space if the cor-

responding (V,d), where d is the metric induced by the norm, is complete
4

Example 1.1.4

(C(]0,1],K), |- ||Sup) is a Banach space. >

Example 1.1.5
We can define a 1-norm ||-||; on C([0, 1], K) via
1
£l = [ 1.

Then (C([0,1],K), ||-||;) is an NLS. >

Exercise 1.1.2

Show that (C([0,1],K), ||-||;) is not complete, which will then give us an

example of a normed linear space that is not Banach.

Consider the sequence (f;);_; of continuous functions given by

0 0<x<3
fu(x) = n(x+%> F<x<3+14
1 otherwise
Note that the sequence (f;)S_; is indeed :lete > Oand

|n—m| < ‘%, and then we have
X3

|fun(x) = fn(2)| =

()

However, it is clear that the sequence (f)% ,

converges to the piece-

* Completeness of a metric space is
such that any of its Cauchy sequences
converges in the space.

e ————————————————e——> X
1 1 1 1 1
2 2t 2tu

Figure 1.1: Sequence of functions
(fu)51- We show for two indices n < m.
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wise function (in particular, a non-continuous function)

o
o
IN
=
A\
(ST

flx) = : O

—_
=
v
N[—

Example 1.1.6

If (X, [|-|) and (), [|-[|g)) are NLS’s, and if T : X — ) is a linear map,
we define the of T to be

ITI} = sup{IT(x)llgy | 1l <1}

We set
B(%,9) :={T:X — 9 | Tislinear, ||T| < oo}.

Note that for any such linear map T, ||T|| < oo <= T is continuous.

Thus B(X,9) is the set of all continuous functions from X into 9).

Then (B(X,92),||-||) is an NLS. >

Exercise 1.1.3

Show that (B(X,9), ||-||) is complete iff (), ||-[lq)) is complete.

One example of the last example is when (9, [|-|lg)) = (K, [-[). In this
case, B(X, K) is known as the of X, or simple the of X.

We are interested in integrating over Banach spaces.

Let (X, ||| 5) be a Banach space and f : [a,b] — X a function, where
a < beR. Apartition P of [a,b] is a finite set

P={a=py<p1<...<pn=1}

It is likely that we have seen this in Real
Analysis.
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for some N > 1. The set of all partitions of [a, b] is denoted by P|a, b].

& Definition 6 (Test Values)

Let (X, ||| ) be a Banach space and f : [a,b] — X a function, where
a<beR Let P € Pla,b]. Aset

P* = {pi L,

satisfying
1 <pp<prfor1<k<n

is called a set of test values for P.

& Definition 7 (Riemann Sum)

Let (X, ||| 5 ) be a Banach space and f : [a,b] — X a function, where
a <beR Let P € Pla,b] and P* its corresponding set of test values.

We define the Riemann sum as

N
S(f,P,P%) = k_zlf(r’?i)(r’k ~ Pk-1)-

Remark 1.1.2
1. Note that because B Definition 5, py — pr_1 > 0.

2. When (X,]|-]]) = (R,|:|), then this is the usual Riemann sum from

first-year calculus.
3. In general, note that

1 N
mS(f,P,P*) = Z MSf (i),
k=1

where 0 < Ay = B ;_p 271 <1land® Svia the fact that the A’s form a tele-
scoping sum
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So b%ﬂS(f,P, P*)isan of f over [a, b]. We call ﬁS(f, P, P*)
the of the f(pi)’s. ®

Example 1.1.7 (Silly example)

Let (X = C([—m, 1], K) . Let

’ H'Hsup)

f:10,1] — X such that x — ¢*™ sin 76 4 cos x cos(126),

where 6 € [—, r]. Now if we consider the partition

11
P = {—7‘[,10,2,7(}

and its corresponding test value

1
P*: 0/712 ’
{o32)
then

wtrrr=s0 () o1 () (1) s

= (sin76 4 cos 120) <7r + 110)

+ ((2237T sin76 + cos % cos 129> (é)

+ (e* sin 70 4 cos 2 cos 126) <7‘c — ;) >

Leta < b € R,and P € Pla,b]. We say Q is a refinement of P is
Q€ Pla,b]and P C Q.

In simpler words, Q is a “finer” partition that is based on P.
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Leta < b € R, (X, || y) bea Banach space and f : [a,b] — X bea
function. We say that f is Riemann integrable over [a,b] if 3xg € X
such that

Ve >0 3P € Pla,b],

such that if Q is any refinement of P, and Q* is any set of test values of Q,
then

X0 — S(f,Q,Q")|lx <e

/abf:xo.

In this case, we write

& Proposition 1 (Uniqueness of the Riemann Integral)

If f is Riemann integrable over [a, b], then the value of | ab f is unique.

Suppose not, i.e.
b b
/ f:xoand/ f=uvo
a a

for some x¢ # yp. Then, let

llx0 — yol|
7

&= 5

which is > 0 since |[xo —yo|| > 0. Let Py, P,, € Pla,b] be par-
titions corresponding to xy and y as in the definition of Riemann

integrability.

Then, let R = Py, U Py, so that Ris a of
Py, and Py,. If Q is any refinement of R, then Q is also a common

refinement of Py, and Py,. Then for any test values Q* of Q, we have

2¢ = [Jxo — yol|
S on_s(f/Q/Q*)” + HS(fIQ/Q*> _]/0” <€+€:2€,

which is a contradiction.

23
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Thus x¢ = yo as required. 0

WP Theorem 2 (Cauchy Criterion of Riemann Integrability)

Let (X,]||5) be a Banach space,a < b € Rand f : [a,b] — X bea
function. TFAE:

1. fis Riemann integrable over [a, b];

2. Ve > 0, R € Pla,b], if P, Q is any refinement of R, and P* (respec-
tively Q*) is any test values of P (respectively Q), then

ISCF,P,P*) = S(£,Q,Q) | < e

= This is a rather straightforward proof. Suppose P, Q € P|a, b]
is some refinement of the given partition R € P|a, b], and P*, Q* any
test values for P, Q, respectively. Then by assumption and & Propo-

sition 1, 3xy € X such that

* € * €
%0 SCF,P,P)llx < & and v — (£, Q. Q) < &

It follows that

IS(f, P, P*) = S(f,Q Q)%
< llxo = S(f, P, P*)llx + llxo = S(f, Q Q) x
< % + % =&

<= By hypothesis, wma e = % for some n > 1, such thatif P, Q
are any refinements of the partition R, € P[a,b|, and P*, Q* are the

respective arbitrary test values, then

IS(F, PP = S(£,Q, Q) <
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Now for each n > 1, define

n
W, = U Ry € P[Cl, b],
k=1

so that W), is a common refinement for Ry, R,, ..., R,. For each
n > 1, let W,; be an arbitrary set of test values for W,,. For simplicity,
let us write

xn = S(f, Wp, W,,), foreachn > 1.

® Note that it would be nice if for the
finer and finer partitions that we have
constructed, i.e. the W,’s, give us a
convergent sequence of Riemann sums,
since it makes sense that this conver-
gence will give us the final value that we

* * 1
me - xnz”je = HS(f, Wnllwnl) - S(f, Wﬂz/an)H < N want.

Claim: (x,)5°_; is a Cauchy sequence If 117 > 1y > N € N, then

by our assumption, since W, W, are refinements of Ry. Then by

[e9)

n=1 isindeed a

picking N = ! foranye > 0, we have that (x,)

Cauchy sequence in X.

Since X is a Banach space, it is complete, and so Jxp := lim x, €
n—oo

X. It remains to show that, indeed,

xO:/abf.

Let e > 0, and choose N > 1 such that

1 .
* y <5;and

* k > N implies that |x; — xo| < 5.

Then suppose that V is any refinement of Wy, and V* is an arbitrary

set of test values of V. Then we have

lxo =S(f,V, V)llx < llxo — xnllx + lxn = S(F, V, V)l x
€ . “
<5t IS(f, WN, WN) = S(f, V., V)l x

1
—<
N =

/ubf:xo,

as desired. 0

<5+ +E—£
;=&

N m
N ™

It follows that
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In first-year calculus, all continuous functions over IR are integrable.
A similar result holds in Banach spaces as well. In the next lecture, we

shall prove the following theorem.

®PTheorem (Continuous Functions are Riemann Integrable)

Let (X, |-]|) be a Banach spaceanda < b € R.If f : [a,b] — Xis

continuous, then f is Riemann integrable over [a, b].
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Riemannian Integration (Continued)

We shall now prove the last theorem stated in class.

WP Theorem 3 (Continuous Functions are Riemann Integrable)

Let (X, |-]|) be a Banach spaceanda < b € R.If f : [a,b] — Xis

continuous, then f is Riemann integrable over [a, b].

4 Strategy

This is rather routine should one have gone through a few courses on analysis,

and especially on introductory courses that involves Riemannian integration.

We shall show that if Py € Pla, b] is a partition of [a, b] into 2N subinter-
vals of equal length 172—7\# and if we use P{; = Py, \ {a} as the set of test values
for Py, which consists of the right-endpoints of each the subintervals in Py,

then the sequence (S(f, Pn, PX,))%_, converges in X to | ub f.

Note that this choice of partition is a valid move, since any of these Py’s,
for different N's, is a refinement of some other partition of [a, b], and if we
choose a different set of test values, then we may as well consider an even finer

partition.

First, note that since [, b] is closed and bounded in R, it is compact.
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Also, we have that X is a metric space (via the metric induced by
the norm). This means that any continuous function f on [g, b] is

uniformly continuous on [, b]. In other words,

Ve >0 36 >0 Vx,y € [a,b]
=yl <8 = If@) = fOI < 5555

Claim: (S(f, Py, Py))N—; is Cauchy Now by picking Py € Pla, b]
and set of test values P}; as described in the strategy above, we
proceed by picking M > 0 such that bz;M” < 6. Then for any K >

b—a

L > M, since each of the subintervals have length % and zKa for

Py and Pk respectively, if we write
PL:{a:p0<p1<...<p2L:b}

and

Pr={a=qo<q1 <...<qux =b},

then pi =4 ]-ZK_L Tforall0 < j < 2L, By uniform continuity, for ! This is not immediately clear on first
) L read. Think of a as 0.
1<j<2%, wma

, where (j —1)2K°F < s < jpK-L,

lren) - s < 55—

We can see that

||S(ffPLrPZ) *S(f;PK,P[XE)H

szfL

2L
Y Y (F(p) — f(q))(gs — qs-1)

j=1s=(j—1)2K-L41

2L szfL

< Z Z Hf(p])_f(%)H (‘75_‘15—1)
j=ls=(j—1)2K-L 41

ipK—L

2L j e
< Z (9s —9s-1)
J=1s=(j—1)2K-L41 b—a
e X
~b_a E(QS —qs-1)
s=1
€ €
R s

This proves our claim.
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Since X is a Banach space, and hence complete, we have that the

sequence (S(f, Py, Py))%_; has a limit xy € X.

It remains to show that f ab f = xo. 2 2 The rest of this proof is similar to the
above proof.
Let e > 0, and choose T > 1 such that % < 83, 50 that we have 3 Note that this is still the same & as in

the first ¢ in this entire proof.

. €
llxo — S(f, Pr, P)| < 5

NowletR = {a =rg <r <...<r;=b} € Pla,b|]suchthat

Pr C R. Then there exists a sequence
O=jo<pn<...<jor=]

such that
Tie = Pks where 0 < k < 2T.

Let R* be any set of test values of R. Note that for jp_1 <'s < ji, itis

clear that
* * b—a
lpp —rs] < |Pk_Pk71|:277<5'

Thus

IS(f, Pr, Pr) = S(f, R, R)|

2T i
<L L 16D 0Dl =)
57 2T
< Z(b—a) lczzlsjk21+1(rs —rsfl)
20 )(b_”>:*

Putting everything together, we have

[lxo = S(f, R, R7)||
< llxo = S(f, Pr, Pr) || + IS(f, Pr. Pr) — S(f, R, R7) ||
& &

We can also find another refinement of Pr, say Q, that works
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similarly as in the case of R. It follows from ®Theorem 2 that

x0=/abf/

i.e. that f is indeed Riemann integrable over [a, b]. o

The following is a corollary whose proof shall be left as an exercise.

#= Corollary 4 (Piecewise Functions are Riemann Integrable)

A function is also Riemann integrable: if f :

[a,b] — X is piecewise continuous, then f is Riemann integrable.

Exercise 2.1.1

Prove #= Corollary 4.

Let us exhibit a function that is not Riemann integrable.

& Definition 10 (Characteristic Function)

Given a subset E of a set R, we define the characteristic function of E as

a function xr : R — R given by

1 x€E
XE(x) = .
0 x¢E

Example 2.1.1
Consider the set E=Q N [0,1] € R. Let P € P|0,1] such that
P={0=p0<P1<...<pN=1},

and let
P* = {pi 1l and P = {pi" 1t



PMATH450 — Lebesgue Integration and Fourier Analysis 31

be 2 sets of test values for P, such that we have

pr € Qand p" € R\ Q.

Then we have

N
S(xe, P, P*) =Y xe(pi) (Pk — Pr—1)
k=1

N
=Y 1-(pc— pe-)
k=1

prp():l*O:l,

and
N
S(xe, P, P**) =Y xe(pi") (pk — pr—1)
k=1
N
=)0 (px—pr-1)
k=1
=0.

It is clear that the Cauchy criterion fails for xg. This shows that xr is

not Riemann integrable. >

Remark 2.1.1

Let us once again consider E = Q N [0,1]. Note that E is 4 4 This means that E is countably infinite.

We may thus write
E={qn}1
Now, for k > 1, define
k
fie(®) =Y X (%)
n=1
In other words, fy = X(q4,,...q,}- Furthermore, we have that

hA<fa<fz...<xe

Moreover, we have that Vx € [0,1],

xe(x) = lim fi(x),

k—o0
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and )
/ fo=0forallk > 1.
0

And yet, we have that fol X does not exist! o

We want to develop a different integral that will ‘cover’ for this

‘pathological” behavior of where the Riemann integral fails.
The rough idea is as follows.

In Riemann integration, when integrating over an interval [a,b], we

partitioned [a, b] into subintervals. This happens on the x-axis.

PN-1
Po P1
I
/ T
a p1 p2 o PN-1 b

Figure 2.1: Rough illustration of how
. o . Riemann’s integration works

In each of the subintervals of the partition, we pick out a &
p}, and basically draw a rectangle with base at [p;, p;1] and height

from 0 to pj.

What we shall do now is that we

, instead of the x-axis as we do in Riemannian integration.

In particular, given a function f : [4,b] — R, we first partition the

range of f into subintervals [y _1,yk], where 1 < k < N. Then, we set

Ei={x€lab]: f(x) € ppyl} forl <k < N.

This will then allow us to estimate the integral of f over [a, b] by the
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4o
expression
N
2 ykmEkr
k=1

where each of the y;mEy are called . In the expres-

sion, mEj denotes a “measure” ° of Ey.

J

N

Figure 2.2: A sketch of what’s happening
with the construction of the E;’s

® Note that a measure is simply a gener-
alization of the notion of ‘length’.

We observe that E; need not be a particularly well-behaved set.

However, note that we may rearrange the possibly scattered pieces of

each Ej together, so as to form a ‘continuous’ base for the rectangle.

We need our definition of a measure to be able to capture this.

The following is an analogy from Lebesgue himself on comparing

& </ AN

Figure 2.3: Drawing out the rectangles of
ygmEy from Figure 2.2.
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Lebesgue integration and Riemann integration °: ¢ Siegmund-Schultze, R. (2008). Henri
Lesbesgue, in Timothy Gowers, June
I have to pay a certain sum, which I have collected in my pocket. I take Barrow-Green, hmre Leader (eds.), Princeton
Companion to Mathematics. Princeton
the bills and coins out of my pocket and give them to the creditor in University Press

the order I find them until I have reached the total sum. This is the
Riemann integral.

But I can proceed differently. After I have taken all the money out of
my pocket I order the bills and coins according to identical values and
then I pay the several heaps one after the other to the creditor. This is

my integral.

The insight here is that one can freely arrange the values of the

functions, all the while preserving the value of the integral.

* This requires us to have a better understanding of what a measure

is.

* This process of rearrangement converts certain functions which
are extremely difficult to deal with, or outright impossible, with
the Riemann integral, into easily digestible pieces using Lebesgue

integral.

Goals of the section
1. Define a “measure of length” on as many subsets of R as possible.

2. The definition should agree with our intuition of what a ‘length’ is.

Fora < b € R, we define the length of the interval (a,b) to be b — a, and

we write
¢((a,b)) ==b—a.

We also define
* (D) =0;and

+ {((a,00)) = £((~o0,b)) = ((~o0,00)) = o0,
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& Definition 12 (Cover by Open Intervals)

Let E C R. A countable collection {I,}°_, of open intervals is said to be a

cover of E by open intervals if E C J;_q L.

In this course, the only covers that we shall use are open intervals, and so

we shall henceforth refer to the above simply as covers of E.

Before giving what immediately follows from the above, I shall

present the following notion of an outer measure.

& Definition 13 (Outer Measure)
Let @ # X be a set. An outer measure y on X is a function
p: P(X) = [0,00] := [0,00) U {eo}
which satisfies
1. u@®=0;

2. (monotone increment or monotonicity) EC F C X = uE <

uF; and

Figure 2.4: Idea of the outer measure

3. (countable subadditivity or o-subadditivity) {E,}> ; C P(X)

U (U En) < ZyEn.
n=1 n=1

Note that by the monotonicity, the o-subadditivity condition is equivalent
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to: given {E,}5° 1 € P(X) and F C U;;_; En, we have that

u(E) < iluusn»

& Definition 14 (Lebesgue Outer Measure)

We define the Lebesgue outer measure as a function m* : P(X) — R

such that
In} |

m*E = inf{ {(I,) - EC
n=1

1Ce

We cheated a little bit by calling the above an outer measure, so let

us now justify our cheating.

& Proposition 5 (Validity of the Lebesgue Outer Measure)

m* is indeed an outer measure.

1D = 0 We consider a sequence of sets {I }°° ; such that [, = @ for
eachn = 1,...,00. Itis clear that @ C |J;_; I,. Also, we have that
((I,) =0foralln =1,...,00. It follows that

0<m* (@)<Y m"(I,) =) 0=0,
n=1 n=1

where the inequality is simply by the definition of m* being an
infimum, not to be confused with o-subadditivity. We thus have
that

m*(®) = 0.

Monotonicity Suppose E C F C R, and {I,,}$° ; a cover of F. Then

n=1

[e°]
ECFC L
n=1
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In particular, all covers of F are also covers of E, i.e.

{{]m ?;10:13E§ G]m}g{{ln 20:13Fg Gln}~

m=1 n=1

It follows that
m*E < m*F.

o-subaddivitity Consider {E, }?’ ; € P(X) such that E C (J;; E;.
WTS .
m*E < Z m*E,.
n=1
Now if the sum of the RHS is infinite, i.e. if any of the m*E, is
infinite, then the inequality comes for free. Thus WMA Yy | E,, <

o0, and in particular that m*E, < coforalln =1,..., cc.

To do this, let ¢ > 0. Since m*E,; < oo for all 1, we can find covers
{IIS") }kfl for each of the E,;’s such that

S () < £

Then, we have that

3

Ec JE.clJ U™,
n=1 n=1k=1

Then by m*E being the infimum of the sum of lengths of the cover-

ing intervals, we have that

3
I
—
o~
I
—

S*
™
IA
hgk
hgk
o~
/N
~%
N

IA
e
m
§*
qp|
=
+
R e
SN—

3
Il
—_

1
agh
§*
™

=

+
hgk:
R e

n=1 n=1
[ee]

= Z m*E, + «.
n=1

Since € was arbitrary, we have that

o0
m*E, < Z m*E,,

n=1
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as desired. 0

$= Corollary 6 (Lebesgue Outer Measure of Countable Sets is

Zero)

If E C R is countable, then m*E = 0.

We shall prove for when E is denumerable, for the finite case follows

a similar proof. Let us write E = {x,,}7° ;. Lete > 0 and

N € £
b= (0= g 30+ )

Then it is clear that {I,}7’ , is a cover of E.

It follows that
[ee] o 8
0<m'E<) I, = Zz—n:s
n=1 n=1
Thus as ¢ — 0, we have that
m*E =0,
as expected. O

$= Corollary 7 (Lebesgue Outer Measure of Q is Zero)

We have that m*Q = 0.

In the proofs above that we have looked into, and based on the
intuitive notion of the length of an open interval, it is compelling to

simply conclude that

m*(a,b) = ((a,b) =b—a.
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However, looking back at & Definition 14, we know that that is not

how m*(a, b) is defined.
This leaves us with an interesting question:

how does our notion of measure m*(a, b) of an interval compare with

the notion of the length of an interval?

By taking I} = (a,b) and I, = @ for n > 2, it is rather clear that

{I.}$>, is a cover of (a,b), and so we have
m*(a,b) < l(a,b) =b—a. (2.1)

However, the other side of the game is not as easy to confirm: we

would have to consider all possible covers of (a,b), which is a lot.

Another question that we can ask ourselves seeing Equation (2.1) is
why can’t m*(a,b) be something that is strictly less than the length to

give us an even more ‘precise’ measurement?

To answer these questions, it is useful to first consider the outer
measure of a closed and bounded interval, e.g. [a, b], since these inter-
vals are under the . This will give us a
finite subcover for every infinite cover of the compact interval, which

is easy to deal with.

We shall see that with the realization of the outer measure of a
compact interval, we will also be able to find the outer measure of

intervals that are neither open nor closed.

We shall prove the following proposition in the next lecture. Note
that for the sake of presentation, I shall abbreviate the Lebesgue Outer
Measure as LOM.

) Proposition (LOM of Arbitrary Intervals)
Suppose a < b € R. Then
1. m*([a,b]) = b — a; and therefore

2. m*((a,b]) = m*([a,b)) = m*((a,b)) =b—a.
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Lebesgue Outer Measure Continued

@ Proposition 8 (LOM of Arbitrary Intervals)
Suppose a < b € R. Then
1. m*([a,b]) = b — a; and therefore

2. m*((a,b]) = m*([a,b)) = m*((a,b)) = b—a.

& Proof

1. Considera < b € R. Lete > 0, and let

G

and I, = @forn > 2. Then {I,}%_, is a cover of [a,b]. This

means that

[e9)

m*([a,b]) < Y (L) =b—a+e.

n=1

So for all ¢ — 0, we have that

m*([a,b]) <b—a.

1 Conversely, if [ll, b] is covered by open intervals {In 20:1, then by ! For the converse, we know that
m*([a,b]) = inf W, where W is

compactness of [a, b] (via the Heine-Borel Theorem), we know just a placeholder for you-know-what.

that we can cover [a, b] by finitely many of these intervals, and let Som*([a,b]) is one of the sums. So if we
can show that for an arbitrary sum, >
us denote these as {I,})_,, for some 1 < N < co. holds, our work is done.
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WTS
N

Y (I) > b—a.

n=1
If LHS = oo, then our work is done. Thus wlog, WMA each

I, = (ay, by) is a finite interval. Note that we have

C=

[a,b] C (an, by).

n=1

In particular, a € U,Ile I,. Thus, 31 < np < N such thata € I,.
Now if b,, > b, we shall stop this process for our work is done,

since then [a,b] C I,,. Otherwise, if b,, < b, thenb,, € [a,b] C
UnN:1 I, which means that 31 < n; < N such that by, € I,.

ny n, by, b, cee Ay bnk
4 | A 4 \ N
N ‘ J N ‘ J
a b

Figure 3.1: Our continual picking of

Inlrlﬂz/"'llnk

Notice that 111 # ny, since by, ¢ I, but by, € Iy,.

Now once again, if b,, > b, then we shall stop this process since
our work is done. Otherwise, we havea < by, < b, and so

J1 < n3 < N, ng # ny,ny, such that by, € Is...

We continue with the above process for as long as b,, < b.
We can thus find, for each k, I, ,,, where nj 1y € {1,...,N} \

{m,na,...,ni}, such that b, €I .

However, since each of the I, s are different, and since we only

have N such intervals, there must exists a K < N such that

by , < band by, > b.

It now suffices for us to show that

K

Zé(lnj) >b—a.

j=1
Observe that
K

ZE(Inj) = (bug — ang) + (bug y —Ang ) + - ..
j=1
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+ (bnz - a"z) + (bnl - a”l)

=bng + (bug ; — ang) + (b ) —ang )+ ...
>0 >0

+ (bn1 - anz) — Oy
>0

> by —ay, > b—a.

Thus
K

()= Y U0 > Y ) 2 b—a,
n=1

j=1

agk

n=1

whence

m*([a,b]) > b—a.

It follows that, indeed,

m*([a,b]) =b—a.

. First, note that
m*((a,b)) < m*([a,b]) <b—a.
On the other hand, notice that V0 < ¢ < bz;”, we have that
[a+¢eb—¢] C(ab),
and so by monotonicity,
(b—a)—2e=m"([a+¢eb—e¢]) <m*((a,b)).

As ¢ — 0, we have that

So

as desired.
Finally, we have that

b—a=m"((a,b)) <m*((a,b]) <m*([a,b]) =b—a,
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and similarly
b—a=m"((a,b)) <m*([a,b)) <m*([a,b]) =b—a.

Thus
m*((a,b)) =m"((a,b]) =m*([a,b)) =b—a

as required.

& Proposition 9 (LOM of Infinite Intervals)
We have that Va,b € R,
m*((a,c0)) = m*([a, 0))

= m*((~o0,b)) = m*((~o0,b])

=m"R = oo.

Observe that
(a,a+n)

N

(a,00)
foralln > 1. Thus

n=m"((a,a+n)) < m*((a,00))

for alln > 1. Hence

m* ((a,00)) = o0
by definition.

All other cases follow similarly.

$= Corollary 10 (Uncountability of R)

R is uncountable.
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& Proof

We have that
m R = oo # 0,

and so it follows from #= Corollary 6, we must have that R is un-

countable. 0

& Definition 15 (Translation Invariant)

Let y be an outer measure on R. We say that y is translation invariant
if VE C IR,
u(E) = u(E+x)

forall k € R, where

E+x:={x+x:x€E}

é Proposition 11 (Translation Invariance of the LOM)

The Lebesgue outer measure is translation invariant.

& Proof

Let E € Rand x € IR. Note that E is covered by open intervals
{I,}3?_, iff E 4« is covered by {I,, +x}7° ;.
Claim: Vn > 1, (I, + x) = £(I,) Write

Iy = (an, by).

Then
In+1x = (ay +x,by + x).
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Observe that
UIp+x)=by+x— (an — k) = by —a, = L(I,),
as claimed.

By the claim, it follows that
m*(E):inf{ {(I,):EC U}
n=1 n=1

—inf{ 3 (I, +x):E4+xC G(In—f—x)}

=1 n=1
=m*(E+x).

Remark 3.1.1

Suppose E C R and E = |J;,_ Ep, where
EiﬁE]' =Qifi #].
Now by o-subadditivity of m*, we have that

oo
m*E < Z m*E,.
n=1

However, equality is not guaranteed. Consider the following case: if
E = [0,1], we may have E, = [0,1] foralln >= 1, in which case
E=U;_1E,=10,1], but

m'E=m"[0,1] =1<oco= ) mE,.

n=1
It would be desirable to have

m*E = i m*E,,
n=1
when the E;’s are pairwise disjoint, i.e. E = |J;°_ Ey. In fact, this would
agree with our intuition, that if the outer measure is going to be our ‘length’.
Consider the example A = [0,2] U [5,7]. Then we would expect m*A =
2+2=4
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Howeuver, this is actually impossible for an arbitrary number of collec-
tions. ®

WP Theorem 12 (Non-existence of a sensible Translation Invariant

Outer Measure that is also o-additive)

There does not exist a translation-invariant outer measure y on R that

satisfies
1. u(R) >0;
2. ul0,1] < oco; and

3. pis ;ie. if {Ey}5y 4 is a countable collection of disjoint

subsets of R that covers E C IR, then

uE = Z uE,.
n=1

Consequently, the Lebesque outer measure m* is not o-additive.

Suppose to the contrary that such a p exists.

Step 1 Consider the relation ~ on R such that x ~ yif x —y € Q.
Claim: ~ is an equivalence relation

* (reflexivity) We know that 0 € Q and x — x = 0. Thus x ~ x.

* (symmetry) Since Q is a , it is closed under multiplication,
and —1 € Q. Thusif x ~ y, thenx —y € Q,and so (—1)(x —y) =

y —x € Q, which means y ~ x.

e (transitivity) Again, since Q is a field, it is closed under (this
time) addition. Thus

x~yANy~z = (x—y), (y—z) €Q
= (x—y)+y—2z)=x—-z€Q.
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Thus x ~ z.
This proves the claim.

Let
[x] =x+Q:={x+g:9€Q}

denote the equivalence class of x wrt ~. Note that the set of equiva-

lence classes, which we shall represent as
F={[x] :x € R},

partitions IR, i.e.

e x]=[y] <= x—yeQand

* [x] N [y] = @ otherwise.

Note that since Q is in R, we have that [x] = x + Q is also
dense in IR, for all x € R. Then for each? F € F, dxp € F such that 2 Notice that here, we have invoked the
Axiom of Choice.
0 S Xr S 1.

Now consider the set
Vi={xp:Fe F} C[0,1],
which is called

Step 2 Since F partitions IR, we have that

R= ) F= [ [x]

FeF FeF
= |J x+Q
FeF

=V+Q:={x+g:9€Qx eV}

Step3Claim: p #9 € Q = (V+p) N (V +4q) = @ Suppose not,
and suppose 3y € (V + p) N (V +4). Then 3F;, F, € F such that

Y=Xp +pP=XF+4q. (3.1)
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Then we may rearrange the above equation to get

Xp, —Xp, =q—p€Q.

This implies that

[xp] =[xg] = A =h

since V consists of one unique representative from each of the

equivalence classes. However, this would mean that

XF,

1 = XF

-
Since p # g, we have that
Xp + P #XR 4,
which contradicts Equation (3.1). Thus
(V+p)n(V+g) =0,

as claimed.

This in turn means that the V + g, for each q € Q, also partitions

R. In other words, if we write Q = {p,};’, then

R=V+Q= ] V+pu.

n=1

Now, note that
R $ @
07#uR =) w(V+ps) =), V),
n=1 n=1
where (1) is by u being o-additive and (2) is by u being translation

invariant, both directly from our assumptions. This means that

uV > 0.

