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1 Complex Numbers and Their Prop-
erties

Complex Plane as a Set

C = R2 =
{(
x
y

)
: x, y ∈ R

}
Real and Imaginary Part
∀z = x+ iy ∈ C x, y ∈ R
Re(z) = x Im(z) = y
Product
∀z = a+ ib, w = c+ id ∈ C a, b, c, d ∈ R
zw = (ac− bd) + i(ad+ bc)
Inverse of a Complex Number
∀z = a+ ib ∈ C a, b ∈ R
∃z−1 = a

aa2+b2
− i b

a2+b2
∈ C

Conjugate
∀z = a+ ib ∈ C a, b ∈ R
∃z = a− ib ∈ C
Modulus
∀z = x = iy ∈ C x, y ∈ R
|z| =

√
x2 + y2 ∈ R

Basic Inequalities
∀z, w ∈ C,

1. |Re(z)| ≤ |z|
2. |Im(z)| ≤ |z|
3. |z + w| ≤ |z|+ |w|
4. |z + w| ≥ | |z|+ |w| |

Region of a set of Complex Numbers
Describe {z ∈ C : |z − a| < |z − b|}.
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Every complex number has exactly 2
roots
∀z = x = iy ∈ C x, y ∈ R
∃w1,2 = u+ iv ∈ C u, v ∈ R
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√
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√
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Quadratic Formula
∀a, b, c ∈ C a 6= 0 az2 + bz + c = 0

z =
−b+

√
b2 − 4ac

2a

Argument

Re

Im

z

Arg z

Polar Form
∀z ∈ C ∃r, θ ∈ R θ ∈ [0, 2π)
z = reiθ

Polar to Cartesian
x = r cos θ y = r sin θ
Cartesian to Polar
r = |z| tan θ = x

y

Conjugate in Polar Form

z = reiθ ⇐⇒ z = re−iθ

Inverse in Polar Form
z = reiθ ∧ z 6= 0
=⇒ z−1 = 1

r
e−iθ

Product in Polar Form
• z1z2 = r1r2e

i(θ1+θ2)

• ∀n ∈ Z (rein) = rneinθ

nth Roots of a Complex Number{
r

1
n ei(

θ+2πk
n ) : k = 0, 1, ..., n− 1

}
nth Roots of Unity{
ei(

2πk
n ) : k = 0, 1, ..., n− 1

}
2 Complex Functions
2.1 Convergence
∀{zn}n∈N ⊆ C ∧ z ∈ Z
(n → ∞ =⇒ zn → z) ⇐⇒
limn→∞ |zn − z| = 0
May also write as limn→∞ zn = z
2.2 Convergence for Complex Func-

tions
∀Ω ⊆ C ∀f : Ω → C z0 ∈ C ∃L ∈
C ∀{zn}n∈N ⊆ Ω \ {z0}
(zn → z0 =⇒ f(z0) → L) =⇒
limz→z0 f(z) = L
2.3 Continuity
∀f : Ω ⊆ C→ C
f is continuous on z0 =⇒

1. ∀{z0}n∈N zn → z0 =⇒ f(zn) →
f(z0)

2. ∀z ∈ Ω ∀ε > 0 ∃δ > 0 |z − z0| <
δ =⇒ |f(z)− f(z0)| < ε

2.4 Real and Imaginary Parts of a
Function

f(z) = u(x, y) + iv(x, y)
3 Differentiation
3.1 Neighbourhood
∀z0 ∈ C r ∈ R D(z0, r) := {zinC :
|z − z0| < r} is the neighbourhood of
radius r around z0.

