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2 Preface

This is a 3 part course; it is separated into

1.

Sylow’s Theorem

which is a leftover from group theory (PMATH 347). It has little to
do with the rest of the course, but PMATH 347 was a course that is
already content-rich to a point where Sylow’s Theorem gets pushed

into the later course that is this course.
Field Theory

is a somewhat understood concept from ring theory, where we learned
that it is a special case of a ring where all of its elements have an in-

verse.
Galois Theory

is the beautiful theory from the French mathematican Evariste Galois
that ties field theory back to group theory. This allows us to reduce
certain field theory problems into group theory, which, in some sense,

is easier and better understood.


https://tex.japorized.ink/PMATH347S18/classnotes.pdf




Part I

Sylow’s Theorem






B Lecture 1 Jan 07th

Cauchy’s Theorem

Recall Lagrange’s Theorem.

WP Theorem 1 (Lagrange’s Theorem)

If G is a finite group and H is a subgroup of G !, then |H| | |G| 2.

The full converse is not true.

Example 1.1.1

Let G = Ay, the of 4 elements. Then |G| = 12 3. We
have that 6 | 12. We shall show that G has no subgroup of order 6.

Suppose to the contrary that H < G such that |[H| = 6. Leta € G such
that |a| = 3 There are 8 such elements in G 3. Note that the 6 of H,

. o 1Gl
|G : H|, is ] 2.
Now consider the H, aH and a?H. Since |G : H| = 2, we must

have either

e gH=H — a€ H;

‘multiply’ =1

e aH=a"1H H=aH = a € H;or
e PH=H ™Yy _ g — seH.

Thus all 8 elements of order 3 are in H but |H| = 6, a contradiction.

Therefore, no such subgroup (of order 6) exists. >

!'I shall write this as H < G from hereon.
2 This just means |H| divides |G|.

3 Recall that the symmetric group of 4
elements Sy has order 4! = 24, and an
alternating group has half of its elements.

“i.e. the order of a is 3. This is a trick.
3 This shall be left as an exercise.

Exercise 1.1.1
Prove that there are 8 elements in G that
have order 3.

° The index of a subgroup is the number
of unique cosets generated by H.



18 Lecture I Jan 07th Cauchy’s Theorem

Our goal now is to establish a partial converse of Lagrange’s Theorem.

To that end, we shall first lay down some definitions.

& Definition 1 (p-Group)

Let p be prime. We say that a group G is a p-group if |G| = pk Jor some
k € IN. For H < G, we say that H is a p-subgroup of G if H is a p-group.

& Definition 2 (Sylow p-Subgroup)

Let G be a group such that |G| = p"m for some n,m € NN, such that
ptm. If H < G with order p", we call H a Sylow p-subgroup.

Recall Cauchy’s Theorem for abelian groups’. 7In the course I was in, we were in-
troduced only to the full theorem and
actually went through this entire part. See
notes on PMATH 347.

WP Theorem 2 (Cauchy’s Theorem for Abelian Groups)

If G is a finite abelian group, and p is prime such that p | |G|, then |G| has

an element of order p.

B Definition 3 (Stabilizers and Orbits)

Let G be a finite group which acts on a finite set X 8. For x € X, the 8 Recall that a group action is a function

-1 G x X — X such that

stabilizers of x is the set
‘ f 1. g(hx) = (gh)x; and

2. ex =x.
stab(x) :={ge€ G:gx =x} <G.

The orbits of x is a set

orb(x) := {gx: g € G}.
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One can verify that the function G/ stab(x) — orb(x) such that
gstab(x) — gx

is a bijection.

W Theorem 3 (Orbit-Stabilizer Theorem)

Let G be a group acting on a set X, and for each x € X, stab(x) and

orb(x) are the stabilizers and orbits of x, respectively. Then
|G| = |stab(x)] - |orb(x)]|.

Moreover, if x,y € X, then either orb(x) Norb(y) = @ or orb(x) =
orb(y).

The theorem is actually equivalent to Proposition 45 in the notes for

PMATH 347. However, feel free to...

Exercise 1.1.2

prove ® Theorem 3 as an exercise.
Consequently, we have that
|X| = Z|orb(ai)|,
where a; are the distinct orbit representatives. Letting
Xg:={xeX:gx=x,9€ G},

we have...

WP Theorem 4 (Orbit Decomposition Theorem)

|X| = [Xg| + ) [orb(a;)].
aiéXG
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@ Lecture 2 Jan 09th

Sylow Theory

From the Orbit Decomposition Theorem, one special case is when G acts

on X = G by conjugation.

#= Corollary 5 (Class Equation)

From W Theorem 4, if X = G, we have

non-central

4
G| = |Z(G)[ + )_ |orb(a;)]
= |Z(G)| + Y_[G : stab(a;)] by Orbit — Stabilizer
=[Z(G)| + )_[G : C(a)],

where C(a;) is called the centralizers of G.

WP Theorem 6 (First Sylow Theorem)

Let G be a finite group, and let p | |G| such that p is prime. Then G

contains a Sylow p-subgroup.

& Proof
We proceed by induction on the size of G. If |G| = 2, then p = 2, and

so G is its own Sylow p-subgroup L !'A 2-cycle is a Sylow p-group.



22 Lecture 2 Jan 09th Sylow Theory

Consider a finite group G with |G| > 2. Let p be a prime that di-
vides |G

, and assume that the desired result holds for smaller groups.
Let |G| = p"m, where n,m € IN, and p { m.

Case 1: p | |Z(G)| By ®Theorem 2, Ja € Z(G) such that |a| = p.
Since (a) C Z(G), we have that

(a) <G and [(a)| = p.

2 Notice that the group G/ (a) is a group that has a lower order than
G, and so by IH, 3H < G/{(a) such that H is a Sylow p-subgroup of
G/ (a). Note thatif n = 1. then (a) itself is the Sylow p-subgroup.
WMA 71 > 1. We have that |H| = p"~!. By correspondence,

H=H/(a),
where H < G. By comparing the orders, we have
=+— = |H|=p"
p

Therefore H is a Sylow p-subgroup of G.