Step 4 Now consider S = Q N [0, 1] such that S is denumerable.
Write

S = {su}n-1-

49
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Note that forall n > 1,
VC[0,1] = V+s,C[0,2],
and as proven above

i#] = (V4s)N(V+s) = .

Thus it follows that

H (@ V+Sn> = iu(\/ﬂn) = iy(v) = co.
n=1 n= n=

Also,

y([’j W—i—sn) = iy(\/—i—sn)

n=1 n=1
< u([0,2]) = u([0,1] U ([0,1] +1))
< u[0,1] + ([0, 1] + 1)
=2u([0,1]) =2 < oo,

contradicting what we have right above.

Therefore, no such yu exists.

With the realization of ® Theorem 12, we find ourselves facing a

losing dilemma: we may either

1. be happy with the Lebesgue outer measure m* for all subsets E C
R, which would agree with our intuitive notion of length, at the

price of c-additivity; or

2. restrict the domain of our function m™* to some family of subsets of

R, where m* would have c-additivity.

We shall adopt the second approach. We shall call the collection of

sets where m* has c-additivity as the collection of



PMATH450 — Lebesgue Integration and Fourier Analysis 51

We shall first introduce definition of a Lebesgue mea-

surable set.

A set E C R is said to be Lebesgue measurable if, VX C R,
m*X =m*(XNE)+m"(X\E).

We denote the collection of all Lebesgue measurable sets as MM(R).

Remark 3.2.1

Since we shall almost exclusively focus on the Lebesgue measure, we shall

hereafter refer to “Lebesgue measurable sets” as simply “measurable sets”.

I shall quote and paraphrase this remark from our course notes 3: ¥ Marcoux, L. W. (2019). PMath 450
Introduction to Lebesgue Measure and

Informally, we see that aset E C R is measurable provided that Fourier Analysis. (n.p.)

it is a “universal slicer”, that it “slices” every other set X into
two sets, into where the Lebesgue outer measure is o-
additive.

Also, note that we get the following inequality for free, simply from
o-subadditivity of m*:

m*X <m*(XNE)+m"(X\E).

Thus, it suffices for us to check if the reverse inequality holds for all sets
XCR

Before ploughing forward to getting out hands dirty with exam-

ples, let us first study a result on a structure of M(R) that is rather



52 Lecture 3 May 14th 2019 Lebesgue Measure

interesting. 4

A collection () C P(R) is said to be an algebra of sets if
1. Re )y
2. (closed under complementation) E € QO = EC¢ € ();and

3. (closed under finite union) given N > 1 and {En}fle C O, then

N
U E:eQ.

n=1

We say that () is a o-algebra of sets if
1. Qis an algebra of sets; and

2. (closed under countable union) if {E, }7, | C Q, then

U Eie.

n=1

We often call a o-algebra of sets as simply a o-algebra.

®PTheorem 13 (M (R) is a r-algebra)

The collection M(IR) of Lebesgue measurable sets in R is a o-algebra.

Due to time constraints, we shall prove the first 2 requirements in
this lecture and prove the last requirement next time (which is also

really long).

* For those who has dirtied themselves
in the world of probability and statistics,
especially probability theory, get ready
to get excited!
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R € M(R) Observe that VX C R,

mX =m'X+0=m"X+m"O=m"(XNR)+m"(X\R) g

E € M(R) = EC€ € M(R) Observe that VX C R, since E €
M(R), we have

m*X =m*(XNE)+m*(X\E)
> A\B=ANB*
=m*(X N (E)C) +m* (X NE°)
=m*(X\ E¢) +m* (X NE®)
Qrearmngement
=m*(XNE®) +m*(X\ E°)

Thus E€ € M(R).
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Lebesgue Measure (Continued)

Recalling the last theorem we were in the middle of proving, it re-
mains for us to prove that M(R) is closed under arbitrary unions of its

elements.
But before we dive in, let’s first have a little pep talk.

4 Strategy

e}

Since m* is o-subadditive, given {E, o1, we need only prove that VX C R,

e} e}

m*X > m* (Xﬂ U En> +m”* (X\ U En> .
n=1 n=1

Recall our discussion near the end of Section 3.1. We want c-additivity,

especially when we are given a set of disjoint intervals. However, our E,’s are

arbitrary, and so they are not necessarily disjoint.

It helps if one has seen how we can slice R up into disjoint unions, and
consequently we can do so for any of its subsets. We shall not take that for
granted and immediately use it, but we shall work through this proof in the

spirit of that. We shall see how we can slice R up in Al.

Once we can, in some way, express | J;—_q Ey as a disjoint union of in-
tervals, we will then show that, indeed, we have o-additivity instead of o-

subadditivity on this disjoint union.
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M (R) is closed under arbitrary unions Suppose {E,}> ; C M(R).
To show that |J;” 4 E, € M(R), WTS

m*X =m* (XHGEH> +m* (X\ G En>.
n=1

n=1

Since m* is o-subadditive, it suffices for us to show that

m*X > m* (Xﬂ G En> +m* (X\ G En> . 4.1)
n=1

n=1

Step 1 Consider

n
H,=|JE, Vn>1
i=1
Claim: H, € M(R), Vi > 1 We shall prove this by induction on n.

When n = 1, we have H; = E; € MM(R) by assumption, and so
we are done. Suppose that Hy € M(R) for some k € IN. Consider
n=k+1.

Since we will need the piece X N Hy 1, first, notice that
XN Hgpr = XN (HgUEgyr) = (XN H) U((X\ Hy) N Egy1),
and in particular that
XN Hgyp = XN (HyUEg1) C (XN Hp) U((X\ Hy) N Egyr). (42)

This may be (will be) useful later on, and we can guess that we will

be using o-subadditivity on this.

By the IH, since Hy € M(RR), we have

Notice the similarity between the above equation and Equation (4.2),

where we are just off by that NEj ;.

Since Ex.1 € M(R), we have
m*(X \ Hk) = m*(X \ Hi N Ek+1) + ﬂ’l*(X \ Hy \ Ek+1).

To clean the above equation up a little bit, notice that by
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7

k
X\ Hp\ Ex1 = XN |JEF NEE,; = X\ Hyp1.
i=1

So
m* (X \ Hy) = m* (X \ Hg N Egyq) +m(X\ Hepo).

Thus
m*X =m* (XN Hg) +m*(X\ Hy N Egyq) +m™ (X \ Hgiq).
Using Equation (4.2) and o-subadditivity, we have that
m*X 2 m* (X N Hyq) +m*(X\ Hepa),

which is what we need. Thus Vk > 1, H; € M(R). A

Step 2 Consider F; = H; = E; € M(R), and for k > 2,
Fe = Hy \ Hy_1 = Hy N Hf 4.
1 Claim: Vk > 2, F, € M(R) First, notice that
FE = (Hin H,SH)C = HE U Hyq.
By step 12, we have that FE € M(R), and thus by closure under

complementation, Fi € M(R).

Also, note that the F;’s are pairwise disjoint. Suppose not, i.e. that
dx € F,NF, forsomea,b > 1and a # b. Wlog, wma a < b. Note
that H, C Hj, since

a b
H,=|JE € |JEi =H,.
i=1 i=1
Since Fb = Hb \ Hb—l/
b—1 a

xefh = x¢ |JE2UE,
i=1 i=1

! Note that we cannot assume that M (R)
is closed under finite intersections
because that is part of what we want to
prove.
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andsox € E;for1 <i<a <b— 1. But we assumed that
x€F,=H;\Hy1,

i.e. it must be that x € E,, a contradiction.

Step 3 We now have

™

I
(@
™

I

s

=

I
3
™

Il
—
Il
=
Il
=

3

Equation (4.1) becomes ®I refrained from changing the second

term to the disjoint union. Retrospec-

tively (i.e. once you're done with the
m*X > m* | XN t’j Fi 4 m* ( X \ E) . proof), it makes sense to not consider
] this move, since there is no point look-
= ing at X take away a bunch of disjoint
intervals.

Since the F;’s are disjoint, we expect
m* (Xn ¥ Fi> =) m*(XNF).
i=1 i=1
i.e. for every n,
n n
m (XN [JF| =) m (XNE).
i=1 i=1

Let’s prove this inductively. It is clear that case n = 1 is trivially true.
Suppose that this is true up to some k € IN. Consider case n = k + 1.

Since F 1 € M(R), we have that 4 * This is quite a smart trick!

. k+1
m (X ny Fl-)

i=

k1 k=1
=m* (X N ,Ul EN Fk+1) +m* ((X\ 'U1 Fi) \Fk—i—l)
1= 1=

k
= m*(Xﬂ Fk+1) + m* (Xﬂ U Fi)

i=1 >IH
=m* (XN Fyq) + 25, m*(XNE)

k+1
= Z m*(X n Fl)
i=1

Our claim is complete by induction.
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Step 4 With Step 3, Equation (4.1) has become

m*X > Y m*(XNF)+m"(X\E).
i=1

5 Since H; € 9)?(1[{) for each k > 1, we have 5 This is a reward for the clear-minded,
cause I certainly did not find it an
obvious step to take.

m*X = m*(X N Hy) +m*(X \ Hy). (%)

Since .
Hy=JE=UE=E
i=1 i=1
we have that
X\ Hy 2 X\E,

for each k > 1. Thus by monotonicity, Equation () becomes

m*X > m* (X 0 Hy) +m* (X \ E)

m* (Xm (GE)> +m*(X\ E)
i=1

= im*(XﬂFi) +m*(X\ E),
i=1

for each k > 1.

By letting k — co, we have that

m*X > im*(XﬂP,-) +m* (X \ E).

i=1

Note that
e e
XNE=Xn|JF=JXnNFE).
i=1 i=1
By o-subadditivity, we have that
(o)
m*(XNE) <) m"(XNF).

i=1

Therefore
m*X >m*(XNE)+m"(X\E),

which is what we want! 0
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WP Theorem 13

In steps 1 - 3, we try to slice | J;;_1 E,, into disjoint measurable intervals
F;’s. Along the process of constructing them, it is the showing of them being

measurable that takes up most of the proof, since we require induction.

& Proposition 14 (Some Lebesgue Measurable Sets)
1. IfE C Rand m*E = 0, then E is Lebesque measurable.
2. Yb € R, (—o0,b) € M(R).

3. Every open and every closed set is Lebesgue measurable.

1. Let X C R. Note that X \ E C X, and so o-subadditivity gives
m*X >m*(X\ E). (4.3)
On the other hand, X N E C E, and so
m*(XNE)<m*E=0 = m"(XNE)=0.
Thus, from Equation (4.3),
m*X >mlx (X\E)=m*(XNE)+m*(X\E).

Hence E € MM(R) as required.

2. Letb € Rand X C R be arbitrary. WTS

m* X > m* (X 0 (—o0, b)) + m* (X \ (—oco,b)).

6 Let E = (—oo,b). Note that if n*X = oo, then there is nothing to 5 We will look at X M (co,b) and X \
. —o0, b) more closely, and then realize
show. Thus WMA m*X < co. In this case, lete > 0, and {I,}5; a t(hat sin)ce we can Cozer X, we can

“extend” this cover for these disjoint
pieces by taking intersections and set
removals on each of the covering sets.
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cover of X by open intervals, where we write

I, = (anr bn)
for each n > 1, so that 7
[ee]
Y (L) <m*X +e.
n=1

For each n > 1, consider the sets
Jo=1L,NE+1I,N(—00,Db)

and
Kn - In\E - In\(oo,b) — Inm [b,oo).

The following table captures all possible J,,’s and Kj,’s:

Case 1 2 3
b > by, eI < ay
]71 I'rl (an, b) @
Kn @ [b, le) 171

Notice that {],}"> ; is an open cover for X N E. {K;}?> ; is also a
cover of X \ E but it is not an open cover (the only covers of which
we consider in this course). Thus, we consider a small extension
L, of K,; such that

e ifK, =@, then L, = ©;
e if K, = I,,then L, = I,;; and

o if Ky = [b,by), then Ly = (b— £, by).

Then {L,}%_ is a cover of X \ E. By o-subadditivity of m*, we
have that
m* (XNE) < )
n=1
and
m*(X\E) < ) ¢(Ln)
n=1
Thus

m*(XNE)+m"(X\E) < Y (¢

7 Note that this is legitimate because
m* X is the infimum of such sums on the
LHS, and we can definitely find such a
cover as a result. Also, there is no harm
in assuming that each of the I,;’s are
non-empty, since we may simply remove
all the empty I,,’s from the cover.

Table 4.1: Possible outcomes of [, and
K, foreachn > 1

4 h
N J
an b,
4 0
N i) J
n by,
—
b N J
n by

Figure 4.1: Three possible scenarios of
where b stands for different I,,’s
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Now, notice that in cases 1 and 3,
g(]n) + K(Ln) = Z(In)-
In case 2, we have that

(€0n) + €(Ln)) = £(1a) < 5

and so

0(J) + (L) < £(Ly) + 2i

Therefore

m*(X NE) +m* (X \ E)

3

Since € > 0 is arbitrary, we have that
m*X >m*(XNE)+m"(X\E),
and since X is arbitrary, we have that E = (—o0,b) € M(R).
3. Wlog, suppose a < b € R. By part 2, we have that
(—c0,0) € M(R),
and similarly, forn > 1,
(oo,a + i) € M(R).

Since M(R) is a o-algebra, we have that

[a—i— 1,00) = (—OO,EH- 111)‘3 € M(R),

n
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for each n > 1. Consequently,

o)

(a,0) = | {u+111,00> € M(R).

n=1
Therefore, we have that
(a,b) = (—o0,b) N (a,00) € M(R).

8 Since every open set G C R is a countable disjoint union of 8 We shall prove this in Al.
open intervals in R, it follows that G € M(RR) since M(R) is a
o-algebra. If F C R is closed, notice that

F¢ =G € M(R)

since G is open, and so by closure under complementation of

o-algebras, F € M(R). O

Let m* denote the Lebesque outer measure on R. We define the Lebesgue

measure m to be

ie. VE € M(R), we have that

mE:m*E:inf{ZE(InHEg Gln}.

n=1 n=1

In A2, we shall prove that

®PTheorem 15 (r-additivity of the Lebesgue Measure on Lebesgue
Measurable Sets)

The Lebesgue measure is o-additive on MM(R), i.e. if {Ex}57 ; € M(R)
with E; N E;j = @ for all i # j, then

oo ]
m U E, = 2 mE,.
n=1 n=1
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$= Corollary 16 (Existence of Non-Measurable Sets)

There exists non-measurable sets.

& Proof

Suppose not, i.e. M(R) = P(R). Then m = m* is a translation
invariant outer measure on R, with m*R = o0 > 0, m*[0,1] = 1 <
o0, and m* is o-additive, which contradicts ® Theorem 12. Thus
M(R) # P(R). o

The following proposition is left as an exercise.

& Proposition 17 (Non-measurability of the Vitali Set)

The Vitali set 'V, defined in WP Theorem 12, is not measurable.

& Definition 19 (c-algebra of Borel Sets) Exercise 4.1.1 N
Prove & Proposition 17.

The o-algebra of sets generated by the collection
&:={GCR:Gisopen}
is called the o-algebra of Borel sets of R, and is denoted by

Bor(R).

Since Bor(R) is generated by open sets in R and all open subsets of R are
Lebesgue measurable (cf. & Proposition 14), we have that

Bor(R) € M(R).
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Remark 4.1.1

Since Bor(R) is a o-algebra, and it is, in particular, generated by open sub-
sets of R, it also contains all of the closed subsets of R. Thus, we could have
instead defined Bor(IR) to be the o-algebra of subsets of R generated by the

collection

§:={F CR: Fisclosed },
and in turn conclude that Bor(R) contains &. o
Remark 4.1.2

Let A C P(R), with @, R € A. Let

Ag::{UAn:AnEA,nzl}

n=1

Agi—{ﬂAn:AnEA,n21}.

n=1

We call the elements of A as , and elements of A as

Recalling our definitions

6 ={GCR|Gisopen}
§={FCR| Fisclosed }

from above, notice that
oo
®§:{mcn|Gn€®,n21},
n=1
which is a countable intersection of open subsets of R, and
Sa—{UFnPnG&nzl},
n=1

which is a countable union of closed subsets of R, are both subsets of

Bor(R). o

As mentioned before, the definition of which we provided for a
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Lebesgue measurable set is from , which is not the most
intuitive definition. We shall now show that it is equivalent to the

original definition of which Lebesgue himself has provided.

®PTheorem 18 (Carathéodory’s and Lebesgue’s Definition of
Measurability)

Let E C R. TFAE:
1. E is Lebesque measurable (Carathéodory).
2. Ve > 0, there exists an open G 2 E such that

m*(G\ E) <e.

3. There exists a B s-set H such that E C H and

m*(H\ E) = 0.

(1) = (2) If we can find such a G that is open, then since E is

Lebesgue measurable, we have
mG =m(GNE)+m(G\E) =mE+m(G\E),

and so
m(G\ E) = mG — mE. (4.4)

So if we can construct such a G, that is particularly small enough

(within e-bigger) to contain E, our statement is good as done.

Case 1: mE < co In this case, we may consider a cover {I,}7° ; of E
such that

Y (1) < mE+e.

n=1

Then we may simply let G = U I,. Note that since M (R) is a
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o-algebra, G € M(R). Thus by monotonicity,

msz(U In> < imln: if(ln) < mE +e.
n=1

n=1 n=1

With this, Equation (4.4) becomes

m(G\E) < mE+¢—mE =e.

Case 2: Vr € R, mE > r Consider
Ex = [k kINE

for each k > 1. By @ Proposition 14, closed sets are Lebesgue ’

Wi
measurable, and so for each k > 1, E; € M (R). Note that ¢

picked closed intervals instead of open
ones so that we deal with the possible

E— U E,. quirkiness of E.
k>1

10 Note that Ex C [k, k], and so 107t would be a quick job if we take the
union of the E;’s but note that the E;’s
are not necessarily open!

mE; < m[—k, k] = 2k < oo.

Using a similar approach as in Case 1, we can construct an open set
Gy such that Gy O Ej, and

S
m(G\ E) < o

for each k > 1. Now let

G = UGkQ UEk:E
k>1 k>1

Note thatif x € G\ E, then x ¢ Ej forallk > 1,and N > 1 such

that x € Gy. In particular, we have that

x € Gy \ En,
and so
G\EC [J G\ E
k>1
11. Therefore Tt is, however, true that equality holds,

and it is not difficult to prove so.
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m(G\E) < ¥ m(Gy\ E) < Zzi*~

k>1

(2) = (8) By (2), foreachn > 1, let G, O E such that

:\»—\

m(Gn \ E) <

Let H := (1,1 Gn, which then H € &;. Also, since E C Gy, for all
n >1,wehave E C H. Also, H C G, for each n. Thus

H\ECGy\E,
for each n > 1. By monotonicity,

m(H\ E) gm(Gn\E)<l

3

for each n > 1. Therefore

m(H\ E) = 0.

(3) = (1) Notice that 85 C Bor(R) C M(R). Suppose G € Gy,
and E C H such that
m(H\ E) = 0.

By & Proposition 14, H\ E € 9M(R). Since 9M(R) is a o-algebra,

notice that

E=H\(H\E)=HN(HNE®)  =HNH“UE € M(R). [
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Recall from #= Corollary 6 that any countable subset E C R has
zero Lebesgue outer measure. From @ Proposition 14, we have that
E € M(R) and so mE = m*E = 0. This shows that every countable set

is Lebesgue measurable with Lebesgue measure zero.
But is the converse true? lLe., is every Lebesgue measurable set with

Lebesque measure zero countable?

We shall show that this is not true by giving a counterexample. We

shall now construct an C that has measure zero.

Example 5.1.1 (The Cantor Set)

Let Cp = [0, 1]. Note that Cy is compact and

m'Cop=1 < oo.

i» ol A\ T ates ‘s «{ Figure 5.1: Cantor set showing up to

!» VAN P RVAN T K U { n = 2, with the excluded interval in
1 2 1 2 7 8 n = 3 shown.

0 9 9 3 3 9 9 1

Let
12
Cy =C —, = .
1 0\<3 3>

Then C; is closed ! and Cy D Cj. 1 Cy is an intersection of 2 closed sets.

o ((33)0G3)

Let
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. Figure 5.2: An illustration of the Cantor
Then C; is closed and C; 2 C,. Set from https://mathforum.org/
mathimages/index.php/Cantor_
Set.

We continue this process indefinitely, and construct C,, for each

1 2 1
Cl’l — gcn_l U (3 + 3Cn_1> .

Then C,, will consist of 2" disjoint closed intervals. Thus each C; is

n > 1, where

compact and measurable. Moreover,

m(Cu) = (;)

for each n > 1.

Also, we have that

isa . Note that the sequence
{Cu}5> has the , and since R is compact,
the set
(e )
C = ﬂ Cy,
n=1
which we shall call it the , is non-empty 2. 2See FIP and Compactness from

PMATH 351

Now from A2, we have that

2 n
mC = lim mC, = lim (3) = 0.

n—oo n—o00

We shall now show that C is uncountable. To do this, we shall use
the for each x € [0,1]. In particular, for each
x € [0,1], we write

x = 0.x1x0x3...,

where each x; € {0,1,2} foralli > 1. Note that in base 10, we can


https://mathforum.org/mathimages/index.php/Cantor_Set
https://mathforum.org/mathimages/index.php/Cantor_Set
https://mathforum.org/mathimages/index.php/Cantor_Set
https://tex.japorized.ink/PMATH351F18/classnotes.pdf#thm.74
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express
x=) —=0x +00x 4 0.00x3 + ...
i— 10
Thus, we can similarly express I shall paraphrase the professor here
because I like how the analogy brings
2 Xk good intuition, for me at least.
x = —
=1 3 Suppose there’s this person that
had only 3 fingers and is not aware
in ternary representation. However, just as of the existence of the base-10
system, and in turn invented the
0.99999 ... and 1.00000. .. ternary system. Then, instead of
having 10 regular intervals on
[0,1], it had 3 regular intervals.

are indistinguishable, in ternary representation,
0.22222... and 1.00000...

are indistinguishable. Fortunately, we can find out who exactly are the
culprits that cannot be uniquely represented, which shall be left as an

exercise.

Exercise 5.1.1

Show that the ternary expansion of x € [0,1) is unique except when IN > 1

such that
T
x —_— 37N,
for some 0 < r < 3N, where 31 1.
In the cases where we have the above x, we have that 3 ® Note that the representation terminates

somewhere, since it is a fraction, i.e. a
rational number.
x = 0.x1x0Xx3 ... XN,

where xy € {1,2}.
* If x5 = 2, we shall keep this expression; otherwise
e if xy = 1, then we write

X = O.X1XZX3 o XN—2XN-1 1000...

= 0.x1x0x3 ... XN, xN-10222.. . .,

and we shall use the second expression.
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Also, we shall also use the convention that

1=0.22222....

With this, we have obtained a unique ternary expansion for each
x €[0,1].

0.022... 0.20...
0.010... =0.0022...

J 0.020...
%%
0 3

o

o |

SRt

Figure 5.3: Some values on [0, 1] in

ternary representation
Now, observe that

12
C:1 =101 ==
1= 011\ (33)
={x€[0,1] : x =0.x1x0x3...,x1 # 1},
i.e. whichever x € [0,1] with x; = 1 sits in (%, %) Similarly,
Co={x€0,1]: x=0x1x0x3...,x1 #1,x #1}.
In general, we have that
Cn={x€[0,1]:x=0.x1x2x3...,x, #1,1<i < N}.
Therefore,
C=()Cu
n=1
={x€[0,1]:x =0.x1x0x3..., x4 #1,n > 1}
={x€[0,1] : x =0.x1x2%x3 ..., x, € {0,2},n > 1}
Now, consider the bijection
¢:C—[0,1]

given by

x = 0.x1x2%3... =y = 0y1y213 ...,
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where x, € {0,2}, forn > 1, and x is the ternary expansion, while
yn = 3 foreachn > 1, and so y is a binary expansion. Then ¢ is a

bijection between C and [0, 1], and therefore

Cl=1[01)] = |R| = ¢ = 2%. »

The lesson here is that the Lebesgue measure is not a measure on the car-
dinality of the set. Rather, it measures the distribution of points in the

set.

We used
M(R) = {E C R | E is measurable }

to denote the set of measurable subsets of R.

In general, for H C R, set shall denote by 9(H) the collection of all

Lebesque measurable subsets of H, i.e.
M(H)={EC H|EecMR)}.
In particular, for E € IMM(R), we also have

M(E) = {F CE|FeMR)}.

Exercise 5.2.1

Prove that the above M(E) is a o-algebra of sets.



74 Lecture 5 May 21st 2019 Lebesgue Measurable Functions

Let E € M(E) and (X, d) a metric space. We say that a function
fE=X
is Lebesgue measurable (or simply measurable) if
f7H(G) = {x € E: f(x) € G} € M(E)
for every open set G C X.
We write
L(E,X)={f:E— X| f measurable }

for the set of measurable functions from E to X.

Exercise 5.2.2

Show that we can equivalently define that a function f is Lebesque measur-
able if
fHE) € M(E)

for all closed subsets F C X.

Note that we required that the domain of the function is a measurable
set in B Definition 20. Part of the reason is because we want constant
functions to be measurable, and this happens iff the domain of the function

is measurable 4.

& Proposition 19 (Continuous Functions on a Measurable Set is

Measurable)

Let E € M(R) and (X, d) a metric space. If f : E — X is continuous,
then f € L(E, X).
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Since f is continuous in a metric space, it implies that for all open

G C X, f~1(G) is open in E °. This means that f~1(G) = Ug N E 5 We say that f~'(G) is
for some open Ug C R. Since U is open, by & Proposition 14, nE

Ug € M(R). Since E € M(IR), we have that
fY(G) = UgNE € M(E),

and so
f e L(E X). O

Example 5.2.1

Let E € M(R) and H C E. Consider the characteristic function of H,
which is

1 xcH
XH : E — R given by x — .
0 x¢H

Let G C R be open. Then

®»  Gn{01} =0

E G2 {0,1}

E\H Gn{o1} = {0}
H  Gn{o1}={1}

in which case we observe that all the possible outcomes are measur-
able subsets of R. Thus xp is measurable iff H € M(R). >

& Proposition 20 (Composition of a Continuous Function and a

Measurable Function is Measurable)
Let E € M(R) and (X,dx), (Y,dy) be metric spaces. Suppose that
f+ E — X is measurable and g : X — Y is continuous.

Then
gof: E— Y ismeasurable.

75
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The idea is simple: (¢f)~1(G) =
f~1¢71(G) and continuity of G means

that ¢~ (G) is open in X.

Let G C Y be open. Then since g is continuous, we have that
¢ }(G) C X s open.
Then since f measurable, we have that

(§0)7H(G) = fH(gH(G)) € M(E).

Thus go f € L(E,Y). o

Example 5.2.2

LetE € M(E) and f € L(E,K). Let g : K — Rbe given by z — |z|.

Then g is continuous. By & Proposition 20, we have that

go f =|f| is measurable. >

Example 5.2.3

Note that the converse to the above is not true, i.e. that if we have that

|f| is measurable, it is not necessary that f is measurable.

Consider E = R = K. If we take H C R that is not measurable,

which we know exists, and then consider the function

1 xeH
f:E— Rgivenby f(x) = ,
-1 x¢H

which is constructed by summing up two characteristic functions over

H and then minus 1. Then |f| = 1, but

fH({1}) = H ¢ M(R). >

& Proposition 21 (Component-wise Measurability)
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Let E € M(R) and f,g : E — K. Then TFAE:
1. f,g € L(E,K);

2. h:E— K2 given by x — (f(x),g(x)) is measurable.

(2) - (1) 6 Let ¢ Awareness about projective maps is a
plus here.

m 1 K* — K given by (w,z) — w

mp 1 K* — K given by (w,z) + z

so that 711, 715 are continuous. Then by & Proposition 20, we have
that
moh=fandmoh=g

are both measurable.

(1) = (2) Let G C K2 be open. We can write G as a countable

union of open sets 7, ie. 71f you are unsure about this, think
e—0.

G=|J AnxBy,

n=1

where Ay, B, C K are open. Then

Y G)=ht (G Ay X Bn>
n=1

f 7 (An) Ng  (Bu) € M(K)
N N——
eM(K) eM(K)

1Ce

Thus h € L(E,K?). O

& Proposition 22 (L (E, K) is a Unital Algebra)

Let E € M(R). Then L(E,K) isa e if f,g € L(E,K),
then

1. f+g€ L(EK),
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2. fge€ L(EK)S;
3. g(x) #0,Vx € E = g € L(E,K); and
4. ifh: E — Kis constant, then h € L(E,K).

In particular, L(E,K) is an

We shall make use of this clever trick *. Let u : E — K? given by
x — (f(x),g(x)). Note that since f,¢ € L(E,K), by & Proposi-
tion 21, u € L(E, K?).

1. Consider the function
o : K? — K given by (w,z) — w + z.
It is clear that ¢ is continuous. Then
gop:x f(x)+g(x)
is measurable by @& Proposition 20.

2. Consider the function
o : K* — K given by (w,z) — wz.
Again, we see that ¢ is continuous. Then
cop:x s f(x)g(x)
is measurable by & Proposition 20.

3. Consider the function

c:Kx (K\{0}) = Kgiven by (w,z) —

RS

Again, ¢ is continuous. Thus

f(x)

g o X =
. 3(x)

8 Here, it’s multiplication of two func-
tions, not compositions

?”Clever trick” = "Trick you should
learn”.
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is measurable by @& Proposition 20.

4. Suppose h : E — K s a constant, and we have h(x) = «g for all

x € E. Then for any G C K that is open, we have that

@ a9 &G
n(G) = Y
E aeG
both of which are measurable sets. Thus / is indeed measurable.

O

¥* Warning (Composition of Measurable Functions Need Not be
Measurable)

It is important to note that compositions of measurable functions do not

have to be measurable. Here is a counterexample 1°. 1 Source: Mirjam 2013

Let f : [0,1] — [0,1] be the 11 Note 11 Seen in A2Q5.
that f is a monotonic and continuous function, and the image f(C) of the
Cantor set C is all of [0,1]. Let g(x) = x + f(x). It is clear that g :
[0,1] — [0,2] is a strictly monotonic and continuous map. In particular,

h = ¢~ is also continuous.