3.2 Differentiation/Holomorphic
Let z0 ∈ C r ∈ R ∃D(z0, r) ⊆ R.
∀f : D(z0, r)→ C ∀h ∈ C
∃ limh→0

f(z0+h)−f(z0)
h

=⇒ f is dif-
ferentiable/holomorphic ∧ f ′(z0) =

limh→0
f(z0+h)−f(z0)

h

3.3 Properties of Holomorphic Func-
tions

f, g are holomorphic at z ∈ C =⇒

1. (f + g)′ = f ′ + g′

2. (fg)′ = f ′g + fg′

3. (g 6= 0 =⇒ ( f
g

)′ = f ′g−fg′
g2

)

3.4 Cauchy-Riemann Equations
∀z0 = x0 + iy0 ∈ C xo, yo ∈ R. f(z) is
holomorphic at z0 =⇒ at (x0, y0)

∂u

∂x
=
∂v

∂y
∧ ∂v

∂x
= −∂u

∂y

3.5 Conditional Converse of CRE
Let z0 = z0 + iy0 ∈ 
 ⊆ R x0, y0 ∈
R u, v : R2 → R f = u+ iv : Ω→ C.

1. partials of u, v exist in nbd of
x0, y0)

2. partials of u, v are cont’ at (x0, y0)

3. ∂u
∂x

= ∂v
∂y
∧ ∂v

∂x
= − ∂u

∂y

=⇒ f is holo at z0.
3.6 Power Series
Infinite series of the form

∑
n∈N cnz

n

3.7 Convergence for Power Series
We will usually aim for absolute conver-
gence, for∣∣∣∣∣

N∑
n=0

cnz
n

∣∣∣∣∣ ≤
N∑
n=0

|cn| |z|n

3.8 Hadamard’s Formula
1
R

:= lim supn→∞ |cn|
1
n .

3.9 Limit Supremum

lim sup
n→∞

an := lim
n→∞

sup
m≥n

am

3.10 limsup Property
∀{an}n∈NL := lim supn→∞ an =⇒
∀ε > 0 ∃N > 0 ∀n > N
|a0 − L| < ε
3.11 Radius of Convergence
∀
∑
n∈N cnz

n ∃0 ≤ R <∞

1. |z| < R =⇒ absolute conver-
gence

2. |z| > R =⇒ divergence

3.12 Power Function and its Holomor-
phic Function share the same Re-
gion of Convergence

f(z) =
∑
n∈N cnz

n had a rad of conv
R ∈ R =⇒ ∀{z : |z| < R}

f ′(z) =

∞∑
n=1

ncnz
n−1

rad of conv of f ′ is R.
3.13 Entire Function
f is said to be entire if f is holomorphic
in the entire C.
4 Integration
4.1 Curves
A curve in C is a cont’ fn γ : [a, b] ⊆
R→ C. Image of γ is called γ∗.
4.2 Equivalent Parameterization
Let γ1 : [a, b] ⊆ R → C γ2 : [c, d] ⊆
R → C desc path γ∗. γ1, γ2 are equiv
if ∃h : [a, b]→ [c, d], bijective and cont’,
s.t. ∀t ∈ Dom(h) γ1(t) = γ2(h(t)).
4.3 Smooth Curve
γ is smooth if ∃γ′ is cont’ on Dom(γ) ∧
∀t ∈ Dom(γ) γ′(t) 6= 0.
4.4 Piecewise Smooth Curve
γ is piecewise smooth if γ is smooth on
Dom(γ) except on finitely many pts.
4.5 Integral over path
Let γ : [a, b]→ C ∧ f : C→ C con’ on
γ. Integral f along γ is∫

γ

f(z)dz =

∫ b

a

f(γ(t))γ′(t)dt

Integral over a curve γ∗ is independent
of the path chosen.
4.6 Integral Properties

1. (Linearity)
∫
γ
(αf +βg) = α

∫
γ
f +

β
∫
γ
g

2. (a)
∣∣∣∫ ba g∣∣∣ ≤ ∫ ba |g|

(b)
∣∣∣∫γ fdz∣∣∣ ≤ supz∈Ω f(z) ·∫ b
a
|γ′(t)| dt

3. γ− is in opposite orientation of
γ =⇒

∫
γ− f = −

∫
γ
f

4.7 Fundamental Theorem of Calcu-
lus

Let (γ : [a, b] ⊆ R → C) ∈ Ω ⊆ C. f
cont’ on γ ∃F ′ = f holo on Ω =⇒∫
γ
f = F (γ(b))− F (γ(a))