Case 2: p{ Z(G) By the class equation, notice that

p'm =G| =|Z(G)| + }_[G : C(as)], 2.1

and the summation cannot be 0 or p would otherwise divide Z(G).
Since p divides the LHS of Equation (2.1) and not |Z(G)

is nonzero, we must have that 3a; € G such that p 1 [G : C(a;)], since

, and the sum

only then would p | |G| 3. Since p | |G| butnot |G : C(a;)|, it must be

that p" | |C(a;)| by Lagrange *.

Note that we have |C(a;)| < |G|. Thus by IH, C(a;) has a Sylow

p-subgroup, which is also a Sylow p-subgroup of G. 0

#= Corollary 7 (Cauchy’s Theorem)
y y

If p is prime and p | |G|, then G has an element of order p.

% This feels like a struck of genius. Let’s
break it down and find some way that
makes it easier to remember. We want to
find H < G such that |[H| = p". We have
[(a)| = p. We want to be able to use the
Correspondence Theorem, so we should
adjust our materials to fit that mold: since
[(a)| = p, notice that

‘G‘ n—1
=
(a)]
This is a smaller group than G, and so IH
tells us that it has a Sylow p-subgroup, say
H. By the Correspondence Theorem, we
may retrieve H.

3 This is after having this term ‘neutral-
izing’ |G| so that the entire RHS is also
divisible by p. If p already divides every-
thing, and does not divide |Z(G)|, then p
would not divide | Z(G)]|.

*Having p" | |C(a;)| would cancel out all
the p’s in |G|, thus rendering p unable to
divide |G : C(a;)].
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WLOG, WMA |G| = p"m, where n,m € N and p t m. By ®Theo-
rem 6, 3H < G such that H is a Sylow p-subgroup. Take 2 € H \ {e}.

Then |a| = p* for some k < .

Letb = a?" . Notice that b # e, or it would contradict the definition
1\ P
of an order (for a). Then b¥ = (apk 1) = aP = e. Therefore |b| = p
and b € G. 0

Let G be a group, and H < G. The set

No(H) = {g€ G |gHg™' = H}

is called the normalizer of H in G.

Exercise 2.1.1

Verify that Ng (H) is the largest subgroup of G that contains H as a normal
subgroup.

It is clear by definition of a normalizer that H < Ng (H).

Suppose there exists Ng(H) < H < G such that H < H. Let
h € H\ Ng(H). But since H < H, we have

hHh ' = H,

which implies that i € Ng(H), a contradiction. Therefore N (H) is

the largest subgroup that contains H as a normal subgroup. 0
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Before proceeding with the Sylow’s next theorem, we require two

lemmas. Lemma 8 tells us that if we can find a
p-subgroup Q of G, then the elements
in Q that serves as the stabilizers of P

are precisely the elements that Q shares
% Lemma 8 (Intersection of a Sylow p-subgroup with any other p- with P. This is uninteresting if P is cither
subgroups) abelian or normal, but it would highlight
what Z(P) is.

Let G be a finite group and p a prime such that p | |G|. Let P,Q < G be a
Sylow p-subgroup and a (regular) p-subgroup, respectively. Then

QNNg(P)=QnNP. 2.2)

Since P C Ng(P), C of Equation (2.2) is done.

Let N = Ng(P),andlet H = QN N. WISH C QN P. Since
H = QNN C Q,itsuffices to show that H C P. Since P is a Sylow
p-subgroup, let |P| = p". By Lagrange, we have that |H| = p™ for

some m < n. Since P < N, we have that HP < N 5, Moreover, we have 5 See PMATH 347
that
|H||P| _ &
HP| =

for some k < n. Also, P C HP, andson < k, implying thatk = n.
Thus P = HP, and thus

as required. 0


https://tex.japorized.ink/PMATH347S18/classnotes.pdf#thm.30

A Lecture 3 Jan 11th

Sylow Theory (Continued)

4 Lemma 9 (Counting The Conjugates of a Sylow p-Subgroup)
Let G be a finite group, and p a prime such that p | |G|. Let

e P be a Sylow p-subgroup;

e Q be a p-subgroup;

* K={gPg'|gecG};

e Q act on K by conjugation; and

e P =Py, DP,,..., P be the distinct orbit representatives from the action

of Qon K.

Then

r

K=Y [Q:QnP].

i=1
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From the definition of K, and the fact that Q acts on K, we have

KI = L lorb(?)

r

= Z|Q| / |stab(P;)|  orbit-stabilizer

<

= Z|Q| /|Ng(P;)NQ| by the action

-

= Z[Q Ng(P;) N Q] by definition

<
—_

= Z[Q QNP thelast lemma.

—_

0 ! Why can we use Lemma 8? Are the P;’s
Sylow p-subgroups?

WP Theorem 10 (Second Sylow Theorem)

If P and Q are Sylow p-subgroups of G, then 3¢ € G such that P =
§Qg .

LetK = {qPq~'| g€ G}. WIS Q € K. We shall also note that
|P| = p* for some k € N.

Let P act on K by conjugation. Let the orbit representatives be
P="P,P,..., P.

By Lemma 9, we have
r r r
K| =Y [P:PNP] EP:PﬂPi]:1+Z[P:PﬂPi].
i=1 =2 i=2

Thus
IK|=1 mod p.

Now let Q act on K by conjugation. Reordering if necessary, the
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orbit representatives are
P = PlIPZI"-/PS/

where s is not necessarily r. From here, it suffices to show that Q = P;

for somei € {1,2,...,s}. Suppose not. Then by Lemma 9,
S
K| =) [Q:PinQ].

i=1

Note that it must be the case that [Q : P; N Q] > 1, for some if not
all i, for otherwise it would imply that Q N P; and that would be a

contradiction. Then by Lagrange,
K| =0 mod p.

This contradicts the fact that [K| =1 mod p.

This shows that Q = P; for somei € {1,2,...,s},andso Qisa

conjugate of P. O

We shall denote ny as the number of Sylow p-subgroups in G.