Remark 5.2.1

Note that (C,d), where d(w,z) = |w — z|, is a metric space. Moreover, the
map

v : C — R? given by x + iy — (x,y),

where x,y € R is a homeomorphism, which, in particular, is continuous.
Then given a E € M(IR) with a measurable f € E — C, then

yof:E—R?c L(ER?).

Also, notice that

vof =®Rf,3f).
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By & Proposition 21, Rf,Sf € L(E,R). This also means that

hex— (Rf(x),3f(x)) € L(E,R?).

Conversely, if Rf, Sf € L(E,R), then
f=9"tohe L(EC)
by & Proposition 21.

This means that a complex-valued function is measurable iff its real
and imaginary parts are both measurable. Consequently, to study about
complex-valued functions, it is sufficient for us to study about real-valued
functions. ®

é Proposition 23 (Measurable Function Broken Down into an

Absolute Part and a Scaling Part)

Let E € M(R) and suppose that f : E — C is measurable. Then there

exists a measurable function © : E — T, where
T:={zeC]||z| =1},

such that
f=0-|f].

Since {0} C C is closed and f is measurable, we have that
K= £1({0}) € M(E).

Since x is a measurable function, we have that f + xx is also mea-

surable (cf. & Proposition 22).
Claim: f + xx # 0 over E.

* If x € E such that f(x) =0, then x € K, and so xx(x) = 1.
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* If x € E such that yg(x) = 0, then x ¢ K, which means f(x) # 0.

Therefore, consider the function

o= ST g
|f + Xkl

By @ Proposition 22, ® is measurable, and clearly

f:®'\f|‘ O

Remark 5.2.2

As of now, given a set E € M(R), to verify that a function f € L(E,R), we
need to check that

VG C Ropen, f~1(G) € M(E).

Since there is an obscene amount of open (respectively closed) subsets of R, we
want to be able to reduce our workload. This shall be the first thing we do in

the next lecture. o






B @ Lccture 6 May 23rd 2019

Lebesgue Measurable Functions (Continued)

é Proposition 24 (Function Measurability Check)
Let E € M(R) and f : E — R be a function. TFAE:
1. f is measurable, i.e. VG C R that is open, f~1(G) € M(E).
2. Va €R, f1((a,0)) € M(E).
3. Vb € R, f~1((—o0,b]) € M(E).
4. Vb € R, f~1((—0o,b)) € M(E).

5. Va € R, f~1([a,0)) € M(E).

& Proof

(1) = (2) This is trivially true since Va € R, (a,0) is open in
IR, and so since f is measurable, we must have that f~1((a,)) €
M(E).

(2) = (8) Notice that Vb € R,
(=00, b)) = fTHRN\ (b,00)) = EN\ f7H((b,0))

and f~1((b,0)) € M(E) by assumption. Since M(E) is a o-algebra,
fH (=00, b)) € M(E).
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(3) = (4) Notice that Vb € R,

£ (~o0,b)) :l 2 ((-ee-1]).

and by assumption, for eachn > 1, f ! ((—oo,b - lD € M(E). It
follows that f~1((—co,b)) € M(E).

|
-
—

(4) = (5) Observe that Va € R, we have

f7H([a,00)) = FHRN (—00,a)) € M(E)
by assumption.

(5) — (1) 1 Notice that Va € R, ! This uses the same idea as in
& Proposition 14.

* 1
(@) = U ([ n oo)) € M(E)
n=1
by assumption. Furthermore, we have that Vb € IR,

fTH(=00,b)) = E\ f7H([b,0)) € M(E),

also by assumption. Thus

fH(@,0)) = f7H((a,00)) N f7H((~o0,b)) € M(E),

forany a,b € R.

Since for any open G C R can be written as a countable union of

open intervals, i.e.
e}
G=U I
n=1

where each I, is an open interval, we have that

£1(6) = U £\ (1) € M(E).
n=1

Thus f is measurable. o

The proof of the following result is left to A2.
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$= Corollary 25 (Measurability Check on the Borel Set)
IfE € M(R) and f : E — Ris a function, then TFAE:
1. f is measurable.

2. VB € Bor(R), f~1(B) € M(E).

Remark 6.1.1

Let E € M(R) and f : E — R. Define
fT(x) = max{f(x),0}, x € E
f~(x) =max{—f(x),0}, x € E

Then f*,f~ >0, and
f=f"—fand |f|=f"+f".

Moreover,

I+ S - _fI=f
f+—Tandf =5

and so both f+ and f~ are measurable.

By Remark 5.2.1, every complex-valued measurable function is a linear

combination of 4 non-negative, real-valued measurable functions. 4

We shall now examine a number of results dealing with pointwise
limits of sequences of measurable, real-valued functions. We shall
include the case where the limit of a given point is allowed to be an

; i.e. the sequence diverges either to co or —co.

We define the extended real numbers to be the set
R:=RU{—00,00}.

We also write R = [—o00, c0].

By convention, we shall define
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® 004 00 =00, —00 — 00 = —O00;

* Va € RU{oo}, v+ 00 =00=00+un;

e Ve eR, o+ (—00) = —0c0o = —c0 + 1,

e V0<aeR a-0=c0-a=(—00)(—a) = (—a)-(—00) = oo;

° VDC<0€F,H-OO:OO-OC:(—00)-(—0():(—0()-(—00):_00;

and

4 Warning

Notice that we do not define co — oo and —oo + oco.

While the space of extended real numbers is useful for treating measure-
theoretic and analytic properties of sequences of functions, it has poor
algebraic properties. In particular, it is no longer a vector space, since co

and —oo do not have their additive inverses.

& Definition 22 (Extended Real-Valued Function)

Given H C R, the function f : H — Ris called an extended real-

valued function.

& Definition 23 (Measurable Extended Real-Valued Function)

IfE € M(R) and f : E — R is an extended real-valued function, we say

that f is Lebesgue measurable (or simply measurable) if
1. VG C Ropen, f~1(G) € 9M(E) ; annd

2. fH({—oc0}), f 1 ({eo}) € M(E).
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We denote the set of Lebesgue measurable extended real-valued functions
on E by

L(E,R) ={f:E— R: fis measurable }.

Since we shall often refer to only the non-negative elements of L(E,R), we

also define the notation

L(E,[0,00]) = {f € L(E,R) : Vx € E, 0 < f(x)}.

Note that we can also replace the first condition of Lebesque measurability

of extended real-valued functions by

VF C R closed , f~1(F) € M(E).

Just as in the case with regular real-valued measurable functions,
we have the following shortcuts in testing whether an extended real-

valued function is measurable.

We write
* (a,00] = (a,00) U {0}, and
¢ [—oo,b) = (—00,b) U{—oo},

foralla,b € R.

& Proposition 26 (Measurability Check for Extended Real-
Valued Functions)

Let E € M(R) and suppose f : E — R is a function. Then TFAE:

1. f is Lebesgue measurable.

87
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2.

3.

Va € R, f~1((a,0]) € M(E).

Vb € R, f~1([~o0,b)) € M(E).

Exercise 6.1.1

Prove & Proposition 26.

& Proposition 27 (Measurability of Limits and Extremas)

Let E € 9M(R) and suppose that (f,)S_, is a sequence in L(E,R). Then

the following extended real-valued functions are also measurable:

1. g1 = sup,>q fu;
2. g =inf,>q fu;
3. g3 = limsup, -, fu, and
4. g4 = liminf,>q fy.
1. Leta € R. Then
81 ' ((a,]) = U £ '((a,0]) € M(E).
nzl‘_@;{(r
It follows from @& Proposition 26 that g1 € L(E, R).
2. 2Forany b € R, we have
82 ' ([=o0,0)) = [ fi ([0, b)) € M(E).
n>1
Thus by & Proposition 26, g» € L(E,R).
3. Lethy = supy.,, fu for eachn > 1. Then by part (1), hy € L(E,R)

for each n > 1. Also, notice that hy > hy > hz > ... ie {h,}7
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is an increasing sequence of functions. Then by part (2),

9= ,}Eﬂohﬂ = 71lrzlf1hn € L(E,R).

4. Leth, = infy>, f, for eachn > 1. Then by part (2), each h, €

L(E,R). Also, {h,}%°_, is a decreasing sequence of functions.
Then by part (1), we have that

Qu = nli_r>r°10hn =suph, € L(E,R).

n>1

#= Corollary 28 (Extended Limit of Real-Valued Functions)

Let E € 9M(R) and suppose that (f, )5, is a sequence of real-valued

functions such that f(x) = limy, e fn(X) exists as an extended real-

valued number for all x € E. Then

f € L(E,R).

& Proof

By A2, when the said limit exists, we have that

f =limsup f, = liminf f,,
nZl n>1

and so f € L(E,R) by & Proposition 27.

& Definition 24 (Simple Functions)
Let E € M(R) and ¢ : E — R. We say that ¢ is simple if range ¢ is fi-

nite. Furthermore, we denote the set of all simple, real-valued, measurable

functions on E as
SIMP(E,R).

89
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& Definition 25 (Standard Form)

Let E € M(R) and ¢ : E — R. Suppose that

range ¢ = {w < ap < ... <an},

and set
Ey:=¢ '({ay}), for1 <n < N.
We say that
N
¢ =) X,
n=1

is the standard form of ¢.

¥ Warning (Step Functions are Simple, but the Converse is False)

Recall that a step function is a function that can be written as a finite
linear combination of indicator functions of intervals. This means that
step functions are simple functions. However, simple functions are not
necessarily step functions. For example, xc, where C is the Cantor set, is a
simple function since C is measurable, but it is clearly not a step function,
as it would require infinitely many indicator functions of infinitely small

intervals.

& Proposition 29 (Measurability of Simple Functions with Mea-
surable Support)

Let E € M(R). Suppose ¢ : E — R is simple with
range ¢ = {a] < ap < ... < an}.

TFAE:

1. ¢ is measurable.

2. If o = YN | ayx, is the standard form of @, then E,, € M(E), for all
ne{l,...,N}
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( = ) Since ¢ is measurable, notice that for each n € {1,...,N},

e ifa, € R, then {a,} is closed, and so
E=¢ '({ay}) € M(E); and
e ifa; = —oo, and similarly if ay = oo, then by B Definition 23,

¢ '({a}), o7 ({an}) € M(E).

(<= )ByExample52.1,Vn > 1, E, € M(E) = Vn > Oxg, €
9M(E). Notice that Va € R,

¢~ ((a,00]) = {En: 0 < an},

and so ¢~ !((a, o)) is a finite (or empty) union of measurable sets,

and is hence measurable. O

The standard form is not a unique way of expressing a simple

function as a finite linear combination of characteristic functions.
Example 6.1.1
Consider the function ¢ : R — R given by
¢ = xQ + X0
Then range ¢ = {0,1,9,10}; we see that

0 xcQ“n26¢
1 xeQn[2,6°
9 xeQ“n26

X —

10 xeQnJ26]

Then we may write ¢ as

¢ = Oxgcrpgc + WXonpec T 9xqenpe T 10Xanpe)- >
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Let V be a vector space over K. A subset C C 'V is said to be a (real) cone

is
1. CN—C = {0}, where —C = {—w : w € C}, and
2. y,z € Cand 0 < x € R imply that

ky +z € C.

Example 6.1.2
1. LetV = R®and
C={(xy,2) eR}:0<xyz}
Then C is a (real) cone.

2. LetV =Cand

Cz{wEC:w:reie, §9§26,0§r<oo}.

o

The C is a cone in C. Note that in both the above examples, C is not

closed.
3. LetV =(C([0,1],C), and
C={feV:0<f(x),Vxel01]},

where we note that the condition means that we only look at those

functions that return real positive values. Then C is a (real) cone in

V. >

Exercise 6.1.2
Show that SIMP (E, R) is an algebra, and hence a vector space over R.

Remark 6.1.2

—C

Figure 6.1: Typical figure of a cone
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1. Note that
SIMP(E,R) = {f : E — R : f is simple and measurable }.

is not a vector space. In fact, it is neither a field nor a ring.

2. We shall adopt the following notation:
SIMP(E, [0,00)) := {¢ € SIMP(E,R) : 0 < ¢(x) forall x € E}.
Observe that this is a real cone in SIMP(E, R). ®

In A3, we will show the following proposition.

& Proposition 30 (Increasing Sequence of Simple Functions that

Converges to a Measurable Function)

Let E € M(E) and f € L(E,[0,00]). Then there exists an increasing

Sequence
P1 < <3< ... <f

of simple, real-valued functions ¢, such that

f(x) = lim ¢, (x)

n—00

forall x € E.
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Lebesgue Integration

We shall first begin by defining integration over simple, non-negative,
extended real-valued functions. We shall then use this definition to
define the integral of f € L(E, [0,0]), and derive several consequences
of our definition. Furthermore, we shall also build the Lebesgue in-
tegral such that it is linear, which will require us to impose certain

conditions to the range of functions which will retain this desirable

property.

& Definition 27 (Integration of Simple Functions)

Let E € M(R) and ¢ € SIMP(E, [0, o0]), such that its standard form is

denoted as
N
9 =) anxe,

n=1

We define
N
/ ¢ = Z aymE, € [0,00].
E n=1

If F C E is measurable, we define

N
/q):/go-)(p: sznm(PﬁEH).
F E n=1

Note that since ¢ is measurable, so is each E,, for 1 < n < N.
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Example 7.1.1
1. Letg = OX[4/00) + 17XQQ[0,4) + 29)([2,4)\@. Then

/[0 @ =0ml4,0) +17m(@N[0,4)) + 29m(124)\ Q)

=0+17-0+29(2) = 58.

2. Let C C [0,1] be the Cantor set from Example 5.1.1 and ¢ = 1x¢c +
2X[5,9)- Then
04 ¢ =1m(CN[0,6]) +2m([5,9]NI0,6])
0,6
—1-0+2m([5,6))
-2 il

Since our definition is fairly limited since it requires that our simple

function be in standard form, let us try to relax that condition.

Let E € M(E) and ¢ € SIMP(E, [0, c0]). Suppose

N
o=y anxu,

n=1

where H, C E is measurable and a, € R foreach1 < n < N. L we
shall say that the above decomposition of ¢ is a disjoint representation of

¢ if
HlﬁH]:@,fO}’lgl#]SN

£ Lemma 31 (Common Disjoint Representation of Simple Func-

tions over a Common Domain)
Let E € M(R) and suppose that ¢, € L(E,R). Then there exists

1. NeNN;

! Note that we did not require that
the a;,s be distinct, nor do we require
that they be written in any particular
order, nor do we require that E =
UHN=1 H,,, unlike in the definition of
simple functions.
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2. Hy, Hy,...,H, € M(E) with H; NHj =@ foralli# j;and

3. a1,...,&N,B1, .., BN such that

N N
=) auxu, and Y=Y BNXH,
n=1

n=1

are disjoint representations of ¢ and .

Since ¢ and ¢ are simple, from B Definition 25, if we write
Ml M,
¢ = Z amXg, and = 2 bmxF,
m=1 m=1

in their standard forms, we have that the E,,’s and F,,’s are respec-

tively pairwise disjoint 2 Then 2Tt is important to note here that the
Ey’s and F,,’s are pairwise disjoint on E,
which is why the next step is a sensible

{Ei N Fj 1<i<M,1<5< Mz} and correct one.

is also a pairwise disjoint family of measurable sets, which we shall

relabel them as
{Hn}nNzl, where N = M; M.
Then

N
9= anXH,

n=1

where ay, = a; if H, = E; N F; for some 1 < j < Mj, and

N
lIJ = Z ﬁNXHn’
n=1

where B, = b; if H, = E; N Fj for some 1 <i < M. 0

% Lemma 32 (Integral of a Simple Funciton Using Its Disjoint

Representation)
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Let E € M(R) and suppose ¢ € SIMP(E, [0, o0]). If

N
ql) = Z lanHn

n=1

is any disjoint representation, then

n
/ Q= Z a,mH,.
E n=1

31f U, Hy # E, then we set

N
Hyy1=E\ |J Hyand anqq =0.
n=1
Then
N N+1
Z aymH, = Z wymH,.
n=1 n=1
Thus, wlog, wma
N
|J Hn =E.
n=1

Now since the H,,’s are mutually disjoint, wma

range ¢ = {ay,..., AN},

where we note that the above set may contain repeated elements, i.e.

some «; = «;. We may thus rewrite this set such that

{alw--r“N}:{,Bl<,32<~~<,3M}

and set

Ei=J{H,:a; = Bi}.

NotethatsinceHiﬁHj =Qforl <i#j<N,forl <k<M,we

have

mEk: Z m(H])
=P

% One of the problems here is that the
disjoint H,,’s may not cover the entire
domain ¢, but we can fill it up with
Z€r0s.
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Then by definition,
M
/ 9= Bk
E k=1
M
=)Y.Bi ) mH;
i=1 Dé]':ﬁl'

N
= ) ajmHj,
n=1

as desired. 0

& Proposition 33 (Linearity and Monotonicity of the Integral of

Simple Functions)

Let E € M(R). If ¢, ¢ € SIMP(E, [0, 0]) and x € [0, 00), then

L [pxe+¢=x[po+ [py;and

2. ¢ < pon E implies
< .
Jro< )y

1. By Lemma 31, we can find a common disjoint representation of ¢

and 1, say
N N
=) anxn, and ¢ =) buxm,
n=1 n=1
where the H,,’s are pairwise disjoint. Then
N
K+ = Z (kan + bn)XH,-
n=1
Thus by Lemma 32,
N
/E(K(P +¢) = Z (kay + by)mH,
n=1

N N
=« Y apymHy,* Y bymH,

n=1 n=1
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:K/E(p—i—/El[J.

2. Using the disjoint representation, if ¢ < ¢, then a, < b, for all
1 <n < N, and so by Lemma 32,

N N
/¢=Zaann§anmHn=lP- -
E n=1 n=1

We are now ready to define the Lebesgue integral for arbitrary

measurable functions.

Let E € M(R) and f € L(E, [0, 00]). We define the Lebesgue integral of
fas

/ENEWf:sup{/Ego:goeSIMP(e,[O,oo)),()g (ng}‘

* We can actually allow ¢ € SIMP(E, [0, 0]).

e We put “NEW" in the above integral because we now have “two”
definitions for the integral of ¢ € SIMP(E, [0, c0]). Writing ¢ =
YN auxn, in its standard form, by B Definition 27,

N
/ Q= Z aymH,,
E n=1

while & Definition 29 gives us

NEW
/ qv:sup{/ElP:IIJ€SIMP(E,[0,00)),0SIIJS 90}'

E

Remark 7.1.1

Let us try reconciling these two definitions, which will allow us to drop the
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dumb-looking “NEW” notation. First, note that
¢ € {p € SIMP(E, [0,00]) : 0 < ¥ < o},
and so by (= Definition 29, then

NEW
< .
Jro<h e

On the other hand, by & Proposition 33,if ¢ € SIMP(E, [0, oo]) and

0 < ¢ < ¢, we have that
<
Jeo < feo

and so

/MW¢:mm{éwweﬂMHEQM%¢<¢}<A¢

E
NEW °
o=l

With that we shall drop the “NEW” notation from here on.

Thus

Let E € M(R). We say that a property (P) holds almost everywhere
(a.e.) on E if the set

B := {x € E : (P) does not hold }

has Lebesgue measure zero.

Example 7.1.2

Let E € M(R). Given f,¢ € L(E,R), we say that f = ¢ a.e. on E if
B={xeE:f(x) #g(x)}
has measure zero, i.e. mB = 0.

An example of this is

xo =0=xc
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a.e. on R, where C is the Cantor set. >

% Lemma 34 (Monotonicity of the Lebesgue Integral and Other

Lemmas)

Let E € M(R) and let f,g,h : E — [0, c0] be functions. Suppose that g

and h are measurable.

1. Suppose further that E = XY, where X,Y € M(E). Set f1 := f [x
and fp .= f |y. Then f € L(E,[0,00]) iff f1 and f, are measurable.
When this is the case, then

[r=[a+[r

2. Ifg < h, then
< [ h.
o=,

3. IfH € M(E), then

/Hg:/Eg‘XHS/Eg-

Exercise 7.1.1

Prove Lemma 34.

1. fis measurable <= f; and f, are measurable (= ) Note that

fi=f-xxand fo=fxy,

and since X, Y are measurable, by é Proposition 20, we have that

f1 and f, are measurable.

( <= ) Suppose f; and f, are measurable and X J Y. We have
that

f=hA+r
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I will spare the details, but it is not difficult to see that Va € RR,
breaking (a, co] into disjoint pieces if necessary, f~((a, c]) is

measurable, and hence f is indeed measurable.

The integral * By & Definition 27 and & Proposition 33, we 4 This proof is iffy.

have

/f—sup /(p ¢ € SIMP(E [ooo})q)<f}

SuP{/‘P xXx+ ¢ xy: ¢ €SIMP(E, [0, ])wpﬁf}
_ { q)+/Y§o:q)ESIMP(E,[O,OO]),q)<f}
Ssup{/X(P:QDGSIMP(X/[O/“])/Q’Sfl}

—l—Sup{/Yl/J 1 € SIMP(Y, [0,00]), ¢ sz}

Z/Xfﬁ-/yfz-

On the other hand, since f{ = fon X and f, = fon Y, and X and

Y are disjoint,

Jefie ) 2

—sup{/xgo:gDESIMP(X,[O,oo]),gDSfl_f TX}
+sup{/yl,b:1,l]GSIMP(Y,[0,00D,IP<f2=f fY}

:sup{/xqo—i-/ylp:(pESIMP(X,[O,oo]),
P €SIMP(Y, [0,00]), 9 < f [x, p < f fy}
:sup{/qu-XX—i—tp-Xy:qo,l/JESIMP(E,[O,oo]),

p+Y<flix+f fy—f}

:/Ef.

2. By @& Proposition 30, there exists sequences { ¢y}, and {, }»
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such that
lim (pn:ggh:nli_{r;olpn.

n—o0

In particular,
sup ¢ =g < h =supy,.

n>1 n>1
Since the leftmost and rightmost terms are simple functions, by

& Proposition 33,

/Eg—sup{/Eq) 1 ¢ € SIMP(E, [0,00]), ¢ Sg}

< Sup{/El[J:l[J € SIMP(E, [0, 00]), § < h}
:/Eh.

3. 2 For the first equality, by B Definition 27, we have that 5 This is also iffy.

/Hg: sup{/H(p 1 ¢ € SIMP(H, [0,00]), ¢ < g}

=sup {/E(p-xH 1@ € SIMP(E, [0,00]), ¢ < g}

[ exn

Note that we have g - xy < g, and so by part (2),

. < .
/ESXH_/Eg O

& Proposition 35 (Integration over Domains of Measure Zero and

Integration of Functions Agreeing Almost Everywhere)
Let E € M(R) and f,g € L(E,[0,00]).
1. IfmE =0, then [, f = 0.

2. Iff=gae onE, then [ f= [g.
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1. V¢ € SIMP(E, [0, ] ) written in its standard form

N
9= ) auXE,

n=1

by monotonicity,

N N
Og/go: Y aymE, < Y aymE =0,
E n=1 n=1

=0.
Ix.

and so

Thus

/Ef:sup{/E(p : ¢ € SIMP(E, [0,00]), ¢ gf} =sup{0} = 0.

2. LetB = {x € E: f(x) # g(x)}sothatmB = 0. Then by

Lemma 34 and part (1), we have

Jor = e+

= 0
E\Bf+

“ et 8
:/Eg~ O

We are now in a position to prove the following important theorem,

which we shall do so next lecture.

WP Theorem (The Monotone Convergence Theorem)

Let E € M(R) and (fy)n be a sequence in L(E, [0, o0]) such that f, <
fu+1 a.e. on E. Suppose further that

f:E—[0,00]

is a function such that f(x) = limy_c fu(x) a.e. on E. Then f €
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L(E,[0,00]) and
5= tim [ f.
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Lebesque Integration (Continued)

WP Theorem 36 (W The Monotone Convergence Theorem)

Let E € M(R) and (fn)n be a sequence in L(E, [0,00]) such that f, <
fu+1 a.e. on E. Suppose further that

f:E—[0,00]

is a function such that f(x) = limy e fu(x) a.e. on E. Then f €

L(E,[0,00]) and
5= tim [ f.

4 Strategy

1. Argue why we can proof for the case where we do not have the “a.e.” as-

sumption. There are 2 places here where have an “a.e.” assumption:
(@) fn < fuy10nE;and
(b) f(x) =limy_e fu(x) a.e. on E.

2. Look at where good things happen and bad things happen, and we’ll be able

to show that f is measurable.

3. Having gotten rid of the place where nasty things happen and showing that

f is measurable. We will find that we need to show that

/Hf:,}i_{{;lo/anr
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where H is where our hopes and dreams live in.

4. Ome direction is easy, since f, < f for all n, on H. For the other direction,
we look at a simple function ¢ < f, which is then arbitrary. Then since

lim, oo fu = f (pointwise), we want to be able to show something along

the lines of
- > 0.
IR

Instead of trying to do this over the entire H, we can look at where
this happens on H for each n. Since the f,’s are increasing, and
@ arbitrarily fixed, f, — ¢ should give us more and more places

where they are positive on H.

Step 1 Let
Z= {x EE:f(x) # nggofn(x)}.
By hypothesis, mZ = 0 and Z € M(E).
Now by Lemma 34, f, € L(E,[0,00]) and so f [p\z€ L(E\
Z,10,0]). Since by hypothesis we have Vx € E \ Z,

f(x) = lim f,(x),

n—oo
f Ie\z€ L(E\ Z,[0,00]) by #=Corollary 28.

Step 2 For each n > 1, let

Yo :={x €E: fu(x) > fur1(x)}.

Then by hypothesis, mY,, = 0and Y;,, € M(E). Let

Then since M(E) is a o-algebra, Y € 9MM(E) and

0<mY <y mY,=0 = mY=0.

n=1

1 ! Up till here, we have showed that
we can, instead, turn our focus on
wherever nice things happen, and that f
is measurable as desired.
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At this point, by Lemma 34,

/Ef:/}E\(YUZ)f+/1/UZf: E\(YuZ)f

and for eachn > 1,

= + / = / .
/Ef" /E\(YUZ) fi Yuz fi E\(YUZ) fi
Thus, it remains for us to show that

fa-

/E\(YUZ) noreo /E\(YUZ)

Step 3 Let X = Y U Z, which then X € M(E) and
0<mX<mY+mZ =0 — mX=0.

Let H = E \ X. Note that we then have H € 9M(E) and Vx € H,

Vin>1 fu(x) < fua(x) (8.1)
and
£l = lim fu(2) 2)

For notational convenience, let

n = f n [H
and
§=f1lu.
By Equation (8.1) and Equation (8.2), we have that

Q<. <@g <g<...<g

By Lemma 34, Vx € H

lim ¢, (x) = sup gu(x) < g(x),

n—s00 n>1

and so

I / - </.
nglf}o Hg" ilg Hgn_ Hg
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It remains to show that

If we can show that for any ¢ € SIMP(H, [0, «]), we have

then our proof is done, since it would mean that

[ =] g=1m [ g = lim [ f.

Step 42 Let ¢ € SIMP(H, [0, c0]) such that ¢ < g. 3 Let0 < r < 1,50
that either

s rg=0<g%or
e rp < g=Ilimy o gn-

Then, consider
Hi = (8 —r9) [0, 0.

Notice that since g, is a sequence of increasing functions, we have 5

Hi CHy,CH;C...

Also, note that

2 Here, we do something like a race-
check. We know that the g,,’s grow to
be arbitrarily close to g, and the set

{p € SIMP(H, [0,00]) : ¢ < g} also has
elements arbitrarily close to g. It would
suffice to show that for every ¢, the limit
of the integral of the g,,’s is greater than
the integral of ¢.

® Note that we require this scaling factor,
because we cannot allow ¢ = g, for
otherwise our increasing sequence of
gn’s will never be able to ‘catch up’ to ¢,

which is what we want.
*In the case where ¢ = 0, we have that

r¢ = 0 and not something bigger.

® The increasing-ness of the gi’s guar-
antees that if (g — r¢)(x) > 0, then
(gk+1 — re)(x) > 0. This is sort of like a
rising water level scenario.

— T
‘ 8k+1
8k

Figure 8.1: Increasing levels of g ‘cov-
ers’ more and more parts of r¢
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6 WTS
/ Q= khm Q.
—00 k

Since ¢ € SIMP(H, [0, 0]), let us write

N
¢ =) &,
k=1

in its standard form, where J; € 9(H). Then

. N
/ (P = Z tka]k/
. H k:1
while
N
/ ¢ =Y aem(J N Hy)
n k=1
foreachn > 1.

By the (A1), notice that

Jgrgom(]kan)_m<]km (U Hn>> =m(Jy N H) = m(Ji)

Thus
N
lim =) mm(Jn) = / ,
n—co an) k:X:1 k (]”) .H(P
as claimed.
Then in particular, we have that
=lim [ p<lim [ g <lim [ g,
Jyre = tim Jy o< b [ 0= Jim [ 5
where the last inequality follows from Lemma 34.

This is exactly the final piece that we have set out to prove, and so

we have completed the proof. O

Example 8.1.1

Recall our “pathological” sequence of Riemann integral functions
earlier on, where E = QN [0,1] = {g,}%°

~ 1, and sequence of functions

fn = X{ql,.-.,qn}' forn Z 1,

¢ By this construction, we have that
re < g in Hy for each k. So we already
have

lim r(p < lim / Sk

k—rco k—rc0
in our bag. Notice that since ¢ is a
simple function, by & Definition 27, we
have

/Hk(P:/H(p.XHk-

Since the Hy's is an ‘increasing se-
quence’ of sets, and especially since
H = U2, Hi, we expect

kISE‘O‘Hkq’:/H“"'
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and their limit
We have that

and each”

fn € £([0,1], [0, 00)).

By the Monotone Convergence Theorem (MCT), f is measurable and
f = lim fu = lim 0 =0.

[0/1] n—00 [0’1] n—00

This agrees with what we saw much earlier on, i.e.
0< / = =mE <mQ = 0.
/o] ! [01] AE =mQ

Note that f; is Riemann integrable, but f is not, but it is Lebesgue

integrable. In other words, this function f is an example of a Lebesgue

integrable function that is not Riemann integrable. >

#= Corollary 37 (Linearity of the Lebesgue Integral and Other
Results)

Let E € M(R).