4.8 Corollary of FTC
If F ∈ H(Ω), Ω ⊆ C, γ ⊆ Ω that is a
closed path, then∫

γ

F ′(z) dz = 0

4.9 Goursat’s Theorem
Let Ω ⊆ C be open. Sps ∆ ⊆ Ω is a
closed triangle, and ∆0 ⊆ Ω, and let
f ∈ H(Ω). Then∫

∆

f(z) dz = 0

4.10 Convex Set
A set S ⊆ C is a convex set if the line
segment joining any pair of points in S
lies entirely in S.
4.11 Cauchy’s Theorem for Convex

Set
Let Ω ⊆ C be a convex open set, and
f ∈ H(Ω). Then

1. f = F ′ for some F ∈ H(Ω)

2.
∫
γ
f(z) dz = 0 for any closed path

γ ∈ Ω

4.12 Cauchy’s Integral Formula 1
Let Ω ⊆ C be a convex open set, and C
be a closed circle path in Ω. If w ∈ Ω\∂C,
and f ∈ H(Ω), then

f(w) IndC(w) =
1

2πi

∫
C

f(z)

z − w dz

where

IndC(w) =
1

2πi

∫
γ

dz

z − w

4.13 Holomorphic Functions as Power
Series

Let Ω ⊆ C be an open set, f ∈ H(Ω).
Then f can be expressed as a power se-
ries.
4.14 Cauchy’s Integral Formula 2
Let Ω ⊆ C be open, f ∈ H(Ω). Then

1. ∀w ∈ Ω, f has a power series ex-
pansion at w

2. f is differentiable infinitely many
times in Ω

3. ∀C ⊆ Ω that is a closed circle ori-
ented anticlockwise, ∀w ∈ C0,

f (n)(w) =
n!

2πi

∫
C

f(z)

(z − w)n+1
dz

4.15 Taylor Expansion of Entire Func-
tions

If f is entire, then ∀z0 ∈ C,

f(z) =

∞∑
n=0

f (n)(z0)

n!
(z − z))

n

4.16 Analytic Functions
f is analytic in Ω if f has a power series
expansion ∀z ∈ Ω.
4.17 Analyticity & Holomorphicity
It is an iff relation
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4.18 Cauchy’s Inequality
∀z0 ∈ C ∀R > 0 ∈ R ∀f ∈ H(C =
D(z0, R))

f (n)(z0) ≤ n!

Rn
· sup
z∈C
|f(z)|

4.19 Liouville’s Theorem
A bounded entire function f : C→ C is
a constant.
4.20 Parseveal’s Theorem
Ω ⊆ C be open, f ∈ H(Ω), D(z0, R) ⊆
Ω =⇒
∀z ∈ D(z0, R), f(z) =

∑∞
n=0 cn(z −

z0)n =⇒
∀z ∈ D(z0, R) f(z0 + reiθ) =∑∞
n=0 cn(reiθ)n

4.21 Parseval’s Indentity
Same setup as above,

1

2π

∫ 2π

0

∣∣∣f(z0 = reiθ)
∣∣∣2 dθ =

∞∑
n=0

|cn|2 r2n

4.22 Principle of Analytic Continua-
tion

Ω ⊆ C open & connected, f ∈ H(Ω).
Z(f) := {a ∈ Ω : f(a) = 0}. Then either
Z(f) = Ω or Z(f) has no limit point (i.e.
points where f = 0 are isolated)
4.23 Maximum Modulus Principle
Ω ⊆ C f ∈ H(Ω)∃r > 0Dz0 =

D(z0, r) ⊆ Ω =⇒
|f(z0)| ≤ maxz∈∂Dz0 |f(z)| and

|f(z0)| = maxz∈∂Dz0 ⇐⇒ f is constant
on Ω
4.24 Fundamental Theorem of Alge-

bra
∀P (z) ∈ C[z] degP (z) = n ∈
N ∃α1, α2, ..., αn ∈ C ∧ ∃A ∈ C

P (z) = A(z − α1)(z − α2) . . . (z − αn)