WP Theorem 11 (Third Sylow Theorem)

Let p be a prime, and that it divides |G|, where G is a group. Suppose
|G| = p"m, where n,m € N and p t m. Then

1. np = 1 mod p; and

2. np|m.

Let P be a Sylow p-subgroup of G, and let

K:{ngfllgEG}.
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By Sylow’s second theorem, n, = |K| as all the conjugates are exactly
the Sylow p-subgroups. And by our last proof, we saw that n, = 1
mod p.

Let G act on K by conjugation. Then by the Orbit-Stabilizer Theo-

rem,
|G| = |stab(P)| |orb(P)].
Thus
p"m = |Ng(P)| np. (3.1)
Thus 1, | p"m. Since n, =1 # 0 mod p, we must have n, | m. 0
Remark 3.1.1

1. From Equation (3.1), we have that

n, = [G : Ng(P)].

2. W Note that
n,=1<<= V¥geGgPg ' =P + P<G.

However, note that P may be trivial! This means that if G is simple, it

does not imply that n, = 1. ®

A group is said to be simple if it has no non-trivial> normal subgroups.

Example 3.1.1

Prove that there is no simple group of order 56. >

Let G be a group. Note that 56 = 23.7. Thenn; = 1 mod 7 and

? By non-trivial, we mean that the normal
subgroup is not the group with only the
identity element.

¥ (No simple subgroup of order n)
The approach to showing that there are

no simple groups of a certain order is as

Jollows:

e we make use of the fact that each group
has a Sylow subgroup, and there are

usually not many such subgroups;

e using each of the possiblities as cases,
we find out if a group of the given order

will have a normal subgroup.
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ny | 8 = 23. Thus

ny =1orny; =8.

ny =1 By the remark above, G has a normal Sylow 7-subgroup.

Thus G is not simple.

ny = 8 By Lagrange, since 7 is prime 3, the distinct Sylow 7-
subgroups of G intersect trivially. Therefore, there are 8 x 6 = 48
elements of order 7 in G. But this implies that 56 — 48 = § elements
that are not of order 7. One of them is the identity, thus the remaining

7 elements must have order 2 4. This implies that
n,=7=1 mod 2,

which by our remark means that G has a normal Sylow 2-subgroup.

Thus G is not simple by both accounts.

3 This makes use of the fact that the Sylow
7-subgroup has a prime order, not just
because 7 itself is prime. We say this

here because if the order of the Sylow
p-subgroup is prime, then by Lagrange,
|P N Q|, where P and Q are distinct Sylow
p-subgroups, is a subgroup of P (and Q),
and must hence either be 1 or p. But this
intersection cannot have order p, since P
and Q are distinct. Thus [PN Q| = 1.

It is also important to note that this is
only true if the order of the Sylow p-
subgroups are prime, i.e. simply p itself.
If their orders are p" for some n > 1, this
is not necessarily true.

4 They cannot be of any other order as that
would create a cyclic group that is not of
order 2 or 7, which is impossible.
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Sylow Theory (Continued 2)
Remark 4.1.1

1. Letp # q both be primes, and p,q | |G|. Let Hy and Hy be a Sylow
p-subgroup and a Sylow q-subgroup of G, respectively. By Lagrange’s
Theorem, we must have that H, N Hy = {e}. Then

|Hp U Hy| = |Hp| + |Hg| - 1.

2. Let |G| = pmandp { m, where p is prime. If H,K are Sylow p-
subgroups of G with H # K, then HN K = {e}. o

Example 4.1.1
Let G = Dg. Notice that
H={(1,s), K={(1,rs)

are both Sylow 2-subgroups of Dy and H # K, and their intersection is
trivial. >

Example 4.1.2

Let |G| = pq where p, g are primes with p < gand p { g — 1. Then |G| is
cyclic. >

By the Third Sylow Theorem, n, = 1 mod p and n, | . Notice that
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n, = 1,sinceifn, = g,thenn, =1 modp = p | q—1,
contradicting our assumption. By our remark last lecture, G has a

normal Sylow p-subgroup, which we shall call Hy,.

On the other hand, n; = 1 mod gandn, | p. Sincep < q,
q J( p — 1, and so the same argument as before holds. Hence ng = 1,

and so G has a normal Sylow g-subgroup.
Since Hp < G, we know that HPH,, < G, and we notice that

| Hy| |Hy|

H,H,| = ————
| p ‘7’ |Hpqu’

=pq =|G]|.

Thus G = Hqu. Leta,b € G. If a, b is either both in Hp or both in
Hy, then ab = ba'. WMAa € Hp and b € Hq. By our first remark " Note: H, and H, are normal subgroups.
today, note that H, N H,; = {e}. Then, observe that

aba bl e Hg aba bl e Hy,
-~
Hy
H‘7 HP
Thus aba—'b~! = ¢ = ab = ba. So G is abelian. By the Fundamen-

tal Theorem of Finite Abelian Groups
GC=Zpx 2Ly Zp,

which is cyclic. O

Example 4.1.3
By the Fundamental Theorem of Finite Abelian Groups
53 ~ 7o X 23,

and |S3| = 6 = 2 -3, is not cyclic. Notice that S3 does not fulfill the

requirements for the last example since 2 | 3 —1 = 2. >
Example 4.1.4

If |G| = 30, then G has a subgroup isomorphic to Z;5. Note that |G| =
2-3-5. By the Third Sylow Theorem,

ns =1 mod5andns |6 = ns=1or6
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and

ng=1 mod 3andns |10 = nz =1 or 10.

Suppose n5 = 6 and n3 = 10. Since the Sylow 3-subgroups and Sylow
5-subgroups intersect trivially, this accounts for (6 x 4) + (10 x 2) = 44
elements but |G| = 30 < 44. Thus we must have n5 = 1 or n3 = 1. Thus

G is not simple.

Let H3 and Hs be Sylow 3- and 5-subgroups, respectively. WLOG,
suppose H3 < G. Then H3Hs < G, and notice that |H3Hs| = 15. Since
15 =3-5and3 {4 = 5 — 1, we know that H3Hs ~ Zj5 by an earlier
example. >

Example 4.1.5

Let |G| = 60 with n5 > 1. Then G is simple. >

This is an important example for it is with this that we can prove the

following:

#= Corollary 12 (As is Simple)

As is simple.