1. If f,g € L(E,[0,00]) and x > 0, then
/Exf—i—g:K/Ef—i—/Eg.

2. If (hy)$_q is a sequence in L(E, [0, 00]) and

n=1

N-—oc0 "=

N
h(x) = lim Y h,(x), Vx€E,
n=1

then h € L(E, [0,00]) and

/Eh:nil/Ehn.

3. Let f € L(E,[0,00]). If (Hn);_; is a sequence 9M(E) with H; N H; =

7

Exercise 8.1.1
Show that f, € L£([0,1],[0,00)).
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Qwhenl <i#j<ooand H=\J;_ | Hy, then

/fZ

H n

1. By A3, there exists a sequence of simple, measurable functions
(@n)n, (Yn)n in L(E, [0,00]) such that

IN
IN
\'\

0<¢1 < ¢
0<y <yPp<...

such that Vx € E,

lim ¢ (x) = f(x)

lim i, (x) = g(x)

n—o00

By & Proposition 33, we have that for each 7, for any x € E, we

/Exqon+tpn=1</Ecpn+/E¢n.

Furthermore, note that

have

Tim (kg + ) (x) = (f + ) (x),

and (K@, + P, ), is an increasing & sequence of non-negative, sim- 8If you are second-guessing yourself like
I did, notice that that n is fixed for both

ple, measurable functions converging pointwise to the function of them, not just one of them.

Kf+g.

Thus, by the MCT, we see that

./;:(Kerg) = lirn (KgoN+1,lJN)

11mK/<pN+/¢N—K/f+/g

2. 9 Let ?Since range h,, C [0, 0], the partial
N sums form an increasing sequence of
&N = Z hy functions. Then, we can make use of the
n=1 MCT.

for each N > 1.
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Showing that gy € L(E, [0,0]) Let (a, o0}, for any « € [0, 00).

Then since gy is a finite sum of functions, we have that

gn((a,00]) = hy((a,00]) Uhz((a,00]) U... Uhn((a, ),

which is a countable union of measurable sets, and is hence mea-

surable.

Then
0§g1§g2§§h

and Vx € E
lim gy (x) = h(x),

N—o00

both of which are from our assumptions.

By the MCT and part (1), we have that

Jn=Jim [ o

N
= lim [ Y h,
En3

N—oo

N

zlimZ/Ehn

N~>oon:1

o0
-y /hn

n—=1"E

as required.

3. 10 et 10 Since the RHS of the goal integrates
over H, C H, and the H;’s are disjoint,
hn = f - XH, we can break f down by where H,, is
defined.
for eachn > 1. Since each H, € 9MM(E), each xp,, and f being

measurable implies that each /,, is measurable. Since H; N H; = @

forall 1 <1i# j < oo, we have that

F=3
n=1

By part (2), we have that

/Ef_ri/Ehn—g/Ef'XHn_g/an- O
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Let E € M(R) and f € L(E,R). We say that f is Lebesgue integrable
on E if 11 11 Recall Remark 6.1.1.

/Ef+<oo and /Ef*<oo,

in which case we set
. + -
fr= s

We denote by L1(E,R) the set of all Lebesgue integrable functions from E
to R, and L1 (E, R) all Lebesgue integrable functions from E to R.

Remark 8.1.1
Let E € M(R).

1. By definition, every Lebesque integrable function on E is Lebesgue measur-
able.

2. A f is Lebesgque integrable iff | f| is Lebesgue inte-

grable. Notice that
= + _— -
Jr=Js =0

L= [ =+ [

and so if either of these are integrable, then

while

t< d / T < oo,
/E f o an . f )
which then the other must also be integrable.

It is important to note that this is a distinguishing feature of Lebesgue
integration, in comparison to Riemann integration. For instance, if we

consider the function

sin x

flx) = p , forx >1,

improper Riemann integration gives us that [~ f(x)dx = Z. But from
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the POV of Lebesgue integration, notice that

/ (sinx)*
[7r,(N+1) 7] X

N (sinx)*
B k; /[nk,n(kJrl)] x

B N/ |sin(t + k)|
=T

= t+km

Assuming we know some of the upcoming results, in particular, assuming
that we know that for bounded functions the Lebesgue integral is the same

as the Riemann integral, we see that the above is
2
i k+1
which is a harmonic series and hence divergent.
3. If f € L1(E,R), then

mf 1 ({—eo}) = 0=mf ! ({eo}).

Exercise 8.1.2

Prove that the above is indeed the case.

4. Following the above, if we set
H = f71({~00,00}),
then H € M(E) and mH = 0. Letting
8= f'XE\H-

Then
g=fae and g € L1(E,R).
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This will prove itself more useful than it seems, especially since L1 (E, R)

is that it is not a vector space!!!

. Suppose that g : E — C is measurable. Let us write

§=(81—82) +i(g3—84),

where g1 = (W)™, g2 = (W)™, g3 = (I8)™) and gu = (3g) ™. Then

we say that g is , and write

ge ﬁl(E,C),

/gk<oo V1 <k<4,
E

and we write

/Eg:</Egl/Egz>+i</Eg3+/Eg4). ®

& Proposition 38 (Linearity of Lebesgue Integral for Lebesgue

Integrable Functions)

let E € M(R). Suppose that f,g € L1(E,R) and x € R.
1. kf € L1(E,R) and [ xf =« [ f.

2. frge Li(ER)and [(f+g) = [cf+ [p&

JLEVAE

3. Finally,

Note that #=Corollary 37 covers for the cases where f,¢ € L(E, [0, c0])
and x > 0 for (1) and (2). This is, unfortunately, insufficient for the

entire proposition

1 Letf=ft—f.
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Case 1: k = 0 We have that

/Exf:/EO:O:K/Ef.

Case 2: k > 0 We have

wf = (kf)" = (kf)".
Note
(k)" = xf* and (k)" = xf "
So, since f*,—f~ € L(E, [0,0]), by #=Corollary 37,
/EKf:/EKf*—/EKf*
=S
=<(fr-1)
:K/Ef.

Case 3: ¥ < 0 Similar to the above, we first observe that

(Kf)" = —xf"and (xf)" = —xf".

Then by the same reason as in the last case, we have

o=
:;c(/Ef—/Eﬁ)

2. f+g € L£41(E,R) For convenience, let
h=f+g=f"—f +8" -g
Notice that

W h™ < bl =|f+gl <Ifl+I8l=f"+f +8 +5.
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Thus by #=Corollary 37,
/Eh+§/Ef++f*+g*+g*
= [ [ gt g <o
Similarly, [ h~ < 0.
[o(f +8) = [ f+ [ g Notice that
R e S AT T Uy

and so
W+ f +g =h +fH+g".

Then by #= Corollary 37,
/Eh++/Ef*+/Eg*=/Eh*+/Ef++/Eg+,
and so
/E(f+g)=/Eh=/Eh+—/Eh’
=/Ef+—/Ef‘+/Eg+—/Eg‘
:/)5f+/}5g'

. First, notice that f € £1(E,R), by our previous remark, |f| €
L1(E,R). Now since |f| = f* + f~,and | [ f*|,| [z f| =0,

L= o]
<|[rt /Ef'
= [+
= L.

7

+
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Lebesgue Integration (Continued 2)

Thus far, we've only integrated simple functions, and never even did
so for, say, f(x) = x. Trying to do that will lead to intense swearing,
rising of blood pressure, heavy signs of nausea and mental pain. Why?

Well just try doing it.

Exercise 9.1.1 (How a slime became one heck of a monster to deal

with)

Calculate |, 0,1 X-

We hate pain, and now we want to crawl back to Riemann integra-
tion and ask for forgiveness. Fortunately, the nice world of Riemann
integration is kind enough to give us a bridge. We shall now study
this bridge. In particular, we shall see that for bounded functions on
closed, bounded intervals, Riemann integrability implies Lebesgue in-
tegrability, and, in fact, they coincide on these functions. In particular,
this opens up the (for Riemann

integration) to us.

% Lemma 39 (Riemann Integrability and Lebesgue Integrability

of Step Functions)

Leta < b € Rand ¢ : [a,b] — R be a step function. Then ¢ is both

Riemann integrable and Lebesgue integrable, and

b
/[a,b] ¢= /a L&
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LetP = {a=pyo < p1 < p2<...pNy = b} € P([ab]), where the
pn’s are chosen such that [p,,_1, pn) do not contain a jump’. Since ¢

is a step function, let

N
¢ = Z D‘"X[Pnflrpn)’
n=1

where a, = ¢(x) forall x € [p,_1,pn), 1 <n < N.

Then

N
Q= Z anm[Pnflz Pn)
[ll,b] n=1

N

&n(Pn — Pn-1)
1

Pn
f
1Y Pn-1

N
XnX[Pn-1, Pn)
—1

3
Il

|
1=

n

I
=

4 pn
b
@- 0

I
=

WP Theorem 40 (Bounded Riemann-Integrable Functions are

Lebesgue Integrable)

Leta < b € Rand f : [a,b] — R be a bounded, Riemann-integrable
function. Then f € L£4([a, b],R) and

/[u,b]f - /abf'

i.e. the Lebesgue and Riemann integrals of f over [a,b] coincide.

4 Strategy

Here is my understanding of the idea that motivates this proof.
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1. It is important that the function is bounded both on its domain and its
range. A bound on the domain allows us to do finite sums, and a bound on

the range puts a cap on how high our rectangles can be.

2. We need to reduce the problem to deal only with step functions, using step
functions as close to f as possible, and then use our earlier results and

intuition to forge forward.

First, since f is bounded, wma [f| < M € R. Let g = M|, 5], which
is a step-function and is hence integrable by Lemma 39. Then, notice

that f + g is Riemann integrable. Furthermore, observe that

[e9=[r+me-a.
So f+g¢ € L1([a,b], R) iff f € L1([a, ], R).

Now, by ® Theorem 2, foreachn > 1, 3R, € P|a, b] partition
such that VX,Y O R, refinements, VX*, Y* test values of X and Y

respectively, we have

S XX =S YY) <

1 Now, let Qy = UnN:1 R;, so that it is a common refinement of ! Get finer and finer refinements.
R, Ry, ..., Ry. Write

OnN={a=qon <qIN <. <JmyN}-

2 Let 2 Look at each subinterval of each

refinement.
Hin = [qin qrean] for 1 <k <my —1,

and
HmN,N - [qufl,N/ qu,N]'

3 Define for each 1 <k <my, % Get the sup and inf of each interval
under f.

ap N = Inf{f(t): t € Hyn} < —M
PN = sup{f(t) 1t € Hyn} < M.

123
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4 For each N > 1, let

my
PN = Z &k, NXHy
k=1

my
N = ) BNXH, n-
k=1

Since each ¢y, Py is simple, they are all measurable and Lebesgue

integrable (cf. Lemma 39).

Now, notice that

QCQRC...CONCONn1 S ...

since it is a sequence of finer and finer refinements, we have

P1<¢2<@3<...<f<...<yP3<yn <. (9.1)

Thus, by Lemma 39 and Lemma 34, we have

[arb](pN—/abcpNs/abfs/abww— L

for each N. Since Qy is a refinement of Ry, we have that

S(,Qur Q) = S, Qn, Qi) <

’-/[;z,b] N -/[;z,b] N ‘ < %

which implies

for N > 1.
Due to Equation (9.1), let
=1 dy =1 .
¢ l\}g} N and ¢ lx}rznl PN

Then by the MCT, we have that

/[a,b]q):]\%lir;o [a,b] PN :1\111310/ PN
b
a

= lim bz/)Nf lim ¢y .

N—oo Jg N—rc0 [a,b]

* Use the above a’s and s to construct
simple functions, which are step-like
functions.



PMATH450 — Lebesgue Integration and Fourier Analysis 125

Then f[a,b] @ — 1 = 0. Since ¢ < ¢, we must thus have ¢ = ¢ a.e. on
[a,b]. Since ¢ < f < 1p, we have that ¢ = f = ¢ a.e. on [a,b]. Since

@, are measurable, so is f, and thus

/[u,b] f= /[a,b] ¢= /ubf = -

#= Corollary 41 (Bounded Riemann-Integrable Functions are

Lebesgue Integrable — Complex Version)

Leta < b € Rand f : [a,b] — C be a bounded, Riemann-integrable
function. Then g € L1([a, b],C) and

/[a,b]f - /abf’

Our earlier demon-level slime has been reduced back to being a,

well, slime-level monster.

Example 9.1.1

Let f(x) = xand x € [0,1]. Then by the

1 x2
forfr-gl-dey

7

Example 9.1.2

Let f(x) = xl—z where x € E := [1,00). We want to calculate f[l ) f.
Foreachn > 1,set f; := f - X[1,5)- Then f is measurable, since it is

continuous except at one point on E, and
0<fi<hp<..,

with
lim f,(x) = f(x) Vx>1.

n—00

By @ Theorem 40, foralln > 1,

Jufo= ko= [ == =1ms

=1--.
1 n
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By the MVT,
= 1.
te)?  A f
:hm(l—1>=1. Pl
n—r00 n

In the above example, the Lebesque integral of f returns the value of the
improper Riemann integral of f over [1,00), which is not what happened in

another function that we looked at earlier. There are 2 things to note here:

e it is possible for an improper Riemann integral of a measurable function
f:[1,00) = R to exist, even though the Lebesgue integral |, 1,00) f does

not exist!

* There is no notion of an “improper” Lebesque integral. The domain of f,

[1,00), is just another measurable set.

In the Monotone Convergence Theorem, if the “increasing” assump-

tion is dropped, then the result may not hold.

Example 9.1.3 (The MCT needs an increasing/decreasing sequence

of functions)

Consider the sequence (f,), given by

fn:]l,0) > R
where
1
. o 1<x<e
0 x>e"
Then (f,)n converges to f = Oon [1,00). Note that for all

n > 1, fu is Riemann integrable, and bounded on [1, ¢"], and so

1
/[1/00) = e

e
-
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for each n > 1. However,

/[m)f /P *
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YRR Lcbesque Integration (Continued 3)

WP Theorem 42 (Fatou’s Lemma)

Let E € M(R) and f, € L(E,[0,00]), for n > 1. Then

.. < i ‘
/E h{qnzllnf fn < hrnnzllnf /E fn

& Proof

Foreach N > 1,set gy = inf{f, : n > N}. Thenby & Proposi-

tion 27, each gy is measurable, and clearly

81<¢9<g3<....

Then by the MCT, we have

liminff, = [ li = li .
Jimiptfa = [ Y on = Jim, J s

Since gy < f, for all n > N (by construction), we have

/EgNS/Efn

for all n > N, whence

/EgN < 1117{12ilnf/Efn.
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Since this holds for all N > 1, we have that

/E liminf f, = lim /E g < limint /E F .

n>1 N—o0

An example where the inequality in Fatou’s Lemma is strict is the

following.

Example 10.1.1

‘n

Consider a sequence of functions f, = nx 0l } ,n > 1. It's clear that for

any x € [0,1], limy e fu(x) = 0. Thus

/[0,1] hl,?zllnff” = /[0’1] 0=0.

fotm((43)

foralln > 1, and so liminf,>q f[o,l] fn=1 N

On the other hand

Example 10.1.2

Suppose E € M(R), f € L(E,R). Recall that f € £1(E,R) < |f| €
L£1(E,R).

Suppose ¢ € L1(E,R), f € L(E,R) and suppose 0 < |f| < ¢
ae. onE, and that [, g < co. Then [, |f| < [rg < oo, which thus
f S El(E,E). )

WP Theorem 43 (Lebesgue Dominated Convergence Theorem)

Let E € M(R) and (f)n in L1(E,R). Suppose that there exists ¢ €
L1(E.R) such that |f,| < gae. onE, forn > 1. Suppose furthermore
that f : E — R is a function, and that

f(x) = lim f,(x), a.e. on E.

n—o0
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Then f € L£1(E,R) and

/Ef:nh_{{}o/Efn

Isolating “bad” points Consider, for each nn > 1, the set

Yp:={x € E:|fu(x)| >g(x)}.

By assumption, mY;, = 0 for each n > 1. Letting

Y = G Y, ={x € E:|fu(x)| >g(x),n>1},
n=1

we have that .
0<mY <Y mY, =0,
n=1

and somY = 0.

Furthermore, consider

Zi={x€E:f(x) £ lim fu(x)}.
By assumption, mZ = 0.

Let
B:=YUZ.

Then Vx € B, we have
f(x) # nlgrolofn(x) and |fu(x)| > g(x) for each n > 1.
Most importantly, we have that
0<mB<mY+mzZ=0,

and so mB = 0.

Let H=E\ B. Then Vx € H,

flx) = nh_r)rolofn(x) and |fu(x)| < g(x) for eachn > 1.
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It follows that if we can prove the statement for

fnln and f [y

then we obtain the result that we desire. Thus, wlog, we may replace
E with H.

Proving the statement Since f(x) = limy e fn(x), by A2, we have

that
limsup f,,(x) = limilnffn( x) = lim f,(x) = f(x),

n>1 nz n—reo

and so in particular we have

/Ef:/ElirnnZinfn(x)

From Fatou’s Lemma and A2, we have that

/f < hmmf/ fn < limsup fn

nz1 n>1

Now, notice that g — f, > 0 1 and we have ! This is required to invoke Fatou’s
Lemma

/E(g—f) = /E(g—limsupfn)

n>1
= [ liminf(g —
/Elr,pzlln (8 —fu)
< limi _ .. ; /L
< hrnnzllnf/E(g fn) . Fatou's

:/Eg—hmsup fn.

n>1
Thus
f > limsup fn

E n>1

Therefore
lim sup fn / f <liminf / fu < limsup fn
n>1 E n=1 E n>1

By the , We obtain

[f=im [ fu. .
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Functional analysis is the study of normed linear spaces and the con-
tinuous linear maps between them. Amongst the most important ex-
amples are the so-called Lj-spaces, and we will now turn our attention

towards them. . You may wish to refresh your memory
on the definition of a semi-norm.

Example 10.2.1

Let E € M(K) and mE > 0. Recall that

L1(E,K) = {f € L(EK) : /E f| < oo}.

Define the map

n : L1(E,K) — K
e LA

Observe that

e n(f) = 0forall f € £1(E,K);

* u(0) = Jp 0] = 0;

e ke K =

nef) = [ Ixf1=Ixl [ 1 = sl
and

. Vf,g € £1(EK)

n(f+g) = [1f+gl< LA+ [lgl=n()+ns).
However, it is important to notice that for any xo € E,

Ul(X{xo}) = /{xo} 1=0.

Thus v7 is not a norm since X{xo} # Q. >

é Proposition 44 (Kernel of a Vector Space is a Linear Manifold)
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Let W be a vector space over the field K, and suppose that v is a seminorm
on W. Let
N ={weW:v(w) =0}

Then N isa

K, whose elements we denote by

2in W and so W/ N is a vector space over

[x] = x+N.
Furthermore, the map

-] - W/N = K

[x] = v(x)

is well-defined, and defines a norm on W/N..

N is a linear manifold Firstly, note that v(0) =0 = 0 € N. Thus
N #@. Letx,y € N and « € K. Then

0<v(kx+y) <|«x|v(x)+v(y) =0,

which implies

v(kx +y) = 0.

Thus kx +y € N.

W /N is a vector space over K This is a result from elementary linear
algebra theory, but let’s do it for revision. It is clear that N € W/N,

so W/N # @. Notice that for any [x], [y] € W/N and k € K, we

define the operations
[ +y] = x[x] + [y].
By the commutativity of addition,
x+yl=x+y+N=y+x+N=[y+x]

The additive identity is [0] = 0 + N, multiplicative identity is

2 A subspace M of a Hilbert space,
which is a vector space with an inner
product such that its induced norm,
which in turn induces a metric on the
space, makes the space a complete
metric space, is called a linear manifold
if it is closed under addition and scalar
multiplication. (Source: Stover (nd))

Here, we can safely talk about Hilbert
spaces because K is endowed with an
inner product. Furthermore, the check is
to simply show that M is a subspace of
the original space.
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[1] =14 N, and additive inverse of [x] is [—x].

We note that WW/N is normally referred to as the
of Wby N.

||-]| is well-defined Let [x;] = [x2] € W/N. Then [x; — x3] = [0] and
so x; — xp € N. Then

v(x1 —x2) =0,
which then since
0 < |v(x1) —v(x2)| <v(x1 —x2) =0,

we have that v(x;) = v(x2). Hence

1Bea]ll = [1Tx2]1l
and so v(-) is well-defined.
|-l is a norm Let [x], [y] € W/N and « € K. Then

* Xl =v(x) = 0;

o lx[x]l| = [[[ex]|| = v(xx) = [x|v(x) = || |[x]];
* lx+ Wl =lllx+ylll =vix+y) <v(x) +v(y) = ||[x]I| + V][
and

[[x]| =0 = v(x) =0 = xe N <= [x] =[0] € W/N.
Thus ||-|| is indeed a norm.

Hence, W /N is a normed linear space. 0

Example 10.2.2

In our last example, we determined that v;(-) is a seminorm on £;(E, K).

Suppose

g € M(E K) :={f € L1(E,K) : 11 (f) = 0}.

Then [, |g| = 0. Since mE > 0, this happens if and only if ¢ = 0 a.e. on

E.
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Since ¢ = O a.e. on E iff [, |¢| = 0, we can also define
M(E,K)={g€ £1(EK):¢g=0ae onE}.

Setting
Ly(E,K) = £41(E,K) /N (E, K),

we have that [f] = [¢] iff f — ¢ € M1(E,K),ie. f =gae onE. »

Let E € M(K) with mE > 0. We define the L1-space as
L1(E,K) := £1(E,K)/N; (E, K),
with the norm

-+ L1 (E, K) — R

= [ £

Let E € M(K) with mE > 0. If 1 < p < coin R, we define

Lo(EK) = {f € LEK): [ |fF < oo}

={f € LEK) : |fI" € L1(E, K)}.

We need to show that £, (E, K) is a vector space forall 1 < p < oo,

and that .
wir)=([L1r)]

defines a semi-norm on £, (E, K). If we can establish these results, we
can then appeal to & Proposition 44 and take the quotient space wrt

to a similar kernel.

However, the proof of the triangle inequality of v, is a non-trivial
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exercise.

& Definition 34 (Lebesgue Conjugate)
Let 1 < p < co. We associate to p the number 1 < q < oo as follows:
e ifp=1theng =co;

* ifp=oo, then q=1;and finally

N

We say that q is the Lebesgue conjugate of p. With the convention that

% := 0, and we see that in all cases,

e l<p<oo =

L
Poq

When1 < p < oo, we see that the above equation is equivalent to each of
the equations:

* p(g—1)=qand

s (p—1g=rp

% Lemma 45 (Young’s Inequality)

If1 < p < coand q is the Lebesgue conjugate of p, then for 0 < a,b € R,

ab | b1,
1. ab < g + q,and

2. equality in the above holds iff af = b1.

There’s another proof that I prefer over
this construction here that feels like we
just lucked out. See PMATH351.

& Proof


https://tex.japorized.ink/PMATH351F18/classnotes.pdf#lemma.27
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Let g: (0,00) — R be such that

X lprrl —x.
P q

Notice that g is differentiable on (0, c0), and we have
g'(x) =xP71 -1,

Furthermore,

e ¢/(x) <Oforxe (0,1);
¢ ¢'(1)=0;and

e ¢'(x) >0forx € (1,00).

Also, note that g(1) = % + % —1 = 0. Thus by the above observation,

we know that ¢ attains its minimum at 1. Let xo = ;%r > 0. Then

we have

1 aP 1 a
Oﬁg(x0)=<b(>+q_bq—1

p \pla-1p
A
CopbT g bl

Thus
a - la? 1

w1 =pm Ty
Multiplying both sides by b7, we get

ab < 1aP + 1b‘7.
p q

Furthermore, we notice that

g(x0) =0 < xp=1 < a=b"" = a# =p?0-) = p1. _
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L, Spaces Continued

P Theorem 46 (Holder’s Inequality)

Let E€ M(R), 1 < p < o0 in R, and let q be the Lebesgue conjugate of p.
Then

1. If f € Ly)(E,K)and g € L;(E,K), then fg € L1(E,K) and

n(fg) < Vp(f)Vq(g)/

o) = ([171) maut = ([ 1sr)’

2. Suppose that H := {x € E : f(x) # 0} has positive measure. If

where

fr=v(Hrefr,

which is called the I.ebesgue conjugate function, then f* € L4(E,K),
ve(f) =1, and
n(r) = [ £ =l

# Proof

1. If f = 0or g = 0 a.e. on E, then the inequality is trivially true. So
wma f # 0 # ga.e. on E. Now, forany a,f € K, af € L,(E,K)
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and Bg € L;(E,K) since

/Eocf:oc/Ef<oo
/;ﬁg=/5/Eg<°°.

Supposing that we can find «y # 0 # By such that

and

[ 1@of) (Bog)| < vp(af)vy(Bog),

we see that we can factor out xp and B so that

[n0ol [ 1751 < laool vy (/) (8),

which then

[ 1fsl < vp(Fun(9)
Thus, choosing a9 = vp(f) "t and By = v4(g) !, wma wlog
vp(f) =1 =v4(8)-

Now, by Lemma 45, we obtain

14 q
U, sl

<
Ifgl < ) p

Thus

2. First, note that f* is measurable, since f, |f| and © are all mea-
surable (cf. & Proposition 23 and & Proposition 22). Since
(p—1)qg = p, we have !

= [ oY
= vp(f) P11 / || (P~
E
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— v () Pup(f) = 1.

Finally,

V1(ff*)

L= Lol
= (N 1P

=vp(f) Fup(f)P
= vp(f). u

®PTheorem 47 (Minkowski’s Inequality)

Let E€ M(R), 1< p < co. If f,g € L,(E,K), then f + g € L,(E,K)

and
vp(f+8) S vp(f) +vp(g).

f + g is measurable by & Proposition 22. Notice that for 0 < a,b,

we have

(a+b)? < (2max{a,b})P < 2P(a? +1F).
Thus

If 8l < (f1+1ghP <27 (If1F +1glP) -
It follows that

wif+8) = [If 8 <2 (p(FF +va(9)") <o
Thus f + g € L,(E, K).

Now leth = f + g, and h* the Lebesgue conjugate function
of h. Then h* € L,;(E,K). By the last theorem, v;(h) = 1and
vy (hh*) = vp(h). With this, and Holder’s Inequality, we have

vp(f +8) = vp(h) = v1(hh")
=un((f+8h")
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S v (fr) +vi(gh”)

(%)
< vp(f)vg(h*) +vp(g)ve(h™)

= Vp(f) +Vp(8)r

where (x) is where we use Holder’s Inequality. o

We are finally ready to show that £,(E, K) is a vector space and v,

is a semi-norm as claimed.

#= Corollary 48 (v, is a Semi-Norm)

Let E € M(R) and 1 < p < co. Then L,(E,K) is a vector space over K

and vy, defines a semi-norm on L, (E,K).

L,(E,K) is a vector space Since K is a vector space, we need only
check that £, (E, K) is nonempty, and closed under addition and

scalar multiplication.

L,(E,K) # @ ltis clear that the constant function, f(x) = 0 for all
x € E,isin £, (E,K) since

/Ef:/Eozo<oo.

Ly,(E,K) is closed under addition and scalar multiplication Let

f,8 € Ly(E,K) and x € K. Then by Minkowski’s Inequality,

vp(Kf +8) < vp(ef) +vp(8) = [K|vp(f) +vp(g) < oo,

vp is a semi-norm We showed for the first two conditions and

MinkMinkowski’s Inequality covers the Triangle Inequality. O
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Let E € M(R) and 1 < p < co. We define the L,-space
L,(E,K) :== £,(E,K)/N,(E,K),

where % Note that NV, (E, K) is where functions
are 0 a.e.
Np(E,K) = {f € Lp(E,K):vp(f) = 0}.

The Ly-norm on Ly(E,K) is the norm defined by

I, ¢ Ly(EK) — R
[f1 = vp(f).

For the sake of completeness, we shall restate Holder’s and Minkowski'’s

Inequalities for L, (E, K).

®PTheorem 49 (Holder’s Inequality)
Let E € M(R) and 1 < p < oo. Let g denote the Lebesgue conjugate of p.

L If[f] € Lp(E,K) and [g] € Lqy(E,K), then [f][g] := [fg] € L1 (E, K)
is well-defined and

gl < LA, Mg, -

2. If0 # [f] € Ly(E,K) and f* is the conjugate function of f, then
(] € Ly(E XK), £]]l, = 1, and

AL = LA, -

The only part that does not follow immediately from ® Theorem 46
is the well-definedness of [f][¢] = [f<]- o

P Theorem 50 (Minkowski’s Inequality)
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Let E € M(R)and 1 < p < co. If [f],[g] € Ly(E,K), then [f +g] €
L,(E,K) and

I+ gl = LT+ [, < LA, + 18I, -

We can now show that L, (E, K) is a Banach space forall 1 < p <

oo, whose proof shall be left for next lecture.
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Ly, Spaces (Continued 2)

®Theorem 51 (L, (E,K), ||-|[,,) is Banach Space)

Let E € M(R) and 1 < p < co. Then L,(E < K) is complete and hence

Banach.

4 Strategy

By & Proposition 44, (L,(E,K), |- ||p) is a normed linear space. It thus

suffices for us to show that it is complete.

This is a preferred approach by the professor, that he has defaulted to
proving completeness from the equivalent result of having every absolutely
summable series being summable in the space. We prove this equivalence in
A4.

So given an absolutely summable sequence {[f,]}5_,, since we want

(o0}
Y [fu] <cone onE,
n=1

in particular this should be reflected by any of its representatives, i.e. if we

take, wlog, f, as the representative of [fy], then we want

h=) fn<ooae onE.

n=1

To show that the sum is finite a.e. on E, we will first make use of the fact
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that this would be equivalent to

[e9)

fu

n=1

h| =

< ooae onkE.

To that end, the partial sums should always be finite. By the triangle inequal-

ity, we see that
N

< ) fal.

=1

N
ot

This is where our ‘clean” proof begins.

Suppose {[f]}_; is a sequence of equivalence classes in L, (E, K)
that is absolutely summable. We note that the following value will

be useful, and so we give it a variable.

vzzin[fnnp.