4.25 Uniqueness of an analytically
continued function

Ω ⊆ C open & connected, ∀f, g ∈ H(Ω)

For any Ω′ ⊆ Ω, ∀z ∈ Ω′ f(z) =
g(z) =⇒
∀z ∈ Ω f(z) = g(z)
4.26 Morera’s Theorem
Def Ω ⊆ C an open set, f be continuous
on Ω. Sps for any triangular path ∆ ∈ Ω,∫

∆
f = 0. Then f ∈ H(Ω).

5 Winding Numbers
5.0.1 Winding Numbers

Def γ be a closed path oriented anti-
clockwise, γ∗ the image of γ in C, Ω =
C \ γ∗. ∀w ∈ Ω
Indγ(w) := 1

2πi

∫
γ

dz
z−w

5.1 Theorem for Winding Numbers
Indγ(w) is

1. ∈ Z;

2. constant on any connected compo-
nent Ω; and

3. 0 on the unbounded component of
Ω.

6 Singularities
6.1 Isolated Singularity
∀a ∈ C, (∃r > 0, f ∈ H

(
B∗(a, r)

)
∧ f(a)

is undefined ) ⇐⇒ f has an isolated
singularity at z = a.
6.2 Classification of Singularities
Let z0 ∈ C be a singularity of f .
(Removable) ∃r > 0 ∀z ∈ D =
B(z0, r) ∃g(z) ∈ H(D) ∀z ∈ B ∗
(z0, r) g(z) = f(z)
(Pole) ∃r > 0 ∀z ∈ D =
B0(z0, r) ∃A,B ∈ H(D) A(z0) 6= 0 ∧
B(z0) = 0 f(z) = A(z)

B(z)

(Essential) z0 is not removable and not
a pole.
6.3 Factorization
Ω ⊆ C open & connected, f ∈ H(Ω),
f 6= 0 on Ω, z0 ∈ Z(f) ⊂ Ω.
∃r > 0 ∀z ∈ D = B(z0, r) ∃g ∈
H(D) g(z0) 6= 0
∃!n ∈ N f(z) = (z − z0)ng(z)
6.4 Criterion for Removable Singulari-

ties
f ∈ H(Ω\{z0}) ∧ limz→z0(z−z0)f(z) =
0
=⇒ z0 is removable.

6.5 Factorization when Poles Exist
Sps z0 is a pole for f , then ∃r > 0 ∃h ∈
H(B(z0, r)) and ∃!n ∈ N such that

f(z) = (z − z0)−nh(z)

6.6 Dealing with Poles
Let z0 be a pole of f . Then ∃r > 0 ∃G ∈
H(B(z0, r))∀z ∈ B0(z0, r)

f(z) =
n∑
j=1

c−j
(z − z0)j

+G(z)

6.7 Principal Part
From the above, the sum

n∑
j=1

c−j
(z − z0)j

6.8 Residue
From the above, the coefficient c−1, de-
noted Res

z=z0
f(z).

6.9 Casorati-Weierstrass
Let z0 ∈ Ω and f ∈ H(Ω \ {z0}). Sps z0

is a singularity of f . Then either one of
the following is true:

1. z0 is removable;

2. ∃m ∈ N ∃{cj}mj=1 ⊆ C f(z) −∑m
j=1

cj
(z−z0)j

has a removable sin-

gularity at z0;

3. (essential singularity) ∀r >
0 ∃B(z0, r) ⊆ Ω such that
f
(
B0(z0, r)

)
is dense in C.

7 Residue Theorem
7.1 Meromorphic Functions
f is meromorphic if ∃A ⊆ Ω ⊆ C such
that

• A ∗ = ∅;
• f ∈ H(Ω \A );

• ∀z ∈ A , f has a pole (of finite
order) on z.