Note that | As| = % = 60, and

((1 2345 )amd((13245))

are both Sylow 5-subgroups that are distinct (one has odd while

the other has even). O

Example 4.1.5
Suppose 15 > 1. Notice that 60 = 22 -3 -5. By ®Theorem 11, n5 = 1
mod 5 and n5 | 12, and thus n5 = 6. This accounts for 6 x 4 +1 = 25

elements. Now suppose H < G is proper and non-trivial.
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If 5 | |H|, then H contains a Sylow 5-subgroup of G. Since H < G,
H contains all the conjugates of this Sylow 5-subgroup. Thus by our
argument above, we have that |H| > 252. Also, H | 60. Thus it must > These are the 25 elements that were

L. found in the last paragraph.
be that |H| = 30. But then by the last example, n5 = 1, a contradiction. paragrap

So 51 |H|. By Lagrange, it remains that

|H| =2,3,4,6 or12.

Case A |H| = 12 = 22.3.3 So H contains a normal Sylow 2- or 3

3-subgroup that is normal in G. O Exercise 4.1.1

Prove that either np, = 1 ornz = 1.

The proof shall be continued next lecture.



Part I1

Fields
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Sylow Theory (Continued 3)

We shall continue with the last proof from where we left off.

Example 4.1.5
Case A |H| = 12. WLOG, let K be a normal Sylow 3-subgroup of H,

which is also normal in G !.

Case B |H| = 6. H would then have a normal Sylow 3-subgroup,

which is normal in G. We shall also call this subgroup K.

By replacing H with K if necessary, wma |H| € {2,3,4}. Consider
G = G/H. Then |G| € {15,20,30}. 2 In any case, G has a normal
Sylow 5-subgroup. Call this normal subgroup P. By correspondence,
P = P/H where P is a normal subgroup of G 3. Thus P is a proper

non-trivial normal subgroup of G. Also,
|P| = |1_3|-|H| =5-]H|.

Thus 5 | |P

, putting us back to the case where 5 | |H|. Thus G does

not have a non-trivial normal subgroup, i.e. G is simple. O

Review of Ring Theory

Let Fbea ,and I be an of Flx], its
is a PID, we have I = (p(x)) for some p(x) € F[x].

Moreover, I is iff p(x) is

'In Sylow Theory, normality is transitive:

If P is a normal Sylow p-subgroup
of G, and Q is a normal subgroup of
P,thenVq € Q, wehaveq € P and
s0gqg”! =qb li

898 g by normality of P. It
follows that Qg™ ! = Q and so Q is
also normal in G. O

Exercise 5.1.1

Prove that G has a normal Sylow 5-
subgroup in all the three possible orders
of G.

3 Note: correspondence works for the
normal case as well.
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Thus we observe that
Flx]/Iis afield iff I = (p(x)) is maximal iff p(x) € F[x] is irreducible.

Therefore, to talk about fields, we need to understand irreducibles.

Let R be an integral domain (ID) *. We say that f(x) € R[x] is irreducible
(over R) if

I f(x) £0
2. f(x) & R*, where R* is the set of units of R;

3. whenever f(x) = g(x)h(x), where g(x),h(x) € Rlx], then either
g(x) € R* orh(x) € R*.

Iff(x) #0, f(x) ¢ R* and f(x) is not irreducible, we say that f(x) is
(over R).

Example 5.3.1

f(x) = x* — 2is irreducible over Q but reducible over R as

f(x):<x—\@> (x+\[2). >

Let F be a field, f(x) € F[x] and a € F. By the , we

can write

f(x) = (x =a)q(x) +r(x),

where g(x),r(x) € F[x]. Note that we either have r(x) = 0 or degr <

deg(x — a) = 1. In the latter case, r € F, and so
£(x) = (x —a)q(x) +.
Then f(a) =0+7r =r,andso f(x) = (x —a)g(x) + f(a).

s(x—a)| f(x) < f(a)=0.

4 are commutative rings
that has no zero divisors.
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& Proposition 13 (Polynomials with Roots are Reducible)

Let F be a field. If f(x) € F[x] withdeg f > 1, and f has a root in F,
then f is reducible (over F).

Example 5.3.2
Let f(x) = x® +x® + x* + x3 + 3 € Z7[x]. Then f(1) = 0. Therefore
f(x) = (x —1)g(x) where g(x) € Zy[x].

Thus f(x) is reducible over Z;. »

& Proposition 14 (Irreducible Rootless Polynomials)

Let F be a field. If f(x) € F[x] withdeg f € {2,3}, then f(x) is * Note that this does not work in an ID. For

. . . . example, 2x? + 2.
irreducible over F iff f(x) has no roots in F. P

-ff Warning
(x% +1)% € R[x] is reducible but has no root in R. Note that the degree of
the polynomial is 4.

Example 5.3.3

Let f(x) = x® + x + 1 € Z,[x]. Note that f(0) = 1and f(1) =3 =1
mod 2. Since deg f = 3 and f has no roots in Z,, f(x) is irreducible
over Z,. >

2P Theorem 15 (Gauss’ Lemma)

Let R be a Unique Factorization Domain (UFD), with field of fractions F.
Let p(x) € R[x]. If
p(x) = A(x)B(x),



40 Lecture 5 Jan 14th Irreducibles

where A(x), B(x) are non-constant in F[x], then 3r,s € F* non-zero such

that

where a(x) = rA(x) and b(x) = sB(x).

If p(x) € R[x] is reducible over F, then p(x) is reducible over R.

IfR = Z and F = Q, then if p(x) is irreducible over Z, then p(x) is

irreducible over Q.
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Irreducibles (Continued)

Our goal in this section is to develop methods to test for the irreducibility

of polynomials.

4 Warning
Note that f(x) = 2x +4 = 2(x + 2) is reducible over Z.' but irreducible

over Q.