Showing that Y7 ; fu(x) converges a.e. on E For each N > 1, let
gn = 201 |ful- Note that since f, € £,(E,K), by #=Corollary 48,
we have that ¢y € £, (E, [0, o]). Furthermore, since gy is a sum of

absolute values, we have that
0<g1 <<y,

Let goo = limy 0 gn = SUpyq gN- By @ Proposition 27,
goo € L(E,[0,0]). ! Note that gk, = SUp =1 g} By the Mono-

tone Convergence Theorem, we observe that
b = lim / .
/Egoo N—ro0 EgN
N p
= lim
um [ (L)

= lim
N—oo JE

' Now, we want to show that even
oo < coa.e. on E. Following this is a
non-trivial step forward.
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N 14
§#$<ZWMMO

n=1

0 P
< (Z |[fn]||p> — 97 <o

=1

by assumption. Thus g € £, (E,K), which means that go, < o0 a.e.

on E. From here, we observe that

§Z|fn|§gw§7<°°-

n=1

Y fo
n=1

Then since K is complete, Y 7" ; fu(x) converges to some value in K

for every x € E.

Constructing h = Y_° | f; a.e. on E In particular, we want the above
sum to converge to some function & = Y77 ; f;, a.e. on E. We want to

explicitly isolate the points where the sum goes bad. Letting
Bi= {x € E:gulx) =} CE,

we have that mB = 0. Consider H = E\ B € 9(E). 2 Here, let 2 We will build / on this nicer set.
g = XH - §e- Note that since H € M(E), xp is measurable, and
soby & Proposition22,¢ € L(E,[0,00)),and ¢ = geo a.e. on E.

P [P <P
|8 = [sh<a

andsog € L,(E, [0,00)) C Ly(E,K),ie. [g] € Ly(E K)and
118, < -

Furthermore,

Foreach N > 1, let hy :== xp - (ZnN:1 fn) By the same reasoning
as for g, we have that hy € L,(E,K) C L(E,K). Moreover, it is
clear from construction that [hy] = Y0, [fu], since by = YN fu
a.e. on L, in particular, they agree on H. It is also important to note

that for x € H,

N
[y (x)] < ; [fa(2)] < &(x),

and forx € B, |hn(x)] = 0 = g(x). Thus |hy| < g, andso
|hn|P < gP. So for each N > 1, we have

/EIhNI” < /Eg” < AP

147
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Since the partials are all well-defined, we can define

h(x) = lim hy(x) € Kfor x € E.

N—oo

Again, by @& Proposition 27, h € L(E,K). Furthermore, since each
|hn| < g, we have that || < ¢ and |k|F < g7, which then

hP</ P <P < oo
Jmr< [gr<a

It follows that i € £,(E,K) and [h] € L,(E,K).

[h] = limy 0[] It remains for us to show that this equation is

true. In other words, we want to show that

lim [|[#] — [hn] m

N—co Hp - I\lll—>oo =0

P

N
[n] — ;[fn]

Note that [y — hy|P < (Jhm| + [En|)P < (g + g)P forany M, N,
and [;(2|g])? < 0. Then, satisfying the condition for the Lebesgue

Dominated Convergence Theorem, we have

1[7] =[]l = vp(h = hn)

>
= lim [fn]
M=oo |l N1 )
>
< lim | LAl
M_mon:N-H 4

I
g
=
<
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Since Y371 || [fulll,, = 77 < oo by assumption, we have that

[e)

li hl —[h = li = 0.
[0 = il =t 3 A
This completes the proof. O

Notice that in ® Theorem 51 we talked about 1 < p < oo but not

p = oo itself. We shall explore this in the following subsection.

We need to first clarify what the norm in L (E, K) is. It would be
sensible to immediately let the norm be the supremum of the function,
but we want to exclude the places where f hit its ‘suprema’ only up to

a set of measure zero.

Let E € M(R) and f € L(E,K). We define the essential supremum of
fonEas

Voo f) =1inf{y >0:m ({x € E:|f(x)] > v}) =0}.

1. Let us try to describe the essential supremum in words: we pick out the
smallest -y (specifically, we pick the inf) such that the places on E where
f > v is measure zero. Graphically, we set lower and lower y until we
finally hit some value where f > -y but the places where this happens is

no longer of measure zero.

2. Simply by definition, we have that ves(f) > 0 for any f € L(E, K).
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With the essential supremum, we can define

Loo(E,K) = {f € L(E,K), veo(f) < 00}

Example 12.1.1

1. Let E=Rand f = xq. Observe that for any > 0, since

{xreR:|xq| >7} CQ

we have
0<m{xeR:|xg| >} <mQ=0.
Thus ve (xg) = 0.

Note that there was nothing special about the choice of Q except

that it is a set of measure zero.

2. Supposea < b € Rand f € C([a,b], K).

Claim: f € ,Coo([ll, b]/]K) and VOO(f) = ”f”sup = supxe[u,b]\f(x)\
We know that every continuous function on a measurable set is

measurable 3, SO f € E( [61, b], IK) 3cf. @ Proposition 19

Note that for v > || f||,,, We have that

sup’
m({x € lab]:|f(x)] >7}) =m(@) =0.
S0 Vo (f) < . Since this holds for all 1, it follows that ve (f) <

|f|sup'

On the other hand, for 7 < ||f|[s,, = |f(x0)] for some xo € [a,b].

By continuity of f on [a, b], and in particular on xg, 35 > 0 such that
Vx € (xo — d,x9 + ) N [a,b] implies that | f(x)| > 7. Notice that

m((xg—6,x0+6)NJa,b]) >0,

which means that
Voo (f) = -
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This holds for all -y, and so

Voo (f) 2 ([ [ llsup -

Thus
Voo(f) = || [f]”sup’

which also gives us that

f € Lo([a,b],K). »

& Proposition 52 (L (E,K) is a vector space and v (+) a semi-

norm)

Let E € M(R). Then Lo(E, K) is a vector space over K and veo(+) is a

semi-norm on Leo(E, K).

Since L« (E,K) C L(E,K), and that the latter is a vector space,
it suffices to perform the subspace test on L (E, K) to show that

L (E, K) is a vector space.

First, note that if { = 0 is the zero function, then v ({) = 0 < oo,
and so { € L«(E, K),ie. Lo(E,K) # @. Further, as noted before,
Veo(f) > Oforany f € Lo(E, K).

Next, suppose that f € Lo (E,K) and 0 # «x € K. Itis clear that
kf € L(E,K), and we quickly notice that

Voo(kf) =inf{y > 0:m{x € E: |[kf(x)| > v} =0}
=inf{|x|d : m{x € E: || |f(x)| > |x| 6} = 0}
= |k|inf{0 > 0: m{x € E: |f(x)| >} =0}

= [K[ Veo(f) < co.

Sokf € Lo(E,K) forall 0 # x € K. As noted before, if x = 0, then
Kf =0 € Loo(E,K).
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Now suppose f,g € Loo(E,K). WTS
Voo (f +8) < Voo (f) + Voo (8)-
Leta > Veo(f) and B > veo(g). Let
Ef={xcE:[f(x)| >a}and Eg = {x € E: [g(x)| > B}.
Then mE; = 0 = mE,. Let H = E\ (Ef UE;). For x € H, we have
[(f+8) )] < [f()]+]g(x)] <a+p,

SO
{x€E:|(f+8)(x)| >a+pB} C EfUE,.

Thus
m{x € E:[(f+g)(x)| >a+p} <mEf+mEg =0,

and so Veo(f + g) < a + B. Since « and p were arbitrary, it follows
that

Vool f +8) < Vool f) + V(g) < 0.

Thus L« (E,K) and veo () is indeed a semi-norm.

Let
No(E,K) :={f € Lo(E,K) : voo(f) = 0}.

Then we define
Leo(E,K) = Lo(E, K)/Ne(E, K),

and we denote by [f] the coset of f € Loo(E,K) in Loo(E, K).

W Theorem 53 (L (E, K) is a normed-linear space)

Let E € M(R). Then Lo (E,K) is a normed-linear space, where for
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[f] € Lo (E, K) we set
[ o = veo(f)-

See @ Proposition 44. O

Remark 12.1.1

Let f € Loo(E,K). Let us look at the places where the undesirable happens.
Foreachn > 1, let

B, = {er: |f(x)] >V°°(f)+rlz}'

Then by definition of Veo(+), we have that mB, = 0 for eachn > 1, and
letting

B.— GBn:{er: |f(x)] > veo(f)},

n=1

we have that
o (o]
mB <) mB,=) 0=0.
n=1 n=1

In other words, for any f € Lo (E, K), the set
B={xc E:|f(x)] > veo(f)}

has measure zero. So for any [f] € Leo(E, K), we can always pick a represen-
tative g € [f] such that

18] < 1]l

forall x € E.

In particular, the function g := xp\p - f is measurable, and differs from f

only on B, whence [g] = [f], and we indeed have

18(¥)| < veo(f) = veo(8) = [l[8] s

forall x € E.

153
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Moreover,we see that veo (f) = 0 iff f = 0 a.e. on E, and so

No(E,K) ={f € L&(E,K) : f =0a.e. onE}. 4

WP Theorem 54 (Completeness of L (E, K))

Let E € M(R). Then Lo (E, K) is a Banach space.

Recall thatif E € M(R)and1 < p < oo, f € Ly(E,K)and
g € L4(E,K), where g is the Lebesgue conjugate of p, then Holder’s
Inequality gives that fg inL4(E,K) and

v (fg) < Vp(f)vq(é’)-

Let’s look at p = 1.

WP Theorem 55 (Holder’s Inequality for £1(E, K))
Let E € M(R) with mE > 0.

1. If f € L1(E,K) and § € Loo(E,K), then fg € L1(E,K) and

v1(fg) < v1(f)veo(8)-

2. For f € L4(E,K), there exists a function f* € Lo (E,K) such that
Voo (f*) = 1 and

n(fFy = [ f- £ =n).
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1. By Remark 12.1.1, for [¢] € L« (E,K), we can find, wlog, go € [g]
sothatgy = ga.e onE,and forallx € E, we have |go(x)| <
Veo(g) = Veo(g0)- In particular, we have that for any f € £(E, K),
|fg| = |fgo| a.e. on E, and we find that

[ 1781 = [ 1fsal-

Thus wlog wma [g(x)| < Ve (g) for all x € E. Then

n(fg) = [ 1f81 < [ 1flus(s) = v(@) [/ Ul = u(Fvs(s):

2. Set ® : E — T such that

f=0-f],
where
o) = ;Eigl when f(x) # 0
1 when f(x) = 0.

Then with f* := ®, we have v (f*) = 1, | f| = ff*, and so

n(f) = [1r1= [Ifl=n0. 0

#= Corollary 56 (Hélder’s Inequality for Lq (E, K))

Let E € M(R). If [f] € L1(E,K) and [g] € Loo(E,K), then [f][g] =
[f¢] € L1(E, K) is well-defined and

Il < LA I18]lloo -

#= Corollary 57 (Hélder’s Inequality for Continuous Functions)

Suppose thata < b € R. Considerh € C([a,b],K)and f €
L1([a,b],K). Then h - f € L1([a, b],K) and

Ul(h f) < Vl(f)VOO(h) = Vl(f) ||hHsup :
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& Proof

Continuous functions are measurable, so / is measurable, and
Loo([a,b],K) with |||y = Veo(h). Then it is simply ® Theo-

rem 55.

sup
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L, Spaces (Continued 3)

Remark 13.1.1 (Containment of L, Spaces)

Let E € M(R) with mE < oo. Suppose that 1 < p < oo, and that
[f] € Loo(E,K), which then wlog f € Loo(E,K). As commented before,
[f (O] < [l a-e. on E. Then

1A, = [1£7 < [N = 11 mE < oo,

which means [f] € Ly(E, K), with

==

I, < 1l (mE) .

Thus Leo(E,K) C Ly(E,K), 1 < p < 0o when mE < co.

Next, consider 1 < p < r < oo. Suppose [g] € L,(E,K). Again, wlog
g € L,(E,K) and

Il = [ 18P = [ (g1 < [ max{1,lgI'}
< [1+1gl" = mE+ 8]l <.

So [g] € Ly(E,K). Thus we see that

Leo(E,K) C L,(E,K) C Ly(E,K) C Ly (E, K). o

Remark 13.1.2
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Suppose a < b € R. Then from Example 12.1.1, we have that
[C([a,0], K)] = {[f] : f € C([a,0], K)} € Leo([a, D}).
Recall that
Reo([a,b],K) = {f : [a,b] — K : f is Riemann-integrable and bdd }.
By #= Corollary 41, f € L([a,b], K) and so [f] € Le([a, b], K) by virtue of

f being bounded. ®

Our next goal is to establish that the space [C([a, b], K)] is dense in
Ly([a,b],K), for1 < p < co.

We define the closed span of a subspace B C (H, ||-]|) as

spanB:={ye€H:Ve>0 dxespanB |x—y| <e}

Imma use the name from the notes of
Prof. Marcoux, 2019 for Lemma 58, since

there’s no good expressive name for it.

% Lemma 58 (Lemma 6.31)

Let (X, ||-||) be a normed linear space, and suppose that Y and Z are

1 in X. Suppose BCY satisﬁes !i.e. a vector subspace, but not necessar-
ily closed.

spanB = &

Thenif B C Z, then Z = X.

Letx € X = spanBand e > 0. Then there exists {b;}; C Band
{k;}¥, C R such that

N
X — Z kb,
n=1

<&
>
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Since b; € B C Z, there exists z; € Z such that

&
l|lzi = bil| < IN(R[ 1)

Letz = ZnN:1 kyzn, € Z, and this would give

N N
||x72|| S X — anbn + anbn —Z
n=1 n=1
c N
<§+ an(bn—zn)
n=1
c N
§§+Z|kn|“bn_zn”
n=1
N
€ €
<S>+ )Y 5o
2 =2
2 2 7
Thus Z is dense in X. 0

Let E € M(R) and 1 < p < oo. We set

SIMP,(E, K) = SIMP(E, K) N £, (E, K).

Exercise 13.1.1

Prove that if mE < oo or if p = oo, then
SIMP, (E,K) = SIMP(E, K).

# Solution

Case p = oo By definition, a simple function f has finite range, and so

Voo (f) < o0. Thus SIMP(E, K) C L«(E,K) and so our result holds.

Case mE < co This is quite similar, especially since the range of f is
finite, and so integration of a finite function over a finite domain is
going to be finite. Thus, again SIMP(E,KK) C L, (E, K). ©
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& Proposition 59 (Density of Equivalence Classes of SIMP,, (E, K)
in (Lp(E,K), -]l ,))

Let E € M(R) be a Lebesgue measurable set and 1 < p < co. Then

[SIMP,, (E, K)] := {[¢] : ¢ € SIMP,(E,K)}

is dense in
(Lp(E,XK), [I1,,)-

4 Strategy

Recall & Proposition 30. This is the proposition that is key to showing
that simple functions are dense, simply because we may get as close to any

f € L(E,[0,0]) as we want.
1. Reduce to the problem to only real-valued functions.
2. Reduce the problem to only positive real-valued functions.

3. It then remains to reconstruct a simple function in L,(E,R) that is as

close to the original real-valued function as we would like.

Case K = C If we had proved the above for the case where K = R,
then for [¢] € L,(E,KK) and £ > 0, we may write

g =Ng +iSg.

In particular, ¢ € L£(E,C), so it is necessary that Rg, Sg € L(E,R)
by & Proposition 21. Then, by assumption that this works for R,
we can pick ¢1, ¢ € SIMP(E, R) such that

I3Rg] = [ga]ll, <

lisg] - lgall, <

AR STR
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Then, let
¢ = @1 +igy € SIMP(E,C),

which then
llg] = olll < 11%g] = [1lll, + il 18] = [g2lll, < 5 +5 =

Then [SIMP(E, C)] is dense in (Lp(E, C), [|-[|,,)-

Case K = IR We shall further break this into 2 cases, of which we

have seen in our last exercise.

Casel:1 < p < coVe>0,1let[f] € L,(E,R). Then f € L,(E,R) and

we may write

f=f-f

where f*, f~ € L,(E,R). By & Proposition 30, we can find simple
functions

0<gr<gr<g3<..<f"
such that

+ . .

fr(x) = lim ¢u(x), x€E.

Note that

loul? < [ |FH < [ IfIP <o,
E E E

and so ¢, € SIMP,,(E,R), for n > 1. Thus, by the Lebesgue Domi-

nated Convergence Theorem,

lim/E|f+—gon‘p: lim [f* —¢u|" =0

n—o0 E n—o0

Thus we can find some N; > 0, such that for n > Nj, we have

n €
£~ ull, < &

Similarly, we can find simple functions ¢4, 95, ... € SIMPp(E,R),
such that

0<Pp1 < <yYys<...—f",
such that
f(x) = lim ¢,(x), x€E,

n—oo
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and so that we can find N, > 0 where Vn > N,, we have

_ &
I =l < 5

Then

If = (@n +9u)ll, = 1fT=f" = n _ll’an
<= ull, + M1 = wall,

Case 2: p=oLete > 0, [f] € Lo(E,R),and M = ||f||- Then
range f C [~M, M] =: I. Now choose N > 0 such that & < . % Let

k k+1
I, = |—
k { M—l—N, M+ N >

fork € {0,...,2MN — 2}, and Ly = [M — &, M].
Let H, == f~'(I}), fork € {0,...,2MN — 1}. Then Hy is measur-
able by the measurability of f. Let
2MN-2 k
p= Y <M+ N) XH,-
It is clear that ¢ € SIMP(E,R) = SIMP(E, R). Furthermore,

()~ g(x)| < 3 <¢ VxeE.

It follows that

If] = [9lllee <&

This completes the proof. O

& Proposition 60 (Density of Equivalence Classes of Step Func-

tions in L, Spaces)
Leta <beR If1 <p < oo, then

[STEP([a,b], K)]

2 Let us break I into intervals of
length % Doing this will allow

f@) = (=M+ )x10,)

1
< &
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is dense in
(Lp([a, 5, K), |I],)-

By a similar argument to what we provided for the case of K = C,
it suffices for us to show that the statement is true for the case when
K=R.

Notice that [2,b] € M(R), and m[a,b] = b —a < oco. Let us see
for ourselves that ) := [SIMP([a,b],R)] and Z := [STEP([a, ], R)]
are linear manifolds in L, ([a, b], R). It is rather clear that ), Z C
Ly([a,b],R). To show that ) is a linear manifold, we see that for
¢, 9 € SIMP([a,b],R) and ¢ € R, if we suppose wlog that N < M
and define E;, = @ and a;;, = 0 for N < n < M, then

N M
cp+yp=c Z anXE, + Z BuXH,

n=1 m=1
M
=Y c(an+ Bu)XE,uH, € SIMP([a,b],R).
n=1

To show that Z is a linear manifold, we see that for
¢, € STEP([a,b],R) and ¢ € R, if we suppose wlog that N < M
and define I, = @anda, = Ofor N < n < M, and define

coefficients such that

ap+b, xel,NJy,
Cﬂ(x): ay xeln\]n ’

b, x € Ju\ I

then
N M
(cp+9)(x) =c ) anxi, + Y, Bumxj,
n=1 m=1

M
=c ) cn(x) (XA + X1uOJw + X301 (%)
n=1

€ STEP([a, b], R).

From here, notice that by our warning on page 90, Z C ). Further-

163



164 Lecture 13 Jun 20th 2019 L, Spaces (Continued 3)

more, if we define
B:={xy:HecM(ab])},

then
Y =span{[g] : ¢ € B},

and so along with & Proposition 60, span B is dense in

(Lp([a, b, R, ||]|,,))- From Lemma 58, it suffices for us to show that
BCZ.3 By ¥ Theorem 18, we can find an open H C G C R such
that

m(G\ H) <

N[ ™

We may write

(G

G = () (ay, by).

n=1

It is important that we note that each of the interval is finite, since
mH < mla,b] < co,and m(G \ H) < oo, and thus m(G) = m(H) +
m(G \ H) < oo. Furthermore, some of the (a,, b,)’s may be empty

sets.

Now let
k

Gk = U (l?ln, bn)

n=1

Clearly, limy_, o, Gx = G. Then we may choose N > 0 such that

[e9)

m(G\ Gn) = §1m([ambn])<
n=N+

N ™

Let ¢ = X¢yniap)- tis clear that ¢ € STEP([a, ], R).

It remains to show that

Vp(XH — @) = /[ . X —ol” <e

Notice that

1-0/=1 xeH\Gy

0-1=1 xe(GyNlab])\ H
Ixu(x) = o(x)| = :
|171|=0 x € HN Gy

0-0/=0 x¢HUGy

* We want to approximate any element
[xH] € B using intervals. Realizing that
we are in R, we know that any open set
G C R can be written as a disjoint union
of open intervals. Furthermore, if we
pick an open set G that closely encloses
H, then we obtain disjoint open sets that
closely approximates H.
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It thus follows that

Vp(XH —¢) = /[a . IxH — (P|p

— [ lxu—9

=m(H\ Gn) +m((Gn N a,b]) \ H)
<m(G\GN) +m(G\ H)

<Eifoe
2 2 7

where E = (H\ Gy) U ((Gy N [a,b]) \ H). It thus follows that
[xn] € spanZ, and so Z = [STEP([a, ], R)] is dense in
(Lp([a, D), R), [|-,)- 0

Lemma 58 greatly simplified our proof above. We completely circum-
vented the need to pick an arbitrary element from Ly ([a, b], K) and try to
approximate it using step functions. Instead, we need only approximate

characteristic functions of measurable sets.

We shall use the same approach as we did in the proof above to show that
the equivalence classes of continuous functions on a closed interval [a, ],
over K, is dense in (Lp([a, b], K), [|-[|,,)-

®PTheorem 61 (Density of Equivalence Classes of Continuous

Functions in L, Spaces)

Leta < b € R If1 < p < oo, then [C([a,b], K)] is dense in
(Lp([a, ], K), [-[I,,)-

We may once again assume that K = IR, as we did in the last 2

proofs.
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Let
B = {[xpql:a<r<s<b}.

By & Proposition 60, spanB3 = L,([a,b],R). Let
2 = [C([a, b, R)].
By Lemma 58, it suffices to show that B C Z.

Lete > Oand x|, 5] € [X[s5]] € B- Let 5% > & > 0o that we

consider the function

0 xex<rorx>s
1
s(x—r) r<x<r+4d
folx) = :
1 r+6<x<s—9
~lx—s) s—d<x<s
rr+6 s—0 S
Then Figure 13.1: Shape of the continuous
function f; for approximating x(
lxesn =)= [ Jxea =5l
[r,8] [ p (a,6] [r,8] 1)
</ 17
[rr+6]U[s—d,s]
= m([r,r+0]) +m([s — ,5])
= 20.
Then picking 6 < 5 in the first place, our work is done. O
Recall that a topological space is said to be if it admits a

countable dense subset.

Exercise 13.1.2 (A way of finding a countable subset in a separable

metric space) * We may intuitively think of the flow

of the proof as follows. If we can find

Suppose (X, d) is a separable metric space, § > 0, and such a Y whose elements are always
away from one another in a separable
metric space, then this Y should end

Y = {x): A € A} C X satisfies d(x,, xlg) > foralla # B € A. up swallowing elements in X almost

everywhere, and in particular, Y would
be at least countable. However, Y is

Then A is countable. * at most countable since it cannot be
dense (elements that are within ¢ away
from any element of Y cannot be closely
approximated).
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#= Corollary 62 (Separability of L, Spaces)
Leta <becRR
1. If1 < p < oo, then (Lp([a,b],R), ||-||,) is separable.

2. If p = oo, then (Lo ([a, b], K), |||l ) is 1ot separable.

1. Fix1 < p < oo. Recall from Remark 13.1.1 that for [f], [¢] €
Leo([a, b],K) C Ly([a, b],K), we have

=

LT = (8l < MILfT = (8l sup m((a,b])? = [|[f] - [8llsup (0 —a)?

Lete > 0and [] € Ly([a,b],K). By the density of [C([a,b],IK)] in
Ly([a,b],K), we can find [g] € [C([a, b], K)] such that

] = [g]l, < 5-

By the , we can find a
polynomial p(x) = po + p1x + ...+ pmx™ € C[x] such that

18] = [l = N8 = Pllup < ——
3

T
(b—a)r
By the density of Q in R, we can find a polynomial g(x) = g¢ +
J1x 4 ...+ qux" € (Q+iQ)[x] such that

1p) = oo = 1P = Allsup < ——

3(b—a)?

Observe that

[[[1] — [qlll,
< |\{r] = [glll, + Illg] = [Pl + I [P] + [4lll,
< [[h] = [g]ll, + 18] = [Plleo (0= )7 + [1[p] — (]l (b — )

C a5 (b—a)
3(b—a)r 3(b—a)r

==
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Thus, this g is the polynomial from a countable subset. Therefore,
[(Q+iQ)[x]] is dense in (Ly([a, b], K), [|-[[,,)-

2. Considera < ry < sy <banda <ry, < sy <b,withr; # rpy and
s1 # sp. Then the

[r1,81]Alra, 53] = ([r1,51] U [r2,52]) \ ([r1,81] N [r2, 82])

contains an interval, say, [i,v] C [a,b]. Notice that for any x €

[u,],

‘X["lfsl](x) T Xnsl| T L

and so

=1

‘ [e9)

H[X[h/slﬂ - [X[Tzfsz]] ‘oo = H[X[rllsl]A[rZ/sz]]

Consider A := {(r,s) € R?> : a < r < s < b}. Itis clear that
A is uncountable. For any (r1,s1) # (r2,52) € A, by our above
argument, we have

=1

sup

‘ ’X[rllsl] - X[YZ,SZ]

By Exercise 13.1.2, we have that L« ([a, b], K) be must be separa-

ble. ° O 5 All the elements X[rs) are 1-away from
one another, and so the contrapositive of
the exercise gives us this counterexam-
ple.
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Hilbert Spaces

Given E € M(RR), we've seen that for 1 < p < oo, (L, (E,R), [|-[|,,) is
a Banach space, i.e. a complete normed linear space. The case where

p = 2 is a special space that merits our attention.

& Definition 40 (Inner Product)

An inner product on a IK-vector space H is a function
() HxH—-K
that satisfies

1. (positive definiteness) (x,x) > 0 forall x € H, and (x,x) = 0 iff

x=0;

2. (conjugate bilinear) forall w,x,y,z € Hand o, p € K,

(aw +x,y + pz) = a(w,y) + (x,y) + ap(w,z) + p(x + 2);

3. (conjugate symmetry) forall x,y € H, (x,y) = (y,x).

& Definition 41 (Inner Product Space)

An inner product space (IPS) is a vector space H endowed with an inner

product.
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& Definition 42 (Orthogonality)

We say that x,y in an IPS H are orthogonal if

(x,y) =0.

P Theorem 63 (Cauchy-Schwarz Inequality)

Suppose (H, (-, -)) is an IPS over K. Then for all x,y € H,

Nl—
Nl—

(x| < (o x)2(y, )2

& Proof

Note that if (x, y) = 0, then there is nothing to show, since inner

products are positive definite. So suppose (x,y) # 0. ! ! This proof is said to be typical of any
kind of Cauchy-Schwarz-like inequality.
Let x € K. Notice that I am making this note because this is the

rare time that [ have actually seen one
in pure mathematics (still a greenhorn

0< < X —KY, X — K_l/> with questionable basics).
= (x,x) = x{y, %) = %(x,y) + |x[* (1, ).

So pick

Then we have

2
0<(x,x)— <x,]/>< LX) — (Y, %) (x,y) (%, )]

= w.v) v.9) Gz YY)
O (€ N L5l G L L

= @) (v, y) by Ty

a Ly

=) (y)

Thus
()2 < (2, %) (1, )
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Hence

Nl—
Nl—
O

(x| < (o x)2(y, )2

é Proposition 64 (Norm Induced by The Inner Product)

Let (H,(:,-)) be an IPS. Then the map
l|x]| == <x,x>%, xeH

defines a norm on ‘H, called the norm induced by the inner product.

Positive Definiteness This immediately from the definition of an

inner product.

Scalar Multiplication Let ¥ € K and x € H. Then
2 2 2 2
[[ex||* = (rex, kx) = [x|” (x, x) = [xe| |||

Thus

([l = Joel [ x]]
Triangle Inequality By the Cauchy-Schwarz Inequality, we have

Ix+yl* = (x+y,x+y)
= (x,x) + (x,y) + (y,x) + (v, y)
<l + 1) + [y, x) | + [yl
= x1? + 202, %) 2 (y, ) + |yl
= el + 2 |2 Iyl + [y
= (Ilx]l + lyI)?

Hence
lx+yll < llxf| + [ly]l- O

171
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It follows that every IPS (H, (-, -)) is also a normed linear space
(NLS). Furthermore, norms induce metrics, and so every IPS is also a

metric space. Figure 14.1 is a highly abstract illustration of the idea.

& Definition 43 (Hilbert Space)

A Hilbert space is a complete IPS.

Example 14.1.1

1. Let N > 1be an integer, and H = CN. For

x = (xu)pl1, ¥ = (yn)ny € CV,
we define

N
(x,y) = Y xu¥n
n=1

as the inner product on CN. This is, in fact, called the standard
inner product on CN. Furthermore, CV is complete wrt to the norm

induced by this inner product. Thus

(CN/ <'l >)
is a Hilbert space.

2. We can make the above slightly more general. Fix1 < N € N, and

choose some

01,02,---,ON € 1R+.
Exercise 14.1.1

Check that CN, with the function

N
(X, 9)p =) onXn¥n
n=1

that you are to check is an inner product, is a Hilbert space.

3. The following is a space that will be very important for us. The set

0 (K) = {(xn)nen : X € K, Y [x,]* < 00},

Metric Space

5> Normed Linear Space

Inner Product Space

Figure 14.1: Hierarchy of Spaces, from
Metric Space to Normed Linear Space,
then down to Inner Product Space
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with the inner product

(s () = il T

is called the with its
The space

(£2(K), (-, -))

is a Hilbert space. 2 >

Let us now look at an inner product that we shall define on L,.

®PTheorem 65 (The Standard Inner Product for L, (E, K))
Let E € M(R). The map
() s Lo(E, K) x Ly(E,K) — K
(1) ~ [ /3
is an inner product on Ly (E, K).

Furthermore, the norm induced by this inner product is the Ly-norm
|-Il, on Lo(E, K). Since (Lp(E,K), ||-]|,) is complete, (Ly(E,K), (-,-)) is
a Hilbert space.