7.2 Cauchy’s Residue Theorem

1

2πi

∫
γ

f =
∑
a∈A

Res
z=z0

f Indγ(z0)

7.3 Argument Principle
7.3.1 Argument Principle

Sps Ω ∈ C is open & connected, f is
meromorphic in Ω, γ is a closed path s.t.
γ∗ ∈⊆ Ω \

(
A ∪ Z(f)

)
,

• ∀w /∈ Ω Indγ(w) = 0; and

• ∀w ∈ Ω \ γ∗ Indγ(w) = 0 or 1.

Then

1

2πi

∫
γ

f ′

f
=
∣∣Z(f) ∩ γ0

∣∣− ∣∣A ∩ γ0
∣∣

counted with multiplicity.
7.4 Rouché’s Theorem
Let Ω ⊆ C be open & connected, f, g ∈
H(Ω), γ a closed path on Ω with

• ∀w /∈ Ω Indγ(w) = 0; and

• ∀w ∈ Ω \ γ∗ Indγ(w) = 0 or 1.

∀z ∈ γ∗ |g(z)− f(z)| < |f(z)|
=⇒

∣∣Z(f) ∩ γ0
∣∣ − ∣∣Af ∩ γ0

∣∣ =∣∣Z(f) ∩ γ0
∣∣− ∣∣Ag ∩ γ0

∣∣
7.5 Open Mapping Theorem
f ∈ H(Ω) is non-constant =⇒ f maps
open sets to open sets.
8 Logarithms
8.1 Principal Branch

Log z = log r + iθ

8.2 Gamma Function

Γ(s) =

∫ ∞
0

e−tts
dt

t

8.3 Analytic Continuation of Gamma
Function

Γ(s) =

{∫∞
0
e−tts dt

t
s ∈ N

Γ(0)∏|s|
j=0(s−j)

s ∈ Z \ N

8.4 Function without zeros
f ∈ H(C) ∧ Z(f) = ∅
=⇒ ∃g ∈ H(C) A ∈ C f = Aeg

9 Infinite Products
9.1 Infinite Product

∞∏
j=1

(1 + uj),

with {uj}j∈N ⊆ C, is called an infinite
product if it converges.
9.2 Bounds of the Partial Product
Let {uj}j∈N ⊆ C and P ∗N =

∏N
j=1

(
1 +

|uj |
)

be the partial product. Then

• P ∗N ≤ exp
(∑N

j=1 |uj |
)

;

• ∀N ∈ N |PN − 1| ≤ P ∗N − 1

9.3 Criterion for Convergence∑∞
n=1 |un| converges =⇒

∏∞
n=1(1 +un)

converges.
Moreover,

∑∞
n=1(1 + un) → 0 ⇐⇒

∃n0 ∈ N un0 = −1.
Note:

∑
un also needs to converge uni-

formly.
9.4 Notations
Pn(z) := z + z2

2
+ z3

3
+ . . .+ zn

n

En(z) := (1− z) exp
(
Pn(z)

)
E0(z) := (1− z)
9.5 An Inequality

For |z| ≤ 1, |1− En(z)| ≤ |z|n+1.
9.6 Weierstrass Product
Let |an|n∈N ⊆ C with an → ∞ as
n → ∞ and 0 /∈ {an}n∈N. The Weier-
strass Product

f(z) =

∞∏
n=1

En

(
z

an

)
is entire and has zeros at exactly each
element of {an}n∈N.
10 Other notes
• Use Rouché’s Theorem to look for

number of zeros in a radius for a
polynomial.

• Can use Cauchy’s Residue The-
orem to solve certain tricky real
integrals.

10.1 Commonly Used Identities

• 1
1−z =

∑∞
k=0 z

k

• ez =
∑∞
n=0

zn

n!

10.2 Useful Proven Results
•
∫∞

0
cos t2 dt =

∫∞
0

sin t2 dt =
1
2

√
π
2

• lime→0

∫
C(ε)

f = −πiRes
z=0

f for a

clockwise semi-circular arc C(ε)

• L’Hôpital’s rule works for complex
functions