& Proposition 16 (Mod-p Irreducibility Test)

Let f(x) € Z[x] withdeg f > 1. Letp € Z be prime. If f(x) is the

corresponding polynomial in Z., x| such that

o the coefficients of f(x) are coefficients of f(x) in mod p,
+ deg f =degf? and

D J_‘ is irreducible over Zp,

then f(x) is irreducible over Q.

& Proof
Suppose deg f = deg f, and f(x) € Z, is irreducible over Z,,.

Suppose to the contrary that f(x) is reducible over Q. Then for some

! This is interesting over Z, since 2 ¢ Z*.

2 This means that the leading coefficient of
f is not killed off.
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g(x),h(x) € Q[x] with deg g, degh < deg f, we have

By assumption, f is irreducible over Zp, either

degg = 0or degh = 0.

Wilog, deg g = 0. Then
degh < deg f = deg f = degh < degh,
which implies that deg f = degh butdegh < deg f. Thus f is

irreducible over Q.

Example 6.1.1

Consider the polynomial

f(x) = 3x% 42247 + 17x + 471.

Then consider
f(x)=x3+x4+1¢€Z[x].

Since f(0) # 0and f(1) # 0, and deg f = 3, by & Proposition 14, f(x)
is irreducible over Z,. Since deg f = deg f, f is irreducible over Q by
Pl

the Mod-2 irreducible test.

4 Warning
Consider f(x) = 2x> + x € Q|[x], which is reducible over Q. However,

f(x) = x € Zy[x] is irreducible over Z,. Notice here that deg f #

deg f.
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More generally so...

& Proposition 17 (Polynomials that Cannot be Factored Over the

Ideals is Irreducible)

Let I be a proper ideal of an ID R. Let p(x) € R[x| be monic and non-
const. If p(x) cannot be factored in (R/1) [x] 3 into polynomials of lesser

degree, then p(x) is irreducible over R.

Sps to the contrary that p(x) is reducible over R. Then

for some f(x),g(x) ¢ R*. Since p(x) is monic, and deg f,deg g <

deg p, wma f(x) and g(x) are also monic. Then
p(x) = f(0)3(x) € (R/I) [x].
Since I C R, we have that 1 ¢ I, and so

deg f,degg < degp

but that implies that p(x) can be factored in (R/1) [x]. o

é Proposition 18 (Eisenstein’s Criterion)
Let R be an ID. Let P be a prime ideal of R. Let
f(x)=x"+a, 1x" '+ .. +ayx+ag € R[]
with n > 1. Note that f is monic. Now if
Ap_1,0n_2,...,41,40 € P and ay ¢ P2,

then f is irreducible over R.

* Note that (R/I) may not be an ID even if
R is one.
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Sps to the contrary that f is reducible over R. Since f(x) is monic,

where g(x),h(x) € R[x] and deg g, degh < deg f. Then

f(x) = g(x)h(x) = x" € (R/P)[x]

since a,_1,a,_»,...,a1,49 € P. Since P is prime, R/ P is an ID, we
have that either g(0) = 0 or #(0) = 0. Wlog, §(0) = 0 € P. But that
implies that agp = g(0)1(0) = 0 € P2, a contradiction. O
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Irreducibles (Continued 2)

Example 7.1.1

Prove that f(x,y) = x> +y? — 1is irreducible in Q[x,y] = (Q[x])[y]. &*

& Proof
Consider f(x,y) = y?+ (x* + 1). Since x — 1 is irreducible, let
P = (x — 1), which is therefore a prime ideal of Q[x]. Moreover, then

since x + 1 € Q[x], notice that
x2—1=(x+1)(x—1) €P.

Since (x — 1)2 J[ (x2 — 1) S I we have that x2 — 1 o2 P2, Then by ! The only polynomial of degree 2 in P is
(x —1)2.

Eisenstein, we have that f(x,y) is irreducible. o

#= Corollary 19 (Eisenstein + Gauss)
Let p € Z be a prime, and let
fx)=x"+a,_1x" 1. fax+a

be non-const in Z[x). If p | a; foralli € {0,...,n — 1}, and p? { ag, then

f is irreducible over Q.

Recall that the prime ideals of Z are Z,

where p is prime.
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Let P = (p). It follows from Eisenstein that f is irreducible over Z,

and then from Gauss that f is irreducible over Q. 0O

Example 7.1.2

Let f(x) = x" —d € Z[x] where 3p € Z prime such that p? { d and p | d.
Let P = (p) and so by #= Corollary 19, f is irreducible over Q. »

Example 7.1.3

It is not always true that such a prime p can be found. For example,

consider the polynomial
272 =2 (2332) € Q[x],

which has roots £61/2 ¢ Q. Thus x2 — 72 is irreducible in Qlx]. >

The above example is noteworthy since it will appear rather often through-
out this course. Notice that if we have polynomials of the above form, then

we immediately have that the polynomial is irreducible.

Example 7.1.4
Are the following irreducible over Q?
1. f(x) =27 +21x° + 1522 + 9x + 6

Yes. Notice that all the non-leading coefficients have a factor of 3, and
so if we let p = 3, since 3% = 9 1 6, it follows from Eisenstein that f is

irreducible over Q.

2. f(x)=x>+2x+16

Eisenstein can’t help us here, at least, not right now, since gcd(Z, 16)
2 and 22 = 4 | 16. Consider f(x) = x® 4+ 2x + 1 € Z3[x]. Notice that
f(0) =1 = f(2) and f(1) = 4. Since deg f = 3, it follows from

& Proposition 14 that f is irreducible over Z3. Since deg f = deg f,
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it follows from the Mod-3 irreducible test that f is irreducible over Q.
2

3. f(x) =x*+5x3+6x2 -1

Again, Eisenstein can’t help us here, since5 L 6 1 1 3. Consider

flx)=x*+x°+1¢€ Zx].

We know that f(0) = 1 = f(1), and so f has no roots in Z5. 4

Consider the quadratics’ of Z;[x]: we have
2, 24+x, 241, x4+l
all, but the last, of which are reducible. However, notice that
2 2 4 2 7
(x +x+1) =x"4+x"+1# f(x)

(by the Freshman’s Dream). Thus ]7 is irreducible in Z,. Since
deg f = deg f, by Mod-2 irreducible test.