Before anything else, we need to show that (-, -) is well-defined.
Notice that if [f1] = [f2] and [§1] = [g2] in L»(E, K), then f1g7 =

f282 a.e. on E, and so

(WAL lsi) = [ 1gi = [ oz = (LA [sal).

Furthermore, by ® Theorem 49, we have that

/E 181 = IL£&ll < LA 18T < o

Thus (-, -) is indeed well-defined.

2 We saw, in PMATH 351, that with the
norm induced by this inner product,
05 (K) is a complete metric space.
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Showing that (-, -) is an inner product (Positive Definiteness) Let
[f] € Lo(E, K). Notice that

ff=1f1>>0.

= [fF=[1#P =0,

Now if [f] = [0] € L,(E, K), then

= [0

(Conjugate Bilinearity) Let [f], [¢], [h] € L2(E,K),and a,f € K.
Then

Thus

(alf] +Blgl, 1) = [ (af + B)h

:(x/Efﬁ—kﬁ/Egﬁ

= w{[f], 1]} + B[s], 1),
and
(LF) alg) + Bl)) = [ Fag+ B
=% [ f3+B [ fh
= a{[f1,[g]) + B{Lf), [h]).

(Conjugate Symmetry) Let [f], [¢] € Lo(E, K). Then
- [rz=[F5=[Ts=

Showing that the norm induced by (-, -) is the Ly-norm
By & Proposition 64, we have for any [f] € L,(E, K),

I %z(/ﬂ)—wvh
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Let € be a subset of an IPS (H, (-,-)). We say that x € £ has if
x| = (x,x)z = 1.

We say that x,y € & are orthonormal if x,y each has norm 1, and they

are orthogonal to one another, i.e. (x,y) = 0.

We say that £ is an ifVx,y € &, xandy are or-

thonormal.

Let H be a Hilbert space. An orthonormal basis (ONB) (or
) for H is a maximal (wrt inclusion) orthonormal set in

H.

Remark 14.1.1

1. By , we can extend every orthonormal set in H to an ONB
for H.

2. If H is infinite-dimensional, then an ONB for H is not a 3
for H. o

Example 14.1.2

1. Let N > 1 be an integer, and consider H = CN endowed with the
standard inner product (-, -). For 1 < n < N, define

en = ((sn,k)llc\jzll

where ¢, , denotes the . Then {en}nN:1 is
an ONB for CV.

2. Letl1 < Ne€Nandp, =k forl <k < N. Set

1 N
ey = (571 k) .
V" ke

Then {e, }5:1 is an ONB for CV, with the rather awkward

3 The is a basis that we
are rather familiar with, coming from
a finite-dimensional world, where the
span of an ONB is the entire space.
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inner product from our last example:

N
(X, 9)p =Y PnXn¥n.

n=1

3. Generalizing the first example here to infinite dimensions, let H =

/> (K), with its standard inner product. For n > 1, let

en = (5n,k)]io:1 .
Exercise 14.1.2

Show that {e,})\_, is an ONB for £5(KK).

4. Now for an orthonormal basis that is highly relevant to us. Con-
sider H = L,([0,27t], C), of which we have shown is a Hilbert space,

with its standard inner product

(111,18 = [ fz.

For n € Z, define the continuous function

¢n:10,2] = C
1 .
0 — ei"f
V2
Then [¢,] € Lp([0,27],C) foralln € Z. In A4, we shall see that
{[&4]},,c5 is an ONB for L,([0,27],C). >

We recall the following result from linear algebra:

P Theorem 66 (Gram-Schmidt Orthogonalisation Process)

If (H, (-, -)) is a Hilbert space over K, and {x,};;_ is a
in H, then we can find an orthonormal set {y, }, _; in H so
that
span {xy,...,xN} =span{y1,...,yn}

forall N > 1.
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First, set

Notice that

(x2 = (2, y1)y1, 1) = (x2,91) — (X2, y1) (Y1, 1)
= (x2,p1) = (x2,41) - 1=0.
To get norm 1, we can then set

X2 — (X2, 1)1 ‘
|2 — (x2, y1)11 |

Y2 = |
By induction, one can show that

XN — 2,11\[:_11 (XN, Yn)Yn

e HXN — N N Y)Y

4

for N > 1, works. 0

®PTheorem 67 (The Pythagorean Theorem and Parallelogram

Law)
Let H be a Hilbert space and suppose that x1,xa,..., X, € H.

1. (The Pythagorean Theorem) If{xn}nNzl is orthogonal, then

2

N
>
n=1

N 2
=) [lxl”.
n=1

2. (The Parallelogram Law) We have

1 + 2+ 1 = 22 ” = 2 (] + 12l




178 Lecture 14 Jun 25th 2019 Hilbert Spaces

1. Since (x,, xy,) = 0 for all n # m, we have

2

N
). %n
n=1

N N N N 9
_<Z¥mg%>—zmww—;uu-

= n=1 n=1
2. We see that

Hx1 + XQHZ + Hx1 — x2||2 = <X1 + X9, x1 + X2> + <X1 — X, X1 — X2>
= 2(x1, x1) +2(x2, x2)
2 2
=2 (Jlaa]” + [|x2I) 0
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WP Theorem 68 (Closest Point from a Convex Set in a Hilbert

Space)

Let H be a Hilbert space, and K C H be a closed, non-empty convex subset

of H. Given x € H, there exists a unique point y € K that is closest to x, The proof of ® Theorem 68 is left to the

ie. assignments.

|x —y| = dist(x,K) := min{||]x —z|| : z € K}.

®PTheorem 69 (A Way to Orthogonality)

Let H be a Hilbert space. Let M C H be a closed subspace. Let x € H,
and m € M. TFAE:

1. ||x —m| = dist(x, M) ;

2. The vector x — m is orthogonal to M, i.e.

(x —m,y) =0forally € M.

& Proof

(1) = (2) Suppose to the contrary that 3y € M such that

k= (x—m,y) #0.
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Wilog, suppose ||y|| = 1. ! Consider z := m + xy € M. Then

|x —z||* = (x —z,x —2) = (x —m — Ky, x — m — Ky)
=[x —m|* = x{y,x —m) —%{x —m,y) +xx(y,y)
= ||x — m||* — k% — Kk + k%

=[x = m|)? = [x* < [|lx = m]|?,
a contradiction. Thus, such a y cannot exist, and so the result holds.
(2) = (1) Suppose Yy € M, (x —m,y) = 0. Write
M3y=m+ (y—m).
Observe that by the Pythagorean theorem,

lx =yl = llx =m =y +m|| = [lx = m|[ + [lm = y]|

> [ —m]|

since ||m — y|| > 0. Thus ||x — m|| = dist(x, M). O

Let’s have a little talk about

Given any non-empty subset S of a Hilbert space H, we define the perpen-

dicular space of S as

St={ycH:(xy)=0,xcS}

Exercise 15.1.1

Show that S+ is a norm-closed subspace > of H.

Remark 15.1.1

! We may assume so since if ||y|| # 1,
then we simply divide x by ||y|| and
we'll get a y’ with norm 1.

ZA is a subspace
that is closed under the norm of the
ambient space.
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1. Observe that 0 € S+ always, and (S+)*+ O S. It thus follows that
€
(SL) D spanS,
the norm closure of the linear span of S.

2. Let'Vis a vector space and WV is a (vector) subspace of V. Let
{w/\ A€ A}

be a (Hamel) basis for W. We may then extend {w, : A € A} to be a basis
of V, such as
{wr:Ae AyU{x,:yeTl}

Let
X :=span{x, : y €T}

Then X C 'V is a subspace, and
(@) WNX = {0}; and
b V=W+X={w+x:weW,xe X}

We say that W is by X. This existence of

X says that every subspace is algebraically complemented.

Note that X is not unique. Indeed, if vectors of the basis for X' are not of

norm 1, then normalizing them all gives us an ONB for X.

We can do something similar with normed linear spaces (NLSs). If X is a
Banach space and Q) is a closed subspace of X, we say that ) is
if there exists a closed subspace 3 C X such that 3

is an algebraic complement to ), i.e. that
(a) PN3={0} and
(b) X=9+3.

However, not all closed subspace of a Banach space is topologically com-

plemented.

® Culture (Phillip’s Theorem)
co = {(xn)n € KN : 1131 x, =0} C
n (e}
Now let H be a Hilbert space and M C H be a closed subspace. £eo 15 not topologically complemented.

We shall write X = Q) @ 3 if 3 is a topological complement to ).

Claim: H = M & ML From Exercise 15.1.1, M~ is closed. Notice that Cited from Whitley, 1996.
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ifze M N ML, then
(z,z) =0,

and so z = 0. Thus M N M+ = {0}.
Let x € H. By ® Theorem 68, 3my € M such that
|x —my|| = dist(x, M).
Furthermore, by ®® Theorem 69, my == x — my € ML, Thus we see that
x=my+my €M+ M
Since M and M- are both closed subspaces, we have H = M & ML H

In fact, the above claim is much stronger than what immediately meets

the eye. Given a Banach space X and a topologically complemented closed
subspace ), there is generally no expectation of a unique topological
complement for Q). For instance, X = R? with, say, ||-|| o, if we let Y be
the x-axis, then any line that passes through the origin and not equal to the
x-axis would be a closed subspace and is a topological complement to ).
However, in the above claim, the space MLis unique, and we call M+
the of M.

3. The orthogonal projection With H and M as in the last remark, we have
that H = M @© M. Now for any x € H, if we suppose that we can
write

my +ny = x =my+np,

where my, my € M and ny,ny € M=+, then
O=x—x=m —mp+ny—ny — my —my =ny — ny.

Butmy —my € Mandny —ny, € M+, and somy —my = 0 = ny —ny,
i.e. my = myp and ny = ny. Thus, we may uniquely represent each x € H
as

x=m+n wherem e M, ne M.

Now consider the map

P:H— MaM*
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X > m.

This map P is called an orthogonal projection.

Continuity of the orthogonal projection Observe that given x1 = my +

1y, X2 = my +np € Hand x € K, we have

P(xx1 + x2) = P(k(mq + ny) 4+ my + no)
= kmy + my = kP(x1) + P(xp).

Thus P is linear. Furthermore,

P(P(x1)) = P(my) = my.

Thus P?> = P, and we say that P is an . On a related note to the orthogonal
projection, observe that the “projection
In fuct/ for x € H, we have that in the other way’ is also an orthogonal

projection. Thatis, Q = I — P, where |
is the identity function, that would give
Q(Xl) = (I — P)(Xl) =my+ny —m =
n1, is also an orthogonal projection.

I1Px]* = flm|® < m|® + |[n]|* = [lm +n]|* = [|x]|*.
Thus the operator norm on P is
1Pl| = sup{|[Px| : |x]| < 1} < 1.
It follows that P is bounded. Since it is linear, it is also continuous.
Finally, notice that if m € M # {0} such that ||jm|| = 1, then
|Pm] = [|m|| = 1.

. Let @ # S C H. By the first remark, if we let M = spanS, then M is a

closed subspace of H. By the second remark, we have

H=MoM.

Exercise 15.1.2

Show that S+ = M+,

Suppose 30 # x € (SL)L such that x ¢ M. Notice that since x € H,
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we can write

X = my +my,
where my € M and my € M. Notice that my # 0 € M+ = S, since
otherwise, x € M. But then

(x,mp) = (my + my, my) = 0+ ||my||* # 0.

Thus x ¢ (S*) l, a contradiction. It follows that (S*) + C spanS, and

so by the first remark,
i
(S L) = spanS. ®

% Lemma 70 (Finite Dimensional Linear Manifolds are Norm-

closed Subspaces)

Let H be a Hilbert space over K, and suppose that M. C H is a finite-
dimensional linear manifold in H. Then M is norm-closed, and hence a

subspace of H.

The proof of Lemma 70 is left to the assignments. O

& Proposition 71 (Formulae for Orthogonal Projections in

Hilbert Spaces onto a Finite-Dimensional Subspace)

Suppose M is a finite-dimensional subspace of a Hilbert space H over K.
Suppose that AN € IN \ {0}, such that {eq,...,en} is an ONB for H. If
P is the orthogonal projection of H onto M, then

N
Px =Y (xen)en, x€H.

n=1
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Letx € H = M @ M+, and write x = my + mp, withm; € M
and m, € M. By the second point in the last remark, we have
that Px = mj is unique such that x — Px € M. Consider w =
YN (x,en)en. Form € {1,...,N}, we observe that

N
(x —w,em) = (x,em) Z X, en){en, em)
1
= (x,em) — (X, em) {emrem)
=0.

Thus x — w € M+, and so

WP Theorem 72 (Bessel’s Inequality)

If {en}5 is an orthonormal set in a Hilbert space H, then for each x €
H,

o)

Y [ en)* < [l

n=1

For each N € IN'\ {0}, set
My = span{ey, ..., ex}.
Then each My is a finite-dimensional subspace of H with ONB

{(31,.. .,EN}.

For each N, let Py be the orthogonal projection from H to M.
From the last discussion on the 3rd point of the last remark, since
llex|| = 1, we have that || Py|| = 1 for all N.

By & Proposition 71, we observe that

Ix|? = [|Pnx]® =

N
ern
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[{x, en)en |2

I
ks

3
Il
—

[, en)?

I
1=z

3
Il
-

by the Pythagorean Theorem.
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B Theorem 73 (Countability of an Orthonormal Set in a Separa-
ble Hilbert Space)

Let H be a(n) (infinite-dimensional) separable Hilbert space, and suppse
that €& C H is an orthonormal set. Then & is countable, say as £ =
{en}or 1, and if x € H, then

i(x,en)en

n=1

converges in H.

& Proof
First, notice that for x # y € £, we have
1
1 2 2\ 2
lx=yll = (x=yx =) = (1= + IyI*)* = v2.

By Exercise 13.1.2, we have that £ is indeed countable.

Letx € H and ¢ > 0. For each N > 1, set

N
yn =) (x,en)ent
n=1
Since H is complete (for it is a Hilbert space), it suffices for us to ! The keen reader should notice that we

are simply taking yny = Pyx from the
proof of Bessel’s Inequality.

show that {yx}%_; is Cauchy.
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From Bessel’s Inequality, we know that

e}

Yl en)? < Jlx]* < co.

n=1

Thus, for any ¢ > 0, rearranging if necessary, we can find some

Ny > 0 such that

[ee)

Z \(x,en>|2 < &.

n=Ny+1
Then for M > N > Ny, we see that

2

M
Y (xenyen — Y (x,en)en

lyat —ynll? =

iyt

N

= ) |{x,e,)|> -.- Pythagorean Theorem
n=N+1

[ee]
<) |<x,en>|2 <e.

n:NO

It follows that the limit of the Cauchy sequence {yn}3_; isinH.

WP Theorem 74 (Characterization of an ONB)

Let £ = {eu}$ | be an orthonormal set in an infinite-dimensional,

separable Hilbert space H. TFAE:

1. € isan ONB, i.e. & is a maximal orthonormal set in H.
2. span& = H.

3. VxeH, x=),_1(xenen.

4. ( IVx e H, ||x||* = £ [(x,e0)

(1) = (2) Firstly, itis clear that ¢ € M = spanfé C H.In
particular, {0} # & C M, so M+ # {0}. Then 30 # x € M~ such
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that £ U {x} is also an orthonormal basis, contradicting maximality
of £.

(2) = (B)Let M =spané = H. Lety = Y .° (x,e,)e,. Observe
that by a similar step in the proof in & Proposition 71, we observe
that

(x —y,em) =0, foreachm e N\ {0}.
It follows that x —y € M+ = {0}, and so x = y.

(3) = (4) We see that

2

[7e

=
I

(x,en)en

3
Il
—_

[
e
hgk

(x,en)en, (x,em)em)

—_

m=1

I
[-1e 5
[1e

(x,en){(x, em)en, em)

3
Il
—_
3
Il
—_

1

) (X, en) Lemrerr]

[l
agk
=
o

2
Il
-

[(xen) .

I
agk

3
Il
—

(4) = (1) Suppose x € £-. Then foralln € N \ {0},
x| = Y [{x en)* =0,
n=1

and so x = 0, i.e. £+ = {0}. Hence £ is indeed maximum. o

Let Hq, Hp be Hilbert spaces over K. Amap U : Hi— > Hy is called a

unitary operator if it is a linear bijection such that
(Ux,Uy) = (x,y)

forall x,y € H;.
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& Definition 48 (Isomorphism of Hilbert Spaces)

Let Hq, Ho be Hilbert spaces over K. We say that Hq and Hy are isomor-
phic if there exists a unitary operator U : Hi— > Hp. We denote this
relationship as Hi ~ Hp.

Note that Vx € H, we have that
2 _ _ _ 2
[Ux|[" = (Ux, Ux) = {x,x) = [[x]"
In particular, unitary operators are isometries. Furthermore, observe that
U] = sup{[[Ux| - [[x]| <1} <1,

and so unitary operators are bounded and continuous. Moreover, the in-
verse map U~' : Hy — Hy defined by U~ (Ux) = x is also linear,
and

(U= (ux), u'(Uy)) = (x,y) = (Ux,Uy),

the inverse of a unitary operator is also a unitary operator.

Remark 16.1.1

Note that if L C H; is a closed subspace, then L is complete, whence UL is

also complete, and hence closed in H,. o

The proof of the following theorem is left to the assignments.

WP Theorem 75 (Isomorphism of Infinite-dimensional Separable

Hilbert Spaces)

Any 2 infinite-dimensional separable Hilbert spaces over K are isomorphic.
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Remark 16.2.1

As a result of B Theorem 75, it follows that if H is a complex, separable,

infinite-dimensional Hilbert space, then H =~ {5.
Now,
* from $= Corollary 62, Ly([—7t, 7], K) is separable;

e from Item 4 of Example 14.1.2, Ly ([—t, 7], K) is infinite-dimensional,
with the ONB {[n] } ez, and

o by W Theorem 65, Ly([—t, 7], K) is a Hilbert space, with the inner
product

A1) = [ 3.
Let us define

Ly(T,C) :={f : R— > C: f is measurable, 27t-periodic,

and |f|2<oo}.

[7t,7r)

Exercise 16.2.1

Show that L, (T, C) is a vector space, and that the function

1% [Q(T,C) — R

o (o ) |f|2>1/2

is a semi norm on Lo(T,C).

Now let
Nz(T,C) = {f € ﬁz(,T,C) ZVz(f) = 0}.

It follows that if Ly(T,C) = L(T,C)/N(T,C), then [f] = [g] €
Ly(T,C) iff f = gae. onR,orequivalently f = ga.e. on [—7,7T),
since they are 27t-periodic functions on IR. We can then obtain a norm on
La(T, C) by setting | (£, = va(f).

One must wonder why do we focus
on E = [—7, 7t]. For a relatively good
motivation for the things that are to
come, please read Appendix A.
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Furthermore, the function
()1 Lo(T,C) x Lo(T,C) = C

1 —
(GREIEET= B

is an inner product on Ly(T,C), and ||-||, is precisely the norm induced by
the inner product. By what we've seen in the last section, Ly(T,C) is com-
plete wrt the norm ||-||, and is therefore a Hilbert space. One can finally ver-
ify that {[&,] }nez, where &, (e) = e, is indeed and ONB for Ly (T,C). S

Example 16.2.1 (Fourier Series for L (T, C), and the isomorphism
between L,(T,C) and ¢>(Z,C))

Let [f] € Ly([—, 7], C). From A5Q4, we can show that {[{,]} ez,

where

Epi[-m,m = C

ind
0 +— e,

1
V2r
is an ONB for L, ([, 7t],C). For any n € Z, let

! = ((f], [a])-

We shall refer to oc,gf Vs the of [f] relative to the
ONB {[¢4] }nez- By A7Q2, we have that the map

u: Lz(T,C) — EZ(Z,C)
1 (o),

is a unitary operator from the Hilbert space L,(T,C) to ¢3(Z,C).

In particular, U is injective. This means that if [f],, [¢] € Lo(T,C)
and zfo [ ocl;‘g] foralln € Z,then f = ga.e. onR. In other words,
an element [f] € L,(T,C) is completely determined by its Fourier
coefficients. Moreover, given any sequence (B,)ncz € ¢2(Z,C),

3[f] € Lo(T, C) such that af| = g,,, forall n € Z.

Now let [f] € Ly(T,C). Foreach N € N \ {0}, set

N

s = Y ).

n=—N
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We shall call Ay([f]) as the of
[f]. It follows from @ Theorem 74 that

[f] = lim An([f]),

N—o0

where the convergence is relative to the ||-||,-norm which was men-
tioned above. >

This is a beautiful occurrence, having functions that can be written
uniquely (up to a set of measure zero) as a linear combination of the ONB
{[&n] }nez, which is a very powerful result that is often used in linear

algebra.

We can then ask the question of whether the same result holds for
other similarly defined L,(T,C), for 1 < p < co where p # 2. We shall
focus on L;. Unfortunately, we shall see that this doesn’t hold. The rest

of the course is dedicated to showing this.

We shall note down here notations and definitions of which weve seen but require some modification for the purposes

of our discussion.

Trig(T,C) := span{¢, :n € Z} = {YN_ yanln:a, € C: NN\ {0}

C(T,C) :={f : R — C: fis continuous and 27-periodic};

SIMP(T,C) == {f : R = C: f [[_p n) isasimple function and f is 27-periodic};

STEP(T,C) := {f : R = C: f [|_p ) is astep function and f is 27t-periodic};

forl < p < oeo,

Ly(T,C) := {f : R — C: f is measurable, 27t-periodic, and /[ : IfIF < o0};
— 7,77
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* and for p = oo,

Ly(T,C) = {f : R — C: f is measurable, 27t-periodic, and essentially bounded };

Note that
Trig(T,C) C C(T,C) C L,(T,C), 1< p < co.
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As was the case with p = 2, foreach1 < p < o0, L,(T,C) forms a

vector space over C, and the map
vp: Ly(T,C) = R

o (] Ifl”)l/p

defines a seminorm on £,(T,C)

For p = oo, echoing a similar argument as in Section 12.1.1, we have

that
Voo (f) ==1inf{é > 0:m{6 € [—m, ) : |[f(0)] > 6} =0},

for f € Loo(T,C) is a seminorm on Lo (T,C).

By é Proposition 44, for each 1 < p < co, we can obtain a norm

]|, on
Ly(T,C) i= L,(T,C) [ Ny(T,C),
where
Ny(T,€) = {f € £,(T,C) : vy(f) = 0}.
! Again, we can find that [f] = [¢] € L,(T,C) iff f = ga.e. onR. ! claftosel

Exercise 17.1.1

Verify that for f € C(T,C)

I oo = Il fllsup = sup{|f(6)] : 6 € [-7t, ) }.
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Note that the supremum on the RHS of the above equation is a finite num-
ber, since f € C(T,C) implies that f is continuous on R, and hence f is

bounded on [—m, t| O [—m, 7).

Given any function f : [-7m,77) — C,let f : R — Cbe the
27-periodic extension of f;i.e. f(8) = f(0) for® € [—m, ) and
f(@+2m) = f(8) for8 € R. Itis clear that f always exists and is
uniquely defined by f .

WP Theorem 76 (The 27t periodic extension map is an isometric

isomorphism)

Let 1 < p < oo. The map

[1]

o Ly([=7,7),C) = Ly(T,C)
[f1 = [f]

is an isometric isomorphism.

Exercise 17.1.2

Prove WP Theorem 76.

It follows from the above isometric isomorphism that all of our re-

sults about Ly-spaces hold for their respective L, (T, C) counterparts.

Let us now focus on L1 (T, C).

For f € £L4(T,C) and n € Z, we refer to

fon=5 [ fE
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as the n''-Fourier coefficient of f. We also refer to

2 f(”)‘:n

nez

as the Fourier series of f in L1(T,C).

Remark 17.1.1

If f,g € L41(T,C) and f = ga.e. on [—7, 1), then
fy=ge [ fa=se [ sE=gtn), ez
Y O e Y Pn,mg n =8 '
Thus, if we set the n'"-Fourier coefficient of [f] € L1(T,C) as

vc,[ﬂ = f(n), neZz,

as we did in Example 16.2.1, then uc,[f Vis well-defined. We can thus define

Z U‘Lﬂ [‘:n]

neZ

as the Fourier series of [f]. ®

Notice that we did not mention the convergence of the above series.
Up to now, the Fourier series is simply a formal power series, meant

only to represent the sequence of partial sums
N [o¢]

( Z D‘Lf ] [g n])
n=—N N=0

We shall study about the convergence of the series.

Note that we may extend the notion of a Fourier coefficient for non-

integer powers of ¢¥; i.e. for f € £1(T,C) and r € R, we define

=5 &

where & () = ¢"? for all € R.

Remark 17.1.2

In the case of p = 2, we've seen that (zx,[ﬂ) 5 € 05(Z,C). While this does
ne
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not hold for [f] € L1(T,C), we can actually get pretty close.

First, notice that |G, (6)| = 1forall® € Randr € R. Thus for f €
L£4(T,C),

fwﬂ=éi[mﬂﬁr
<o [

1
:Eﬁmm
=i (f) = |[fllls-

So as before, if f,g € L1(T,C), and f = g a.e. on [T, then f(r) = g(r) for
all r € R. Thus, we may define ocy V= f(r), forr € R.

It follows that

[f]

oy

= sup|f(7)] < (A1l

reR

sup
reR

forall [f] € Ly(T,C). In particular, we have that
(a,[ﬂ)nez € (0(Z,C).
We can, in fact, do better. o
Let

c(Z,C) = {(zn),‘f:l :VneNz, eC /\nhj%oz” = 0}.

®PTheorem 77 (The Riemann-Lebesgue Lemma)

Let f € £L1(T,C). Then

lim f(r) =0= Lim f(r).

r—o00 r——oo

In particular,

(“'[ﬂ)nez €cy(Z,C).

4 Strategy
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The key here is to realize that this is simple in the case of characteristic func-
tions of an interval. Since the Lebesgue integration is linear, the span of

the 27t-periodic extensions of these characteristic functions of intervals is
STEP(T, C). The result would hold for its equivalence classes, and we then
simply need to appeal to the density of [STEP(T,C)] in L1(T,C), which

then gives us the result.

Case: Characteristic functions Let fy be the characteristic of an
interval [s,t] C [—7, ), ie fo = X[ Let f = fo be the 277-
periodic extension of f to R, so that f € STEP(T,C). Then f is
continuous and, in particular, bounded, over a bounded interval, f
is Riemann integrable as well. Then

=5z [ vk

27

7/ —ird 4o
1 e—zrt o e—zrs
T o ( —ir ) )

|e—irt| + ’e—irs’ B 2 B 1
27t | —ir| C2mlr| mwr|”

Thus

fn) <
It is clear that

r—oo

lim (1) =0= lim_f(r).

Case: Step functions Let f € STEP(T,C), and fo := f [[_z x)
and write fy = Zf(\i 1 BkxH, as a disjoint representation, where each

Hy = [s, t] is a subinterval [—7t, 77).

Then the result follows almost exactly like the last case for charac-
teristic functions, while making use of the linearity of the Lebesgue

integral.

Case: Final, generic case Let [f] € L1(T,C) and € > 0. By the density
of [STEP(T,C)] in L1(T,C), let g € STEP(T, C) such that

I = Lgllly <

N\m

199
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Then

f“‘ﬁﬂmﬁ’

1 _ 1 _
= ox /[_ﬂ,ﬂ) (f —8)&r+ oy /[—n,n) 8Gr
= f—g(r) + &)

As seen before, we have that

s

F=2)| <nlf—2) = Ilf =gl = A = I8l < 5

Now from the previous case, since ¢ € STEP(T, C), we may choose
N > 0such that [r| > N so that [§(r)| < 5. Thus |r| > N implies
that

< |F=s0]+ls) <5 +5=¢
Thus
lim f(r) = 0= lim_f(1),

r—00 r——oco

as required.

Recall that
oc,[qf] =f(n), nez.

It is clear that f(n) = 5= S f& € Cand so «if! € €, and

im ol = 1im f(n) =
J, e = lig, f(n) =0

Thus (0(,@) 7 S Co(Z,C). O

ne

Remark 17.1.3

Recall that we had [f] € Ly(T,C) iﬁ‘(zxm)nez € (,(Z,C). We have shown
that if [f] € L (T, C) implies that

(@) ez € co(2,0).

Howeuver, the converse is not true. We shall see in the final chapter that the

map

A (Ly(T,C), |- l;) = (co(Z,C), |||l )
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= ()

is a continuous, injective linear map, but it is not surjective. ®

nez

We are left with some other questions as well; for [f] € L1 (T, C):

1. does the Fourier series }_,c» aLf ] [&n] of f converge, and if so, in

which sense? Is it pointwise (a.e.), uniformly, or in the Li-norm?

2. if the Fourier series does converge in some sense, is the value f

itself?

3. Is [f] completely determined by its Fourier series, as we have seen
for L,? That s, if [f], [¢] € L1(T,C), and af) = ¥/ foralln € 7, is
it true that [f] = [¢]?

Recall that an algebra is a vector space over some field IF which also
happens to be aring. A A is a Banach space over K
which is also an algebra, where multiplication is jointly continuous

since it satisfies the inequality
lab]| < {la]l |[o]
foralla,b € A.

Example 17.2.1

(C(X,K), ||| sup) is a Banach algebra for each locally compact, Haus-
dorff topological space X. In particular, M, (K) ~ B(K") (for each n >

1), when equipped with the operator norm, is a Banach algebra. ~ #

Thus far, we have seen that L1 (T, C) is a Banach space, but we have
not studied about whether it has any multiplicative structure.
For f,g € £1(T,C), we set

gof0) =g [ g(6)f(6-5)dm(s)

where dm(s) is similar to the notation dx in Riemann integration, only

as an indicator of the variable of which the integration is performed
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with respect to (wrt). We refer to g ¢ f(0) as the of g
and f. Observe thatif [f1] = [f2],[g1] = [$2] € Li(T,C), then

81 ¢ f1 = g2 ¢ f» a.e., and so we may define

8]+ [f]= g fl,
for all [f], [g] € L1(T,C).
The careful reader would quickly notice the following 2 points:
1. itisnot clear that go f € Cforany 6 € R;
2. itis much less clear that g f € £4(T,C).

To prove the above statement, we require , which

requires quite a bit of work.

We shall work around Fubini’s Theorem due to the overhead
that we have to take on. Instead, we shall instead show that we can
turn £1(T,C) (and in turn L; (T, C)) into a so-called
over C(T,C) using convolution. 2 That is, given g € C(T,C) and
f € L4(T,C), we shall set

gof0)= 5 [ §(6)f(6-)dm(s)

and prove that g o f € C(T,C) C £1(T,C). 3 Now if this is true, then
if fi € £L1(T,C)and f; = fae. onR, thengo f(0) = go f1(0) for all
0 € R, then g ¢ f = g ¢ f1, and we can thus define

gxlfl=1gofl, [f] € Lai(T,C).

One advantage to convolving with continuous functions only is that
we can make use of the Riemann integral. This will allow us to garner
more information about the continuity properties of ¢, and ultimately

about convergence properties of the Fourier series.

% Lemma 78 (Preservation of the Lebesgue Integral of 27-

periodic functions under certain Transformations)

Let f € £1(T,C)and 6 € R.

2 Wikipedia article for left module.

*Note C(T,C) € L,(T,C)for1 < p <

00,


https://en.wikipedia.org/wiki/Left_module
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Joonf= ] T
where T2 (f)(0) = (6 — s) is a translation of f by s.

2. Ifh(s) == f(—s),s € R, is a reflection of f (on some axis), then

/[m> "= /[,m] f

3. Let ¢pp: R — Cbe gro(s) = f(0 —s). Then ¢f € L1(T,C) and

vi(@re) = vi(f)-

That is,

1 1
E/[fm) (8 —s)| dm(s) = E/[fmr) £ (£)] dm(b).

The proof of this lemma is in A6Q1. 0

Let f € L1(T,C) and g € C(T,C). We define the convolution of f by g

to be the function

gof:R—=C

0 % /[_m) 2(s)f(6 — ) dm(s).

We still have not shown that ¢ ¢ f(6) € C for each § € R. Let’s do
that right now.

Fixing 0 € IR, we see that by Lemma 78,

30 fO)]= |5 [ 8(6)f(@ ) dm(s)

7T
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1
-2

| 8I1F@ =)l dmis)

I8llup 3 | lorao)] dms)

= HgHsupvl((Pf,G)
- HgHsup Vl(f) < 0.

It follows that g ¢ f is indeed a complex-valued function.

The following is an extremely important lemma that we shall use

extensively.

% Lemma 79 (Swapping Convolutions)

Let f € L1(T,C)and g € Loo(T,C). If 6 € R, then

/H,n)g(s)f (6 —s)dm(s) = /[ 20— B £ (1) dm(t).

—7,70)

In particular, this holds if

feLy(T,C) and geC(T,C).

The proof of this lemma is in A6Q2. o

Remark 17.2.1

With Lemma 79, for f € L4(T,C)and g € C(T,C), we can define the
of g by f as

Fos®) =g [ s(0-nf(t)dme)

Consequently, we have that f o g(0) = go f(0) forall @ € R, and so we
shall simply refer to this function as the convolution of f and g. ®

Exercise 17.2.1
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Leth : R — C be a 2mt-periodic and continuous function. Prove that h is

uniformly continuous. *

& Proposition 80 (Continuity of the Convolution of f and g

where g is Continuous)

Let g € C(T,C)and f € L1(T,C). Then g f € C(T,C).

First, note that by Exercise 17.2.1, g is uniformly continuous. Let

e > 0. We can then choose § > OsuchthatVx,y € R, [x —y| <

€

implies that [g(x) — g(y)| < w
Now for any 0,60y € R such that |6 —s — (6p —s)| = [0 — 6| < I,

for any s € R, we have that

30 =)~ (80— )| < -

Then by Lemma 79 and the last remark, we have

g0 f(0) —gof(fo)
- % ’/[n,n) (6 —s)f(s) — (6o —s)f(s) dm(s)
< [ s =g 9] £(5) dm(s)

1 €
<oy ) )
i)

= ?Vl(f) =&

_1/1

Thus g ¢ f is (uniformly) continuous.

That g © f is 27t-periodic follows from g and f being 27r-periodic

themselves. 0

We now want to seeif given [fi] = [f2] € L1(T,C), do we have

g ¢ f1 = g9 f2? This is, in particular, motivated by what we already

* This is a rather simple (even proof-
wise) but important realization in our
theories going forward.
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saw in L, (T, C), where this realization allowed us to work solely
with L, (T, C) instead of £,(T,C). Fortunately, this indeed holds
for L (T, C).

Observe that if [f1] = [f2] € L1(T,C), then f; = f; a.e. on R, which
then gf; = ¢f2> a.e. We thus see that V8 € R, and any s € R,

gof1(0) = frog(0)
= [, 809 dm(s)
|80 = )fa(s) dm(s)

1
= f20g(0) =go f2(0).

s

We may thus extend our notion of convolutions to L (T, C).

& Definition 51 (Convolution on Ly (T, C))

Given g € C(T,C) and [f] € L1(bt,C), we define the convolution of g
and [f] to be
gx[fl:=1lgofl,

where g o f € L1(T,C) is the convolution introduced in B Definition 50.

& Definition 52 (Convolution Operator with Kernel)

We define the convolution operator with kernel g to be the map

Cq : L (T, C) — Ly(T,C)
[f] = g [f].

¥ Warning

The kernel defined above has nothing to do with the notion of kernels in

abstract algebra.
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Remark 17.2.2

Observe that if [f1], f» € L1(T,C), and if k € C, then

Co(k[fi] + [f2]) = g * [cf1 + f2

- % /[—n,n) g(s)(xf1(0 —s) + f2(6 —s)) dm(s)
o /[) 8(s)f1(8 —s) dmy(s)

ton |y 820 =) dms)
=xkg* [f1] + & *[f2]
= xCy([i]) + Ce([2).

Thus Cg is a linear map on L1 (T, C).

Since (L1(T,C),||+||) is a Banach space, and Cg is linear, it is natural to

ask if Cq is bounded, 5 and if so, what is its operator norm? ® This would also mean that Cg is
continuous.

We shall see that the answer to this question is intimately related to the

question of convergence of Fourier series of elements of L1(T,C). ®

With our current tool set, it is rather difficult to directly compute
||C¢]|- In particular, we have to deal with monstrosities of the follow-

ing form:

= /[_M) (2171 | /[_m) 2(s)f(6—s) dm(s)) e dm(9).

What we shall do is to reformulate Cq as a vector-valued Riemann
integral on L1 (T, C). We shall be able to extend this notion of convo-
lution beyond the Banach space L1 (T, C). To that end, we first need to

understand the notion of a
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Convolution (Continued)

Let f € £1(T,C), and s € R. Consider the function

(f):R—C
0— f(6—s),

which we have seen before. One should think of 7’ as translating f
by s. The superscript o above 7 is to indicate that we are acting on
functions. When working with elements of L (T, C), we shall drop

this superscript.

Now, since M (R) is invariant under translation, the Lebesgue mea-
sure is translation-invariant, and the set of 27t-periodic functions is

invariant under translation implies that
% (f) € £4(T, C).
Furthermore, if [f] = [g] € L1(T,C), then
[(N] = [% ()]

Thus, we may define the operation of translation by s on L1(T,C) as

w([f]) =[5 ().

& Definition 53 (Homogeneous Banach Spaces)

A homogeneous Banach space over T is a linear manifold 8 in L1(T,C),
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equipped with the norm ||- || wrt to which (B, ||-|| g ) is a Banach space,
satisfying

LAy < M1Uf]lleg for all [f] € B;

2. [Trig(T,C)] C B;

3. B is invariant under translation; i.e. V|f] € Band s € R,

4. Vfl€B, s e R [Ilflls = [f]lls; and
5. foreach [f] € B, the map
s — Ts[f]

is continuous. 1

Remark 18.1.1

It may be surprising to find that a linear manifold 9t of a Banach space X
may not be closed in the ambient norm, but that (I, ||-||oy) is complete in its

own norm.

But one may quickly notice that each of the spaces L, (T, C) is dense in
L1(T,C), for 1 < p < oo, and each of them is complete under their corre-

sponding ||-||,,-norm. So we’ve already seen the above “surprising’ fact. ®

Example 18.1.1 (([C(T,C)], ||*||) is @ homogeneous Banach space)

Recall that
[C(T,C)] C Lo (T, C)

is a subset of L1(T,C) and it is a linear manifold. Furthermore, for

f € C(T,C), we have that

I oo = lfllsup = sup{lf(0)| : 6 € [-7t, m)},

and that ([C(T,C)], ||-||) is @ Banach space. We shall show that it is,

in fact, a homogeneous Banach space.

! This means that the translation itself is
a continuous process on a homogeneous
Banach space.
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. Let[f] € [C(T,C)]. Then

I =g [ A< [ 1l = Wl = Il

. Ttis clear that &, (0) = €™ is continuous for each € R and so
&n € C(T,C). Since [C(T,C)] is a linear manifold, it follows that
(Trig(T,C)) < [C(T, C).

. If f € C(T,C), thenitis clear that 77 (f) € C(T,C), since a trans-
lation of 27r-periodic continuous function is still a 277-periodic

continuous function. Thus [C(T, C)] is translation invariant.

. Let [f] € [C(T,C)]. Then

1% [fIlleo = 117 (Dlleo = 1175 () lloo
= sup{|f(6 —s)[ : 0 € R}
= sup{|f(0)|: 6 € R}
= [Ifllsup = N1 llo-

. Let [f] € [C(T,C)], and wlog wma f € C(T,C). Since f is continu-
ous, we have that for every s € R, Ve > 0, 36 > 0 such that Vsy € R,
if s —sg| < ¢, then |f(s) — f(sp)| < &. In particular, for any 6 € R,

since [0 —s — (6 —sp)| < J, we have

(6 —5) = F(0—s0)| < 5.

Now for any s € IR, and any € > 0, we may pick the same § > 0 so
that for any sp € R, we have

[#1) — ¥ (0)|| = I1sLF] ol
— ) - 15 (Al
)~ % Dl
1£(0—s) - F(6—50)]
sup{If(6 — ) — £(0 — 50| : 0 € R}

Ssup{g:eell{}:§<e.

It follows that ¥f is indeed continuous for every s € RR.

211
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This concludes the proof that ([C(T,C)], ||-||.) is a homogeneous
Banach space. >

Example 18.1.2 ((L,(T,C), ||- ||p) is a homogeneous Banach space for
1<p <)

Let1 < p < co. We shall show that (L, (T, C), [|-||,,) is a homogeneous

Banach space.

1. Let f € L,(T,C), and g the Lebesgue conjugate of p, i.e. % + % =
1. Recall from & Proposition 23 that there exists a measurable
function p : R — T such that f = p|f|. One may observe that by
Holder’s Inequality, and the fact that f itself is 27r-periodic, we have
p € L4(T,C). Furthermore,

1 1/q 1 1/q
pr— —_— q . =
ey = (5= /o) < (3 ) .1) =

Most importantly, for us here, |[[p]||, = [/[o][|, = 1. It follows, again,

IN

by Holder’s Inequality, that

|mm:(1%nmvp)gmmHmusumu

27T

2. As a consequence of the last example, we observe that

[Trig(T, C)] C [C(T,C)] C L,(T,C) C Ly(T,C).

3. The fact that the norm is finite in next part makes the final conclu-

sion.

4. Let [f] € Ly(T,C) and s € IR. We observe that by Lemma 79,

% [fIIl, = = (O,

= (5r [ 1f6=3)" dm(s))

1/p
= (55 [ IFO am(s))
S IGIEES

5. Let [f] € Ly(T,C)ands € R. WISVe > 0,36 > 0such that
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Vso € R, if |s — sg| < 6, then

Ok ‘I’[ﬂ(so)Hp = I%lf] = w A1,
~ - [l
1/
(5= [ 1f0-5) = f0—s)|am(5)) "

We realize that we need to see if we can have f(6 — s) to be as close

to f(6 — sp) as possible under the right circumstances.

Notice that [C(T,C)] is dense in L, (T, C). Thus, we may find [g] €

[C(T,C)] such that
€

1A~ 181l < 5.

Furthermore, we can pick this g such that 36 > 0 such that for

|s —sp| < 6, we have

o

(@) -5 @), < 5
and this is by the last example. Note that
-l < 11l < lleotfleo -
Thus by the same J, we have
175 () = (A, < 1) =@M, + [[%(8) =75,

+ HTscz)(g) - Tsoo(f)H

<t4iyi=
3 3 3

p

saving us the work of doing integration, and completing the proof.

d

Example 18.1.3 ((L (T, C), || || o) is not a homogeneous Banach

space)

The situation for p = co is different. It checks out the first 4 conditions,
but fails on the last; translations under this norm is not continuous.
That sounds sensible, given how the norm is defined as a supremum
and not some nice elementary function, but we shall see where exactly

does it fall short.
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1. This is an easy exercise: for [f] € Leo(T,C),

I =g [ A< [ 1l = Wl = Il

2. Again, by Example 18.1.1, we have that

[Trig(T,C)] C [C(T,C)] C L&(T,C).

3. For [f] € Lo(T,C) and s € R, we have

1% lleo = 175 (Ao
= [1£(6 = 5)llsup
=sup{|f(6 —s)|: 0 € R}
= sup{|f(0)|: 6 € R}
= fllsup = l[flleo < o0

4. The last part concluded with what we want.
For the translation not being continuous, consider the function

fo= Xjo,m) € Le([—m,7),C)

and let

be the 27r-periodic extension of fj.
For —m < s < 0, we see that
%(f)(0) —w(f)(0) =1-0=1
forall 6 € (s,0), and so
1] = 0lflllo = 1.

In particular,

im [|%[f] = w[f]llo =1 # 0f|0[f] — 0f]llw.

i.e. even if s is close to 0, the translation does not get any more contin-
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uous. Thus, in particular, s — 5[] is not continuous at 0. N

Letg € C(T,C) and [f] € L1(T,C). We defined the convolution of
g and [f] tobe g * [f] := [g ¢ f], where

$of0)= 5 [ $(E)f(0—s)dm(s)

So we defined g * [f] by first defining ¢ © f pointwise, using Lebesgue

integration.

We showed in Example 18.1.2 that (L1 (T, C), ||-||;) is a homoge-
neous Banach space over T. Then by the 5% condition in the defini-

tion, the function

B:R — Li(T,C)
s &(s)Ts[f]

is continuous. By @ Theorem 3,

o | s = o [ genlnds

exists in L1 (T, C), and it is obtained as an ||-||;-limit of Riemann sums
(B, Pn, PY) € Li(T,C) using partitions Py of [—27,27] with corre-

sponding choices Py; of test values for Py.

Fixing ¢ € C(T,C), we can define the map

Fg : Ll(T,C) — L (T,C)

[f] — %/ﬂ <(s)Ts[f] ds.

—7T

Notice that T’y is linear: for [f], [h] € Li(T,C), we have

Te(f] + W) = T([f + h])
= o [ s@nlr +h)as

—7T

= o [ s+ ds

—T7T

= o [ gG)IFO—5) +he —s) s

—T7T
s

= 5 [ 8OIFO =)+ [1(6 - 5)])ds

7T

215
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= o [ sts)ulf) +gts)nln s

—7T

= Tg([f]) + Tg([h])-

One quickly realizes the resemblance of I'q to C,. After all, in par-

ticular,
Glf] =[w ()], and T(f)(6) = f(6—s),
forall 0 € R.

We shall make showing I'; = C, as our next goal, so that for [f] €
L1(T,C), we have

T

Colfl =+ 1fl = g0 f1 = o= | g(s)ulf]ds = Tylf).

—7T

This is, however, not an obvious or trivial result, especially since the
two constructions are entirely different; one is an equivalence class
of convolutions, while the other is an integral of convolution-like

expressions but involving equivalence classes.



@ Lecture 19 Jul 16th 2019

Convolution (Continued 2)

By Example 18.1.1, it follows that if f € C(T,C), then the map

s — T[f], or equivalently s — 72(f) is continuous from (T, |-|) to

(C(T,€), - p)-

% Lemma 81 (Pointwise Value of Ie)
Let £, € (C(T,C), ||| op)- Let
(o) 1 T o d
) =50 [ s s,

taken as a Banach space Riemann integral in (C(T,C), ||-||gyp)- Then

TNO) =gof@) = 5 [ (0 -5)dmis)

forall & € R.

4 Strategy

The most difficult part of this proof is to understand the difference between
I5(f) and g o f. For Ig(f), since (C(T, C), ||-|lsup) is @ Banach space, and
B:R — C(T,C) given by B(s) := g(s)fts(f) € C(T,C) is continuous,
by 2 Theorem 3, Tg(f) isa ||: \|sup-limit of Riemann sums S(B, Pn, Py).
We may further, wlog, suppose that for each N > 1, Py € P([—m, 7]) isa
reqular partition of [—r7t, 7t] into 2N subintervals of equal length %—ﬁ, and we

may pick PY; = Px \ \{—7t} so that P} is a set of test values for Py.
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On the other hand, g ¢ f is the convolution of g and f, which was defined

pointwise via Lebesque integration.

For a fixed 0p € R, we may define 74, : R — K as

Yo,(s) = g(s)f(6p—s), s€R.

Since both g and f are continuous and 27t-periodic, ‘g, is also con-

tinuous and 27-periodic. Thus both sides are bounded and Rie-

mann integrable on [—7, 77). By ® Theorem 40, we have

1

gof00) =5 [ 8(6)f (60~ 5)dm(s)

1

= /[) ey (s) dm(s)

1 (7 J
*E/ 790(5) S

—7T

= o [ s6)f e s as

—T7T

Since (C, |-|) is a Banach space, ® Theorem 3, with the same Py

and Py; as defined in our strategy, we have

Finally,

g0 @) =5 [

(f) = S(B, Pn, Py)

T3 (f)(6) — S(B, Px, Pi) (60)|

oN
Ie(f)(6o) — ;(,B(pn))('%)(pn — Pn-1)
rg(f)(f)o) - Z(g(Pn)f(GO - Pn))(Pn — Pn—l)

oN
F3()(®) = L 700 (3)(pn = )

7T

y(s)ds = lim S(v, Py, Py)-
N—oo

—7T

sup

oN

n=1

To(f) = (v, P, PRy)|
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Then, since limp _e0 Hl";(f) —S(B, Pn, PYy)

’ =0, it follows that

lim ‘r;(f) - S('y,PN,PZ’(,)‘ ~0.

N—oo

Thus
T2()(80) = Jim S(v,Px, Pi) = g f(0)-

Since 6y € R was arbitrary, we indeed have

Te(f) =gof O

B Theorem 82 (Equivalence of I'y and Cg)

Let g € C(T,C) and [f] € L1(T,C). Let Ty be as defined before; i.e.
1 T
Ll = 5- [ slo)miflds,

where the integral is a Banach space Riemann integral in (L1 (T,C), ||-||;)-
Then

Lelfl = g [f] = [g o f] = Glf].

By the ||-||;-density of [C(T,C)] in L, (T, C), we can make use of
Lemma 81. In particular, we can find a sequence (f);;_; in C(T,C)

such that

lim {|[fn] = [f]ll; = 0.

n—00

Thus, for each m > 1, we have

rg[fm] = i /jrg@)TS[fm]ds-

27
Since fi, € C(T,C), foreachm > 1,themaps — g(s)1(fm) is
continuous, thus

T5() = 5 [ 8O () ds

—T7T

converges in (C(T,C), ||||syp) by the last lemma. In particular, for



220 Lecture 19 Jul 16th 2019 Convolution (Continued 2)

an appropriate sequence (Py)y of partitions of [—7t, 7], we have

that
Le(fm) = I\lllglo S(Bm, PN, PN),
where B, = §(s)70(fm), fors € [—rm, 7). But given any Riemann

sum S(Bm, Q, Q*) of the form

M M
k; B (90) (qk — Q1) = k; 8(ai)7g: (fn) (G — qe-1)

in C(T,C), its image in [C(T,C)] is
M
5(6m Q.07 = - 804007 s — 1)
=1
Since h — [h] from (C(T,C), ||-Hsup) to ([C(T,C)], |||ls) is a bijec-

tive linear isometry, the image of I'g(f») under this map is

(T3} = Jim [S(Bu, P PR,

and this convergence is wrt the ||-|| ,-norm.

On the other hand, by the definition of each [S(B, Py, Py)], we

have, precisely,

Um [S(Bm, Pn, Py)] = Tg([fm]) € ([C(T, C)], [Illeo)s

N—co0
thus
[Ce(fm)] = Tglfml, m=1.
Now
[S(Bm, Pn, Py)] € [C(T, C)] € Ly(T, C)
and

Tglful € [C(T,€)] € Ly(T,C).

Since [C(T,C)] is a homogeneous Banach space, ||[1]||; < ||[h]]| for

all [h] € [C(T,C)]. Thus

[

0< l1m H FO (fm)] = [S(Bm, Pn, PY)] H

< lim H S(Bm, Pn, P) H
N—co



PMATH450 — Lebesgue Integration and Fourier Analysis 221

and so
Cylfnl = [C5(fu)] = lim [S(Bu, P, PR

where the convergence happens in (L1 (T,C), ||-||;)-

Step 1 WIS Vm > 1, Fg[fm] = g% [fm]. By Lemma 81, Vmm > 1, we
have I'¢(fm) = g © fn. Thus

Lolfm] = [Fg(fm)] = [g0 fm] = g * [fu]

form > 1.

Step 2 WTS g * [f] = limy—e0 § * [fi] in (L1 (T, C), ||-||;). One way

we can show this is by realizing that we want

0= lim (g*[fu] —g*[f]) = lim [go fu —gof],

and for 6 € R,

s fu-g2NO =52 [ s&(fn(@ )~ f(6 ) dm(s

T,7T

=g (fm = f)(6).

As noted after [ Definition 50, we have

180 (fm = FO)] < 8llsup | fim] = LF]I]1 -

Thus form > 1,

g * ] — g [y = g * [fm — flll4
1
/[771,”) 180 (fin— f)(0)] dm(6)

=5
< o [ Il ]~ ) 80
= ”gHsup ||[fTI1] - Lf]”l .

Since

m {|[fn] = [f]ll; =0,

m—00

1 it follows that I bet you forgot this! :P

g*[f]: hmg*[fm]

m—o0

in (L1(T,C), [|-[l1)-
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Step 3 WIS T'g[f] = limy o0 Tg[fm] in (L1 (T, C), [|-||;). We see that

by the properties of a homogeneous Banach space, we have

1

< i/” () |1 Lf = full, ds

—2n)-n
< ||g||sup ||Ts[f_fm]||1
= [18llsup N1TFT = [fmllly -

Il = Elfolll = | 55 [ s(o)nlr s

As before, it follows that

Telfl = lim Tg[fu] € (Li(T,C), [[-[1)-

m—o0

Step 4 Finally, we see that

Telf] = lim Tg[fu] = nlljrgog* [fm] = g * [f]- O

m—o0

Viewing I'¢ as a map from L; (T, C) onto itself, we finally conclude
our gruesome path into showing that I'y = C,. Thus, our 2 “notions”

of “convolutions” agree. In fact, when g € C(T,C), we may define
I7:8 -3
1 7T
1= 5= | glo)mllds

—TT
as a map on any homogeneous Banach space B over T. Furthermore,
Glfl=lgofles.

Let us show that the above function always agree with convolution.

WP Theorem 83 (Riemannian Version of Convolution on Homoge-

neous Banach Spaces)

Let (B, ||-||q ) be a homogeneous Banach space over T, [f] € B, and
g €C(T,C). Then
1 7T

| strmlsias

21 Jon

converges in *B. Furthermore,
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gl =5 [ srmids

—7T

where ¢ * [f] = [g© f], and where for all 6 € R,
1
80f(0) =5z | 8GIf(05)dm(s)

That is, Ty [f] = g * [f].

. We also have

I8 * [l < va (&) ILfllss -

. Since (B, ||| ) is a Banach space, and for [f] € B, the function
B : R — B such that

is continuous, by ® Theorem 3,

21 = o [ B = o [ glo)nlfds

—7T —7T
exists in 5.
As before, wlog wma Py € P([—, 7)) is a regular partition into

2N subintervals of equal length, and if we set Pj; = Py \ {7t} as

the corresponding set of test values of Py, then

lim Hr?[f] —S(B, P, P}

N—oo

’ —0.
B

Since ||[1]]|; < [|[1]||g for all [h] € B, since B is a homogeneous

Banach space. Thus

lim T2 [f] - S(, Pn, PY)

N—oo

’1:0'

Hence

2l =5 [ s)nlds

in (L1(T,C), [|-||;). Phrased differently, we have Fg% lf] = T? (T.C) [f].
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It follows by ® Theorem 82 that

2] =g P[] = g # [£].

2. Recall that given any homogeneous Banach space over T, we
defined the continuous map ¥4 : R— > % such that ¥4 (s) =

Ts[f]. Notice that since B is a homogeneous Banach space,

[¥106)]| = 10l = 1l

Thus, observe that

I« s = 5 | /st
B
H/ s)ds

B
S%/ |H‘Yf1 )|, s
= o [ 18 1Al 05
1l 11 (g)- )

Remark 19.1.1

The first result in W Theorem 83 is stronger than it seems. In & Propo-
sition 80, we showed that ifg € C(T,C)and f € L1(T,C), then

gof € C(T,C),andso g = [f] = [go f] € [C(T,C)]. Then why

is ¢« [f] € B? There is no reason why B should contain all continuous
functions, although it does contain all trigonometric functions. What we
have shown is that g = [f] € B even if B does not contain [C(T,C)]. In
other words, convolutions (at least by a continuous function) keeps us in this

smaller space B. o

WP Theorem 84 (Convolution as a Normalizer)

Let g € C(T,C), and let

Ce : ([C(T, )], [[-loe) = ([C(T, O)], [I[] ),
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as defined in B Definition 52, corresponding to g, so that C¢[h] = g  [h]
by 2 Theorem 82. Then ||Ce|l = v1(g) = ||[8]l1-

By part 2 of ® Theorem 83, for [f] € ([C(T,C)], ||*l),

1Cs[leo = l1g * [fTlleo < v2(&) I lco

50 |G| < (g)-

Let f € C(T,C) with ||[f]||, < 1. Then g * [f] € [C(T,C)] so that

[

ICelAll = g * 1l = l1g© Flaap = 11(2):
Then by ® Theorem 40, we see that
1
gof0) =5 [ ()f(0—5)dm()
= o [ s)f(=s)ds g

—T7T
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Convolution (Continued 3)

Let us establish a similar result for convolution by a continuous func-

tion g acting on L1 (T, C).

WP Theorem 85 (Convolution Operator for g on L1(T,C))

Let g € C(T,C), and
Cqy : Ly(T,C) — Ly(T,C)

be the convolution operator corresponding to g, so that Ce[f] = g * [f].
Then ||Cql| = v1(g) = lllgllh-

# Proof

We shall next explore the connection between convolution opera-

tors and convergence of Fourier series.

The Dirichlet Kernel

Recall that given [f] € Ly(T,C), the sequence (An([f]))X_; of partial

sums of the Fourier series of [f] converges in the |-||,-norm to [f].

We want to see how far we can extend the same result for [f] €
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L1 (T, C). Our little (not so little) impasse into convolution is actually
somewhat important to the so-called Dirichlet kernel, of which we
shall see below, and why that’s important is also what we shall quite

immediately see.

For each n € Z, recall that &, € C(T,C) is the function &,(8) = ¢™°. For
N > 1, we define the Dirichlet kernel of order N as

N
Dn = 2: Gn-
n=—N

Aguain, the word ‘kernel” has nothing to do with the null space of any linear

map.

Let f € £1(T,C). For each N > 1, define
Sl i
AN(f) = ), wiGn= ), f(n)Cn
n=—N n=—N
It is clear that AR, (f) € C(T,C), since it is a finite linear combination of
{&n})l N SC(T, ).
[l _

If f = gae onR, wesaw thatwa;’ = vc,[f"] forall n € Z, which then
A (f) = AY(g) for N > 1. Thus, we may define

An([f]) = [AX(f)], N>1.

Hence, Ay([f]) is the Nt partial sum of the Fourier series of [f]. In
the case of [f] € Ly(T,C), this definition coincides with our previous

definition.

For N > 1, f € £1(T,C) and 6 € R, we have

N
A(HE) = Y e,

n=—N
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N(;n/[ )f< $)én(s) dm <s)>§n(9)

Il\ MZ \II MZ

1
= -5) g
NZT[/[ 7T,77) m()
1
Z ﬂ/[ nn) s)e™ dm(s) . Lemma 79
l N ZHS
“on ) LS dm(s)
1

= — /[ L DNGIf(8=s)dm(s)

C2r

= (Dn o f)(6).
Thus AY(f) = Dy o f, or

An([f]) = Dn  [f] = Cpy([f]), N =1.

We expressed the Nt partial sum of the Fourier series of [f] €

L(T, C) as the convolution of the Dirichlet kernel Dy of order N with

[f] . ! Our sweats and tears ploughing
through the convoluted lands of convo-
lutions is not confounded!

The question of whether or not these partial sums converge to [f] in Hhons s not confornde

i
L;(T,C) is now a question of whether or not limy_,, Cp, ([f]) = [f]

in L1 (T, C).

WP Theorem 86 (Properties of the Dirichlet Kernel)

Let N > 1 be an integer and D be the Dirichlet kernel of order N. Then
1. Dn(—0) = Dn(0) € R forall 6 € R;

2. = [T Dn(0)do =1;

3. For0#6 € [—m,m),

Also, DN(0) = 2N + 1.

3\»—\

4. |[[DN]lly = n(DN) > S X0
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On the right are some graphs of Dy, particularly for D, D5 and
DlO-

Two things worth noticing here are that

* the amplitude of the function is increasing near 0; this is clear from

D,, being continuous and Dy (0) = 2N + 1 for N > 1; and

* each Dy has lots of fluctuations between positive and negative
values, which accounts for the fact that the integrals of Dy are

bounded, while the integrals of | Dy are not.

The next result follows from ® Theorem 83 and @ Theorem 84,
and along with the divergence of the harmonic series Y0 ; 1 as we let

N — oo for the 4t result in ® Theorem 86.

#= Corollary 87 (Unboundedness of Convolution Operators for
the Dirichlet Kernel)

Foreach N > 1, let Dy denote the Dirichlet kernel of order N.