4. W Let p be a prime, and let

fx) =P 4P 24 4 a1

Note that f(x)(x —1) = x”? — 1, and so f(x) = xpfll. Furthermore,

xX—

notice that

f(x+1):w: y (Z)xp—k_i

— ,p—1 P p—2 P P
X +<p_1>x +...+<2>x+<1>.

By setting P = (p), we have that f(x + 1) is irreducible by Eisenstein.
It follows from A3Q2 that f(x) is also irreducible. >

Showing reducibility Let f(x) € Flx]. f(x) is reducible if

 f(x) has aroot « in F[x], because that means x — « € F|[x], and thus
x—a| f(x).

* f(x) = g(x)h(x) for some non-constant g(x),h(x) € F[x], which is

-f( Warning
Note that we cannot use Eisenstein on f
since while Z,, is an integral domain, the
only proper prime ideal is {0}, which
would make the tool useless.

In addition to the above, note that
Z, cannot have other proper prime
ideals. If1 < k < p, then by Fermat’s
Little Theorem, k™1 = 1 mod p, i.e.
1 € (k), which means (k) = Z,.

* | is a common notation for coprime-

ness.
4 Note that we cannot use & Proposi-

tion 14 here as deg f = 4 > 3.
5

We did so as we have
already checked for the linear factors by
checking for roots, which also checks for
the cubic factors, since if we can factor
out a linear factor, we are left with a cubic
factor. Ruling out linear factors in turn
rules out cubic factors.

P (Summary for Proving Irreducibility)
This subsection is dedicated to summarize
the ways that are available to us to finding
out if a given polynomial is reducible
or irreducible. This includes common

heuristics and/or techniques.
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just by definition.

Showing irreducibility Let f(x) € F[x|. Note that it is possible to mix and

match these tools to achieve our goal. Our trusty tools include:

* Eisenstein: find a prime or irreducible polynomial (prime ideals) such
that

— each of the coefficients, except for the leading coefficient, is divisible

by the prime (or irreducible), and

— the square of the last coefficient is not divisible by the prime (or

irreducible).

+ Ifdeg f € {2,3}, thenby & Proposition 14, we simply need to
check that the polynomial does not have roots. This sounds crazy in an

infinite field, but we can combine this with...

e Mod-p irreducibility: find the equivalent f(x) € Z,[x]: that s, let
f(x) € Z,[x] be such that we replace each of the coefficients of f are
replaced with their counterparts in Z,. Then use the other methods

here to check for irreducibility.

* By A3Q2(a), we have that f(x) € F[x] is irreducible over F[x] if

f(x+ a) is irreducible over F[x] for some a € F*.

Some somewhat helpful heuristics that can reduce our work and/or

make a problem much easier include:
e If our polynomial is of the form
F(x) = 2" + ag, ox®72 .. 4 apx? +ag,
then we can lety = x? and consider the polynomial
g(y) =y" +ag oy '+ ...+ a2y + a.

Note that if ¢(y) is reducible, then so is f(x). Conversely, if we want

f(x) to be irreducible, it had better be the case that g(y) is irreducible.

* Depending on where our polynomial comes from, the graph of the

function may be helpful. For instance, the function x* + 3 looks like
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a quadratic graph that does not intersect the x-axis, so we know that it

does not have real roots.

— We can do this even for polynomials that look like x* — 2x% + 9,
since
2224 9=(x2-1)2+8>0.

Let K be a field. Recall that a non-empty subset F C K is called a

of K if F is a field under the same operations.

Example 7.2.1

Q(V2) := {a + b2 ‘ a,be Q} is a subfield of C. We call this field Q
13 5 \/E‘ )

We did not actually show that Q(~/2) is indeed a field but note the follow-
ing: leta +b\/2 # 0 € Q(\/2). Then
1 (a— bﬁ) a—bv2

a—i—bﬁ. (a—bV2) =2 o €Q(Vv2),

and note that
222 A0 — L =\2,

which does not happen in Q itself.

Let F be a field. A field extension (or an extension) of F is a field K which
contains an isomorphic copy of F as a subfield. We denote this notion of

K/F.

Example 7.2.2

+ We have that C/R and Q(v/2)/Q.
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e For a prime p, if

2,0 = { 15| 050 € 21115 £ 0}

then Z,(x)/Z,. We call Z,(x) the fraction field of Z,.

» Let Fbeafield, and f(x) € F[x]be irreducible. ThenletK =
F[x]/(f(x)). Then K/F.

* Note that Q is not an extension of Z,, for any prime p, because they
have different characteristics. In particular, Q subfields of Q must

have the same characteristic as Q. >

Note that in the last example, K is not a ‘direct’ extension of F, but it
contains an isomorphic copy of F. This allows us to have more flexibility in

what we can do.

1 4 Warning
IfgivenZy, = {0,1,2,...,p — 1}, then Q is not an extension of Z,, since

the two use different operations.
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Field Extensions (Continued)
Example 8.1.1
Let F be a field.
« If the characteristic ch(F) = p > 0is a prime, then
Fo{0,1,2,...,p—1}~Z,.
Thus F/Z,.
 Ifch(F) =0, then F/Q.

In either of these cases, we call Zp and/or Q the prime subfield of F. >

E Definition 8 (Generated Field Extension)

LetK/F,and wy,...,0, € K. The field extension of F generated by

{a;}i,is

Fay, ... an) = {H ‘f,g € Flxy, ..., xn), 8 # o},

of which we call as F adjoin ay,...,ay,.

We have that F(wq, ..., &n)/F, and in turn K/F(aq,. .., a,).
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Remark 8.1.1 (Minimality)

Let K/F, and ay, . ..,0, € K. If we have E/F such that K/ E and w; € E for
all i, then
F(aq,...,ay) CE,

ie. F(aq,..., ) is the smallest extension of F that contains the «;’s. 4

Example 8.1.2 (A classical example of field extensions)

Show that Q(v/2,v/3) = Q(v2+ V/3). >

Since V2,3 € Q(ﬁ, \@) by closure, we have that v/2 + /3 €
Q(v2,v/3), and 50 Q(vV2 + v3) C Q(V2,V3).

For the other direction, we have that v/2 + v/3 € Q(v2 + V/3).

. . 1 .
Then in particular RV € Q(ﬁ + \@) Notice that

L V22V3 s peqvat Vi)

V2+V3 V2-/3
So 2\/5,2\@ S Q(\ﬁ + \/g) ], and in turn \/E, \/g c Q(\ﬁ, \/g) 124/2 follows from a similar argument by
; _ V32
Then by minimality, Q(v/2,v/3) C Q(v/2 + /3). O using 1 = 73=05-
Remark 8.1.2

Notice that F(«, B) = [F(a)] (B).

We have that F(«) C F(w, ), € F(a, B), which implies that F(a)(B) C
F(a, B) by minimality.

Also, since F C F(a,B), andw, B € F(a,p), we have, by minimality
(again), that F(a, B) C F(a)(B). o

& Proposition 20 (Span of the Extension)

Let K/F and a € K. If w is a root of some non-zero f(x) € F|[x] irre-
ducible over F, then F(a) =~ F[x]|/(f(x)). Moreover, ifdeg f = n,
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then

F(a) = spang{1,a,...,a" 1}

Sps « € Kis aroot of an irreducible f(x) € F[x] over F. Let deg f =
n € N. Define ¢ : F[x] — F(a) by ¢(g(x)) = g(«). Note that this is a

ring homomorphism. Let

I'={g(x) € F[x] [ g(a) = 0} = kerg,

which is an ideal. Since F[x] is a PID 2, 3g(x) € F[x] such that [ = 2 See PMATH347.
(g(x)). Since a is a root of f(x), f(x) € I, and so f(x) = g(x)h(x)

for some h(x) € Flx]. Since I # F[x] and f is irreducible, h(x) € F*.

Thus (g¢(x)) = (g(x)). Then by the ,

Flx]/{f(x)) = ¢(F[x]).

By construction, ¢(F[x]) € F(a). Since ¢(F|[x]) is a field (by iso-
morphism) which contains & = ¢(x) and F, and so by minimality
F(a) € @(F[x]). Therefore

as required.

Through the isomorphism, for any /(x) € F[x], we have

h(x) + (f(x)) = h(a).
So
Fla]/{f(x)) = {cn,lxnfl Fotoaxto+ (f(x) |ae p}
and thus
Fm):{%qw“th“+mm+ww+gu» qu}

—1
= spang {1,zx,...,vc” },

as claimed. O


https://tex.japorized.ink/PMATH347S18/classnotes.tex
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WA Ficld Extensions (Continued 2)

LetK/F,and 0 # ¢(x) € F[x]|,and a € K such that g(a) = 0. Since
F[x] is an ID, g(x) must have an irreducible factor f(x) € F[x] such that
f(a) = 0. By the proof of & Proposition 20,

(f(x)) = kerg = I = {h(x) € F[x] | h(a) = O}.

In particular,

e If h(x) € F[x] such that h(«) = 0, then h(x) € (f(x)). In particular,
f(x) [ h(x).

* (f(x)) contains a unique, monic, irreducible polynomial: for any
g(x) € (f(x)) that is irreducible, we know that g(x) = uf(x), where
0 # u € F*, and so we can just divide the polynomial g by u to make

it monic.

& Definition 9 (Minimal Polynomial)

Let K/F, and o € K be a root of a non-zero polynomial in F|x]. Then
there exists a unique irreducible monic polynomial f(x) € F[x] such
that f(«) = 0. We call this f(x) the minimal polynomial for « over F. If
deg f = n, we call n the degree of w over F, denoted degp(«).

For an « € K, its minimal polynomial is unique, but a minimal polynomial
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need not have only one root.

& Proposition 21 (Span of an Extension if Linearly Independent)

Let K/F, and « € K with minimal polynomial f(x) € F|x|, with
degy(a) = n. Then the span F(a) = spanp{l,a,...,a" "1} is lin-

early independent over F.

Sps to the contrary that

Cpq " oy a2+ 440 =0, c; €F,

has a non-trivial solution, i.e. not all ¢;’s are O (i.e. we assume that the

«’s are linearly dependent). Consider

g(x) = X x4 ¢,

and so g # 0. However, g(a) = 0, s0 g(x) € (f(x)),ie. f(x) | g(x).

However, that contradicts the fact thatdeg f =n >n —1 > degg.

Example 9.1.1

Consider K/F, and « € K. Then

degp(#) =1 <= min. polym f(x) =x —a € Flx] <= a € F.

Example 9.1.2

O

>

Consider Q(v/2)/Q. Leta = /2. Note that f(a) = 0 for f(x) = x> — 2,

which is irreducible by Eisenstein by P = (2). Thus deg,(«) = 2, and so

Q(V2) = spang{l,a} = {a+ bv2|a,b € Q}.

Example 9.1.3

d

¥ (Computing Degree of an Algebraic Number)

You are usually given some algebraic

number whose degree you are told to

compute.

1.

If it looks like the given number can

be brought back into the base field

after taking powers and some algebraic
manipulation, then let « be that element.
Do what you noticed until all the
instances of elements not in the base field
are gone. Try to take a little steps as
possible.

Use that formula while replacing each
instance of « with x. This will give you a
polynomial where the given number is a

root.

Check if this polynomial is minimal. If

not, recompute.
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Leta« = \/1+ /3. Notice that 2 = 1 + /3, and so (ocz - 1)2 = 3. Thus
at—2424+1-3=0.

Let f(x) = x* — 2x? — 2 € QJx]. Note that f is monic and f(«) = 0.
By Eisenstein, f is irreducible if we pick P = (2) !. Thus f is a minimal

polynomial for «. We have that

degqg(a) = deg f = 4. >

Example 9.1.4

Let f(x) = x® + x + 1 € Z,[x]. Let & be a root of f(x) in some extension
of Z,. Compute the size of Z,(a). »

# Solution
We showed in one of our previous examples that such an f is irreducible
in Z,. Thus degy, («) = 3. Then

— 2
Zy(x) = spany {1,a,a"},
where {1,&,a?} is linearly independent over Z,. Thus
|Zy(a)] =2x2x2=38,

since each of these elements have agree 2.