1. IfCp, € B([C(T,C)],||||) is the convolution operator corresponding
to Dy, for N > 1, then

Jim [[Cp | = o

2. IfCp,, € B(Li(T,C),|-||;) is the convolution operator corresponding
to Dy, for N > 1, then

Jim [[Cp, || = e

5.

n

3l

2|

1l

ol
1|
e—st——0—2—2—6

Figure 20.3: Graph of Dy
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We are already seeing some bad signs of things not working out
nicely. Let’s push a little bit further. To exploit the connection between
the Dirichlet kernel and convolution, we require a few results from

real analysis.

Let (X, d) be a metric space and H C X. We say that H is nowhere dense

(or , or )if G := X \ H is dense in X. In other words, the
interior of H is empty.
Example 20.2.1

We usually think of nowhere dense subsets of metric spaces as being

“small”, as the alternate terminologies “meager” and “thin” suggest.
1. The set H = Z is nowhere dense in IR; which is easily verifiable.

2. The Cantor set C is nowhere dense in X = [0, 1], equipped with the

standard metric inherited from IR.

3. The set H = Q of rational numbers is not nowhere dense in IR, since

X\H=R\R = Q. >

We say that a subset H of a metric space (X, d) is of the first category in
(X, d) if there exists a sequence (Fy), of closed, nowhere dense sets in X
such that -

HC | F.

n=1

Otherwise, we say that H is of second category.

The reader should be familiar with the following result.
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A complete metric space (X, d) is of the second category. That is, X is not a

countable union of closed, nowhere dense sets in X.
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The Dirichlet Kernel (Continued)

The second result which we shall require is the following.

WP Theorem 88 (Banach-Steinhaus Theorem (aka The Uniform

Boundedness Principle))

Let (X, d) be a complete metric space and @ # F C C(X,R). Suppose
that Vx € X, 3k, > 0 a constant such that

If(x)| <xe, f€F.
Then there exists an open set G C X and x > 0 such that

If(x)|<x, x€G, felF.

& Proof

There is a stronger version of the Banach-Steinhaus Theorem that

applies to linear operators in Banach spaces.

WP Theorem 89 (Banach-Steinhaus Theorem for Operators (aka

The Uniform Boundedness Principle for Operators))
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Let (X, ||| ) and (), ||-|ly)) be Banach spaces, and suppose that © #
F C B(X%,9). Let H C X be a subset of the second category in X, and

suppose that for each x € H, there exists a constant xx > 0 such that
[Tx[lgy <z, TE€F.
Then F is bounded; that is

sup || T|| < co.
TeF

$= Corollary 90 (Sparcity of Boundedness of Unbounded Se-

quences of Bounded Functions between Banach Spaces)

Let (X, ||| ) and (Y, |||l ) be Banach spaces, and let (T,);7_; be an

unbounded sequence in C(X,9), i.e. sup, ~ || Tul| = oo.

Let H = {x € X : sup,» [|Tux|| < oo}. Then H is of the first
category in X, and ] := X \ H is of the second category.

Remark 21.1.1 ( W Further implications of #= Corollary 90)

The statement that sup, -, || T,,|| = oo is the statement that for each n > 1,

there exists x, € X with ||x,||» = 1 such that

T}i_{{}oHTnanm = .
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In the first place, it is not clear that there should exist any x € X such that
nlgrolo (| Tnxllgy = oo.

The above corollary not only says that such a vector x € X exists; it asserts
that this is true for a “very large’ set of x’s, in the sense that the set H of x’s
for which it fails is a set of the first category in X. o

We are now ready to answer the question of whether or not the par-
tial sums of the Fourier series of an element [f] € L (T, C) necessarily
converge to [f] in the ||-||;-norm. We shall see that by #= Corollary 90,

this convergence almost never happens. ! Furthermore, the same ! We use the phrase ‘almost never’ to
mean the notion of first category, not
measure zero.

argument shows that this is also the case for [f] € [C(T,C)] in the

[l eo-

WP Theorem 91 (The unbearable lousiness of being a Dirichlet
Kernel)

1. Let

R = {[f] € [C(T,©)): [f] = lim Anlf] € (C(T,C)], |1}

N—o0

Then R is a set of the first category in ([C(T,C)], |||l ), whose com-
plement [C(T,C)] \ Reo is a set of the second category.

2. Let

f1 = {lf] € L(T,€): [f] = lim An[f] € (Li(T,C), [|[l1)}-

Then R is a set of the first category in (L1(T,C), ||-||;), whose comple-
ment L1 (T, C) \ R is a set of the second category.

We have entered the darkest days of our course, and almost at the

very end of our journey. If this were a novel, I bet readers would be
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crying over how their favorite hero has fallen, and the fragility of our

other heroes. But there is some hope in the face of this despair.

The Féjer Kernel

& Definition 58 (Nth-Cesaro mean)

Let (X,]"|| 5 ) be a Banach space, and (x, )5 be a sequence in X. The

N-Cesaro mean of the sequence is defined as

oN (X()+X1+...+XN_1),

=1
N

for N > 1.

& Proposition 92 (Convergent Sequences have Convergent

Cesaro Means)

(o)
n=0

Suppose that X is a Banach space and (x,,)5_ is a sequence in X. Let
(oN)X— denote the sequence of Cesaro means of (x)5_1. If x = limy e0 Xy
exists, then

x = lim oy.
N~>00N

Exercise 21.2.1

Prove & Proposition 92.

Remark 21.2.1
The converse of & Proposition 92 is false. Let (x,)2; = ((=1)")_;.
Then

(XO, X1,X2,.. ) = (1, —1, 1, .. )

We see that |on| < %, which then imy_, oy = 0, but limy,_,« X, does
not exist. 9

& Definition 59 (Nth-Cesaro sum and the Féjer kernel of order N)
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Let f € L1(T,C). The N"'-Cesiro sum of the Fourier series of f is the
N-Cesaro mean of the sequence (A5 (f))%y. Thus

GR(f) = 5 (Doof+Dyof+...Dy1of) = Eyof,

where Fy = (Do + Dy + ...+ Dy_1) is called the Féjer kernel of
order N.

We also define the N'"'-Cesiro sum of the Fourier series of [f] €
Ly (T, C) as the N*'-Cesaro mean of the sequence (Au[f])%,, namely
1
onlf] = ~ (Do * [f1+ Dy [fl+...+ Dn-1*[f])

=Fyx[f] = [En o f] = [on(f)]-

Remark 21.2.2

D, € C(T,C) forall n > 0 implies that Fy € C(T,C) forall N > 1. By
& Proposition 80, it follows that o3, (f) € C(T,C) C £1(T,C) for every
ferly (T, C).
Furthermore, V0 € R,

RO =5z [ 69 dm(s

—;%mmmwﬁvwmwy

By W Theorem 83, Fy € C(T,C) implies that for every homogeneous
Banach algebra B and [f] € B, we have

on|[f] = Fy = [f] € B.
In particular, V[f] € L,(T,C),

on[f] = Ex * [f] € Ly(T,C). ®

®PTheorem 93 (Properties of the Féjer Kernel)

Foreach N € N\ {0},
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1. Fy is a 27t-periodic, even, continuous function;

2. If0 #6 € [—m, ), then

1 sin(%@) ?

L (Losst) e

Fn(0) = N \ 1—cos(h)

while Fy(0) = N. In particular, Fy(0) > 0 forall 6 € R;

1 ” 1 ”
n(Ew) = 5 [ IE@)do = — [ Ev(o)do=1.

4. Forall0 <6 <,

lim </_:|FN(0)|d9+/§n|FN(0)|d6) — 0; and

N—o00

5. For0 < |0] <,

25

1.5)

To the right are some graphs of Fy, particularly for F>, F5 and Fyy.

Two things worth noticing about them are:

* the amplitude of the function is increasing near 0; this is as we’ve

seen for the Dirichlet kernel, where Fy is continuous and Fy(0) =

N for N > 1; and

e foreachd > 0, the functions become uniformly close to 0 when

o< |0 <.
Let us pull out D5 and Fs for comparison.

For both D5 and Fs, their respective 1-norms from — 7t to 7 sums

to 1. For D5, we see that there are many regions where the function

NN
V/ \v/

050

10

—_

m 4 ya

m
=4 =, U E3 O

Figure 21.1: Graph of F,
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3l [ /]
\ [ e‘
2 \“ e/ ‘ “‘ 1
11 ‘\ / “‘ e" 1
\ / \
o L (VN /\/\/ ]
b—=—=2—0—2 46

Figure 21.2: Graph of Fs
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6l [ i

Figure 21.3: Graph of Fy
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e
[

-2 0 2

<
N
e
o)
|
O
1
i

=2
Graph of D5 Graph of F5
Figure 21.4: Comparing Ds and Fs

is negative, whereas Fs is always positive. Furthermore, Fy has the

property that

lim ('/_5|PN(9)|d9+/5.ﬂ |FN(9)d9> —0,

N—co 7T

of which Dy does not.
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The Féjer Kernel (Continued)

& Definition 60 (Summability Kernel)

A summability kernel is a sequence (ky)$>_, of 27t-periodic, continuous,

L complex-valued functions R satisfying: ! A summability kernel can be more
general than a continuous sequence, but
1 _ . for our purposes, this is sufficient.
1. 5= [" ky=T1foralln > 1, purp

2. sup,q v1(kn) = sup,~y 5= |7 |kn| < co; and

3. forall0 <6 <m,

-0 T
lim </ |kn|+/ |kn|> —0.
n—00 —7T 5

If we further have k, > 0 foralln > 1, we say that (k,)$_, isa

positive summability kernel.

WP Theorem 94 (Féjer kernel as a Positive Summability Kernel)

The Féjer kernel (Fy){_; is a positive summability kernel.

& Proof

B Theorem 93 proves exactly this. 0
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Example 22.1.1 (Other examples of positive summability kernels)

1. For each n € IN'\ {0}, consider the piecewise linear function

ky:[—m ) = R

0 0 e {—7’(,—%} U [%,n)
0 (n+n20 0e(-10]

n—n%0 6¢c (O,%)

Forn € N\ {0}, let k, be the 27r-periodic function on R whose
restriction to the interval [—77, 77) coincides with k. Then (k,)$_; is

a positive summability kernel.
2. Foreachn € N\ {0}, consider the piecewise linear function
rp:[—m ) = R

0 0 e[-m0luU |2 n)
0 — < n20 o (01]

n—n? (6—%) 0 e (%,%)
Forn € N\ {0}, let r, be the 27t-periodic function on R whose

restriction to the interval [—7t, 77) coincides with k,,. Then (r,)5°_, is

a positive summability kernel. >

WP Theorem 95 (Summability kernels convolved with functions

in Homogeneous Banach Spaces)

Let (B, ||-|lgg ) be a homogeneous Banach space over T and (k,)5_ be a
summability kernel. If [f] € B, then

Tim [k # [f] ~ [fllly = 0,

and so [f] = limy, 0 kyy * [f] in B.

a1
> Ci=

Figure 22.1: Graph of k;

I

N
Q= ——
iy —

Figure 22.2: Graph of r;
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#= Corollary 96 (Reconcilation of the Cesaro sums to the Original

Function)

1. Foreach f € (C(T,C), || lgup)-

lim of,(f) = f.

N—oo
2. Let1 < p < oo. Foreach [g] € (Lp(T,C),||-[[,),

lim oy[g] = [g]-

N—oo

# Proof

We can now show that the Fourier coefficients of functions of

L,(T,C) completely determine themselves (a.e.).

#= Corollary 97 (Reconcilation of the Fourier series to its Original

Function under the Féjer Kernel)

Let1 < p < oco. If [f],[g] € Lp(T,C) and ocy[lf] = al{”]for alln € Z, then
[f] = l8]-

& Proof
Observe that zx,[f [ vc,[qg] forall n € Z, implies that oy [f] = on][g] for

all N > 1. It follows from #= Corollary 96 that

[f] = lim on[g] = lim on[g] = [g]. D

N—oo N—oo
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Given [f] € L1(T,C), we defined the Fourier series of [f] as

Z "‘;[{] [Cn)-

nez

The Riemann-Lebesgue Lemma stated that
(@ ez € 0(2,€).

It is then natural to ask if every sequence (B,),ez € co(Z,C) is the
sequence of coefficients of some [f] € L1(T,C). What we have seen is
that on Hilbert spaces, every (vn)nez € ¢2(Z,C) is the set of Fourier
coefficients of some [f] € L (T, C), and namely

[f] = Z YnlCnl-

nez

We shall use to answer this. Recall that by the end

of Section 17.1, we introduced the map

Az (Ly(T,C), |I]ly) = (co(Z,C), || eo)
e ()

Since the Lebesgue integration is linear, so is A. Also, as shown before,

nez’

S <A, ez,

and so

IA[f]]lo = sup{|a)]

Thus A is bounded, with ||A]] < 1.

in e Zy < ||[fll; -

By #= Corollary 97, if [f], [¢] € Li(T,C) and A[f] = Alg], then
[f] = [g], and thus A is injective.

Thus, our question of whether or not every sequence in ¢y(Z,C)
is a sequence of Fourier coefficients of some element of L1 (T, C) is

therefore the question of whether or not A is surjective.
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We require the Inverse Mapping Theorem from Functional Anal-
vsis to answer this question. To that end, we first introduce some

notations.

Given a Banach space (3, ||-[|3) and a real number r > 0, we denote

the closed ball of radius r centered at the origin by
3={z€3: ||z||3 <r}.

For zy € 3and ¢ > 0, we denote by B3(zp,e) = {z € 3: ||z — 20| < &}

the open ball of radius ¢ in 3, centered at z.

% Lemma 98 (Finding an Open Container from a Closed Con-

tainer)

Let X and ) be Banach spaces and suppose that T € B(X,92). If 91 C
TX,, for some m > 1, then )1 C TXoy,.

& Proof

P Theorem 99 (The Open Mapping Theorem)

Let X and 9) be Banach spaces and suppose that T € B(X,92)) is a sur-
jection. Then T is an open map; i.e. if G C X is open, then TG C 9) is

open.

& Proof

#= Corollary 100 (The Inverse Mapping Theorem)
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Let X and ) be Banach spaces and suppose that T € B(X,9)) is a bijec-

tion. Then T~ is continuous, and so T is a homeomorphism.

Since T is linear, by basic linear algebra, it has an inverse, which

must also be linear.

If G C Xisopen, then (T~1)71(G) = TG is open in Q) by the
Open Mapping Theorem. Thus T~ is continuous, hence a homeo-

morphism. O

WP Theorem 101 (L1(T,C) and ¢o(Z, C) are Not Isomorphic)
The map

Az (Ly(T,C), |I-[ly) = (co(Z,C), ||]leo)
A (),

is not surjective.

If it were surjective, then by the Inverse Mapping Theorem,

AV c(Z,C) — Li(T,C)
() ez = 1

must be continuous.

Let Dy be the Dirichlet kernel of order N, and let dy := A[Dy],
for N > 1.Thendy = (...,0,0,...,0,1,1,...,1,1,0,0,...),
where the 1’s appear for the indices —N < k < N. Itis clear that

ldnll = 1, since each dy is , 2 but by part 4 of 2 This means that there are only finitely
many non-zero values in its indices,
which is the case.
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WP Theorem 86,

lim |A7 (dy)| [Dn]ly = .

= lim ||
N—oo 1 N—oo
Thus A~! is not continuous, a contradiction. Hence A must not
be surjective. In other words, there exists a sequence (B,),cz €

co(Z, C) that are not Fourier coefficients of any element of L1 (T,C).

Remark 22.2.1

As remarked, the fact that [f] € Ly(T,C) iff (ociﬂ)nez € 6(Z,C)
makes it tempting to conjecture that perhaps the range of the map A from

W Theorem 101 should be ¢1(Z,C), but that is not true at all, and it is not
even surjective on co(Z,C) C ¢1(Z,C).

For a clear example, the sequence

n>1

S

Bn =

0 n<0

is clearly in ly(Z,C), and so [f| = Y_,cz Pn|&n] converges in Ly(T,C) C
Li(T,C). However,

Alf] = (Bn)nez
is definitely not in ¢1(Z,C). ®






@ Interest in 271 periodic functions

This is ripped out of Professor Marcoux’s ! notes, which I think is
rather important as a motivation to move from Lesbesgue’s Theory of
Integration into Fourier Analysis, but not important enough to warrant

being added to the main section of the notes.

So where does the notation L1 (T, C) come from, given that we

are dealing with 27t-periodic functions on IR? The issue lies in

the fact that we are really interested in studying functions on

T := {z € C : |z| = 1}, but that we have not yet defined what we
mean by a measure on that set. We are therefore identifying [—rt, 77)
with T via the bijective function (0) = €. Thus, an alternative
approach to this would be to say that a subset E C T is measurable if
and only if =1 (E) C [—m, ) is Lebesgue measurable. In order to
“normalize” the measure of T (i.e. to make its measure equal to 1), we
simply divide Lebesgue measure on [—7t, 7t) by 27t.

This still doesn’t quite explain why we are interested in 27t-periodic
functions on T, rather than just functions on [—t, 7v), though. Here
is the “kicker”. The unit circle T~ C  C has a very special property,
namely, that it is a group. Given 6y € T, we can “rotate” a function
f + T — Cinthesense that weset g(6) = f(6 - 6y). Observe
that rotation along T corresponds to translation (modulo 27t) of the
interval [—7t, 7). The key is the irritating “modulo 27t” problem. If
we don’t use modular arithmetic, and if a function g is only defined
on [—7t, 1), we can not “translate” it, since the new function need no
longer have [—1t, 7t) as its domain. We get around this by extending

the domain of g to R and making g 27t-periodic. Then we may trans-

late ¢ by any real number 13 (g)(0) = g(0 — s), which has the effect

! Marcoux, L. W. (2019). PMath 450
Introduction to Lebesgue Measure and
Fourier Analysis. (n.p.)
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that if we set f(e'¥) = ¢(0),then g(0 —s) = f(e - e ). That
is, translation of g under addition corresponds to rotation of f under
multiplication.

The last thing that we need to know is that such translations of func-
tions will play a crucial role in our study of Fourier series of elements
of L1(T,C). Aside from being a Banach space, L (T, C) can be made
into an algebra under convolution. While our analysis will not take
us as far as that particular result, we will still need to delve into the
theory of convolutions of continuous functions with functions in

Ly (T, C). This will provide us with a way of understanding how

and why various series associated to the Fourier series of an element
[f] € Li(T,C) converge or diverge. Since convolutions are defined
as averages under translation by the group action, and since T is a
group under multiplication and R is a group under addition, our
identification of (T, -) with ([—7t, 1), +) (using modular arithmetic)

is not an unreasonable way of doing things.




m @ Assignment Problems

Assignment 1 (A1)

Question 1 (Separated Sets)

Let A and B be bounded subsets of R and suppose that

0 :=dist(A,B) :=inf{la—b|:a € A, b e B} >0.
Prove that m*(A U B) = m*(A) + m*(B).
Question 2 (A continuity result for Outer Measures)

Let E C R. Prove that

lim m*(EN[-N,N]) = m*(E).

N—o00

Question 3 (Finite Covers of [0,1])

LetT = QnN[0,1]. Prove that if {I,}_, is a finite collection of open
intervals which covers T (i.e. T C UN_; I,), then YN_, ¢(I,,) > 1.

Question 4 (Measures on Countable Sets)

Let X = {x,};>_q be a countable set, and recall that P (X) is the power
setof X, i.e. P(X) ={Y:Y C X}. A measure on X is a function

p:P(X)—[0,00]

such that u(@) = 0 and for every disjoint sequence E, C X, n > 1, we

have

" (G En> _ ilman.
n=1 n=
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Let M(X) = {u : pisameasureon X}. Find a description of
all possible measures on X; i.e., show that there exist sets A and B and a
bijective map 0 : M(X) — S := BA.

Question 5 (Open Subsets of IR)

Prove that if G C R is open, then G is a countable, disjoint union of open
intervals.

Hint: Define a relation on G via x ~ y if [min{x, y}, max{x,y}] C G.

Question 6 (Towards Borel Sets)

Let E C R. We say that E is a Gg-set if it is a countable intersection of
open subsets of R. We say that E is an Fy-set if it is a countable union of
closed subsets of R. Recall that for E C R, E¢ := {x € R: x ¢ E} is the

complement of E.

1. Prove that every open set is an F,-set, and that every closed set is a

Gg-set.
2. Prove that the set of rational numbers is an Fy-set, but not a Gs-set.
3. Prove that the set of irrational numbers is a Gg-set, but not an F-set.

4. Let Ey = (—00,0] NQC and E; = [0,00) N Q. Prove that E := E; UE,

is neither a Gg-set nor an Fy-set.
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Question 1 (0-additivity and continuity of the Lebesgue Measure)

1. Let L(IR) denote the set of Lebesgue measurable subsets of R, and let
m : L(R) — [0, o] denote the Lebesgue measure. Prove that m is
c-additive; i.e. if E, € L(R) foralln > 1and E;NE; = @ if
1 <oi #j < oo, then

" (@ En> = Y (B,

n=1 n=1

2. Suppose that {E,, },—100 is an increasing sequence of Lebesguie measur-

able sets; i.e.
EitCE,CE;C....

Let E = ;)1 En, so that E € L(R), as the latter is a o-algebra. Prove
that
mE = lim mE,,.
n—o0
Question 2 (Continuity of the Lebesgue Measure II)

Let {E,}° 4 be a decreasing sequence of Lebesgue measurable sets; i.e.
EyDE;DE3D....

Let E = ™, En.

1. Suppose that mE; < co. Prove that

mE = lim mE,.
n—oo

2. Does the result of part 1 still hold if mEq; = oo? Prove that it does, or

provide a counterexample to show that it need not be true.

Question 3 (Lebesgue Inner Measure)

Let E C R be a set. Prove that the following are equivalent:

1. E is measurable; ie. E € L(R);

2. Forall e > 0, there exists a closed set F C E so that m*(E\ F) < ¢

3. There exists an F,-set H C E so that m*(E\ H) = 0.
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Use this to show that if E C R is measurable, then
mE = sup{mK : K C E, K is compact }.
We say that the Lebesque measure is regular.

Question 4 (c-algebra of Sets)

1. Let A be a o-algebra of subsets of R, and let f : R — R be a function.
Let B={H CR: f ' (H) € A}. Show that B is a c-algebra.

2. Recall that by definition, f : R — R is measurable if f~1(G) C
L(R) for all open sets G C R. Use this definition to prove that f
is measurable if and only if f~1(B) C L(R) for all Borel sets B €
Bor(R).

3. Wesay that f : R — R is Borel measurable if f~'((a,00)) €
Bor(R) for all a € R. Prove that f is Borel measurable if and only if
f~Y(B) C Bor(R) for all Bore sets B € Bor(R).

Question 5 (The Cantor-Lebesgue Function)

Recall that we define the Cantor (middle third) set C as C = (,>1 Cy,
where Cy = [0,1], and for each n > 1,

Cn=Cpa \{linUlipU...UL 51},

where I, j is the open “middle third” of the " (closed) interval of C,_1. If

we set

¢=U U 5L

n>1 1§j§2n—1
then the Cantor set is equal to [0,1] \ G.
We define the Cantor-Lebesgue function I'c on [0, 1] as follows. For
x € I j, we set Te(x) = 2]‘2;1, 1<j< 2"=1 We then extend T'c to all of
[0,1] by setting T'c(0) = 0, and for x € (0,1], we set

Te(x) =sup{Tc(t) : t € [0,x) NG}.

1. Prove that the Cantor-Lebesgue function I'c is an increasing, continu-

ous function that maps [0,1] onto [0, 1].

2. Prove that if y(x) = Tc(x) + x forall x € [0,1], then ¢ is a continu-
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ous function that maps [0,1] onto [0, 2].

3. Prove that p(X) = {¢(x) : x € C} C [0,2] is a measurable set of

positive measure.

Suppose that (x,), € RN is a bounded sequence of real numbers. We
define the limit superior (or limit supremum) of the sequence (x,)y, to
be

limsup x,, :== lim sup x
P Xn n—soo P Xk,
n>1 k>n

and the limit inferior (or limit infimum) to be

liminfx, = lim inf xj.
n>1 n—00 k>pn

Setting zp @ SUpys, Xk, forn > 1, we find that z, > zy1 for all
n > 1, and, from this, one should be able to convince themselves that
limsup, -, xn always exists, and similarly that lim inf, > x, always
exists. Moreover, if u < x, < v forall n > 1 (since we assumed that (xy )y
is bounded), then

p <liminfx, <limsupx, <wv.
n=1 n>1

If (xn ) is not bounded above, we define limsup, 1 x, = oo, while if

(x1)n is not bounded below, we define liminf, > x, = —oo.

Question 6 (Lim Sups and Lim Infs —I)
Let (xn)n € RN be a bounded sequence of real numbers.

1. Prove that

limsupx, =inf{y e R: 3N >0 Vn > N x, <T}.
n>1

2. Prove that if limsup, - xn, < p, then there exists N € N such that
n > N implies that x, < p. (We say that x,, < p for large n.)
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3. Prove that limsup, -, x, > p implies that x, > y for infinitely many
values of n € IN.

4. Show that if (ay), and (by), are bounded sequences of real numbers,
then

limsup(a, + b,) < limsup a, + limsup by,.
n>1 n>1 n>1

Give an example to show that equality need not occur.

Question 7 (Lim Sups and Lim Infs — II)

1. Let (xn)y € RN be a bounded sequence. Prove that if B := lim sup, -, x»,
then

(a) there exist a subsequence (xy, )y of (xn)n such that limy_,coxn, = B;

and

(b) if (xmy )y is any subsequence of (x ), which converges, say to some
o € R, then o < B.

In other words, B is the largest limit point of any subsequence of (X, ).

2. Let (yn)n € RN be a sequence. Prove that the following conditions are

equivalent:

(a) there exists v € R such that lim, e Yy = v € R;i.e. (Yn)n is

convergent (to «y); and

(b) limsup, o yn = v = liminf,>1 yn.
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Question 1 (Measurability of Extended Real-Valued Functions)

Recall that R = R U {—o0, 00} denotes the set of extended real numbers.
Let f : R— > R be a function, and recall that f is said to be measurable if
F~YG) € L(R) for all open sets G C Rand f~1({—o0}), f1({o0}) €
L(R).

Prove that the following are equivalent:
1. f is measurable.
2. Foralla € R, f~1((a,00]) € L(R).
3. Forall e R, f~1([~0B)) € L(R).
Question 2 (Measurable Functions as Limits of Simple Functions)

1. Let f : R — [0, o] be a measurable function. Show that there exists an
increasing sequence of measurable, simple functions ¢, : R — [0, c0) so
that

flx) = nlg]go on(x), YxeR.

2. Let E € L(R) and let ¢ : E — [0, 00] be a measurable function. Show
that there exists an increasing sequence of measurable, simple functions
Py 1 E — [0,00) so that

g(x) = lim ¢,(x), Vxe€E.

n—o0

Hint for 1.: For each n > 1, partition the interval [0, n) into n2" equal
subintervals Ey.,, = [%, %), 0 <k < (n2") =1 Let Epu ) = [n,00].
Use the sets f~1(Ey ), 0 < k < n2" to build ¢y.

Hint for 2.: This should be very short. Otherwise, you're doing something

wrong.
Question 3 (An Example)

1. Let E = [0,1]. Fixm > landlet f : E — R be the function

f(x) = x™. Since f is continuous, f is measurable. Prove that the
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Lebesgue integral of f over E satisfies

1
[O,l]fi m+1

Note: You may not use ® Theorem 40. You must prove this using only
techniques available to Lebesque integration, and it should suffice to do
so with knowledge from before & Theorem 40.

(Hint: The Monotone Convergence Theorem with the last problem
should be useful.)

2. Let g : E — [0,1] be the function g(x) = e, i.e. the exponential
function. Prove that the Lebesgue integral of g satisfies

1
1
=e —1l=e—1.
/s

Hint: this should be much easier than part 1.
Question 4 (Sets of Positive Measure are “Large”)

1. Let E € M(R) be a measurable set and suppose that m(E) > 0, i.e. E

has strictly positive Lebesgue measure. Prove that the set
H=E-E={x—y:x,ycE}

contains an interval.

Hints:

e First, reduce to the case where 0 < mE < oo.

* Show that there exists an open interval I = (a,b) so that m(E N
(a,b)) > 09(b —a).

e Let F := EN(ab) C E. Suppose that x € (—6,05), where
0 = 0.1(b — a). Show that F N (F + «) # O by considering upper
and lower bounds for the measure of FU (F + a).

2. Conclude that if E € 9MM(R) satisfies m(E) > 0, then the cardinality of
E coincides with c, the cardinality of R.

Hint: Part 2 is doable even if you did not get part 1.

Question 5 (The Ubiquity of Non-Measurable Sets)
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Prove that every measurable set E of (strictly) positive measure contains a
non-measurable subset Z.

Hints: You may wish to reduce to the case where E C [—N, N] for some
N > 0. Then, you may wish to refer to the existence of non-measurable sets
as demonstrated in the notes. You may DIY as well if you have an idea on

what to do.

Question 6 (Pointwise Convergence of Measurable Functions)

Let E € M(R) be a measurable set and suppose that m(E) < oo. Let
(fu)n € L(E,R) and suppose that (f,)n converges pointwise to a real-
valued function f : E — RR. Prove that if e > 0and § > 0, then there

exists a measurable set H C E and an integer N > 1 such that
1. m(H) < é; and

2. x ¢ H implies that | f,(x) — f(x)| < eforalln > N.
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Question 1 (Completeness in Normed Linear Spaces)

Let (X, ||-||) be a normed linear space. Prove that X is complete, and hence
a Banach space, if and only if every absolutely summable series in X is

summable. Here, a series ) . 1 X, in X is said to be summable if

N
x:= lim ) x,
N—o0 =1

exists in X, while the series is said to be absolutely summable if

N
lim Y [l < oo.

N—o00 =1
Question 2 (£,-Spaces, Part I)

Let 1 < p < oo. For K = R or K = C, we define the £ ,-spaces:

lp, ={,(N) == {x € (xn)yg € KN Y x| < oo}.

n=1

Furthermore, for x € {p, we define ||x||, = (LTu>1 |xn|p)1/p. When

p = oo, we define

n>1

loo = loo(IN) == {x = (x0)%; € KNsup |x,| < oo}.

For x € loo, we define || x|, = sup, > [xnl.

1. Prove Hélder’s Inequality for £y-spaces: that is if 1 < p < coand
% + % =1 andif x = (xn)n € Ly and y = (yn)n € Ly, then

xy = (XuYn)n € {1,

and [[xylly < [[x[l, lyll,
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