Up till now, we never guaranteed that such a root exists, but it does, which

is a theorem that we shall prove later. (See Kronecker’s Theorem)

#= Corollary 22 (Isomorphism between Extensions)

Let K/F and o, B € K have the same minimal polynomial f(x) € F[x].
Then F(a) ~ F(B).

! From hereon, we shall just say, for in-
stance, that “the polynomial is irreducible
by 2-Eisenstein.”

¥ (Computing Finite Fields of Given Size)
We will usually be given a number m that is

the power of a single prime number p.
1. Determine n for p" = m.

2. Find an irreducible polynomial of degree
ninZyx].

3. Pick one of the roots « and adjoin it to

Zp, i.e. consider

Zy(w) = spang, {1,a,02,...,a" 1}

This field will have order m.
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From & Proposition 20, we have that
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Field Extensions (Continued 3)

How can we work with field extensions algebraically?

YOWWA Linear Algebra on Field Extensions

We can look at K/ F as K being an F-vector space.

& Definition 10 (Finite Extension)

We say K/ F is a finite extension if K is a finite dimensional F-vector
space. We call the dimension, dimp K, the degree of K/ F, and denote this

dimension as

[K: F].
Example 10.1.1
We have [C : R] = |{1,i}| = 2. >
Example 10.1.2
[R: Q] = co. >

Example 10.1.3

Let K/F and « € K with the minimal polynomial f(x) € F[x]. Then

[F(a): F] = |{1, Q.. .,lxn_l}’ =n, where n = deg f = degF(oc).l » ! This is why we call the dimension of

K/F as a degree.
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We say F1/Fy/F3/ .../ Fy is a tower of fields if each F;/ F; 1 is a field

extension.

WP Theorem 23 (Tower Theorem)

If K/ E and E/F are finite extensions, then

[K:F]=[K:E|[E:F].

Let B, = {v1,...,v,} be abasis for K/E and By, = {wy,...,wy} bea
basis for E/F.

Claim The set {viwj :1<i<n1<j<m}isabasis for K/F.

Linear Independence Assume
Y cijwjv; = 0. (10.1)
ij

Notice that we may write Equation (10.1) as

i

Z (2 cl-,]-w]-> U = 0.
j
Since B, is a basis of K/E, for each i, we have
Zci,]‘w]‘ =0.
j
Since B,, is a basis for E/F, for each j, we have
Cl',]' =0.

It follows that the w;v;’s are linearly independent of each other.

Span Letu € K. Then

n
w=) civ
i=1
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where ¢; € E is given by

m
Ci = Z dZ,]ZU]
j=1
Then
u= Zdi,jwjvi.
ij
Thus {v;, w;} is a basis for K/F. o
Example 10.1.4
Compute [Q(V/5,7) : Q. >

# Solution

By the Tower Theorem, we have that
[Q(V5,1) : Q] = [Q(V5)()) : Q(V5)] - [Q(V5) : QJ.
Notice that
[Q(V5) : Q] = deg(x® —5) = 3.

For [Q(+/5)(i) : Q(+/5)], let p(x) be the minimal polynomial for i over
Q(%) Since i2 + 1 = 0, we know that i is a root of 2 +1 = 0. Then in
particular, we must have p(x) | x> + 1. Sodeg p € {1,2}.

Now since Q(\S/g) C Randi ¢ Q(\S/g), we observe that deg p # 1.
Thus deg p = 2. It follows that

Therefore

Let K/F. We say that « € K is algebraic over F if 30 # f(x) € F[x] such
that f(«) = 0. Otherwise, we say that « is transcendental over F; that is,

there is no non-zero polynomial over F such that « is a root.
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We say that K/ F is algebraic if every « € K is algebraic over F.

Otherwise, we say that K/ F is transcendental.

Example 10.1.5

7 is transcendental over Q 2. However, 77 is algebraic over R (note that 2 The proof of this statement is beyond

x — € Rlx].). » our power at this point.
Example 10.1.6

As a direct consequence of the above example, we have that R/Q is

transcendental. >
Example 10.1.7
As we have seen numerous times, Q(\@) /Q is algebraic. >

Remark 10.1.1

If a € K is algebraic over F, then a has a minimal polynomial in F|x]. o

WP Theorem 24 (Finite Extensions are Algebraic)

If K/F is finite, then K/ F is algebraic.

4 Strategy
The idea is to make use of the fact that the
. extension will at least have the algebraic

Suppose [K : F] = n < oo, Leta € K. Consider

number as a span up to some degree n, and
instead of working with the spanning set,
we work with one o away. There will be two
cases, each of which can be dealt with at

relative ease.
Case | Suppose ' = af for somei # j € {1,...,n+1}. Thena is

certainly a root of f(x) = x' — x/.
Case 2 Suppose a’ # o/ for all i # j. Then we must have that

{a,a?,...,a", a1}
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is linearly dependent over F. Thus we may have
2 n+1 _
c1x + o™ + ...+ o =0
where not all ¢;’s are 0. Then a is a root of

f(x) =™+ ogx,

which is a non-zero polynomial.

In either case, we observe that « is algebraic over F. Therefore K/F

is algebraic. O
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Field Extensions (Continued 4)
YWRWA Polynomials on Field Extensions (Continued)

Recall that given K/ F,
* Finite (defn): dimp K = [K : F] < o0
o Algebraic (defn) No € K, 30 # f € F[x], such that f(«) =0

e Finite =—> Algebraic

& Definition 13 (Finitely Generated Extension)

We say K is a finitely generated extension of F if 3aq,ao, ..., 0, € K such
that K = F(aq, ..., ay).

& Proposition 25 (Finitely Generated Algebraic Extensions are Finite)

If K is a finitely generated algebraic extension of F, then K/ F is finite.! ! This proposition is actually an if state-
ment in disguise.

& Proof
Sps K/F is algebraic, where K = F (txl, ..., 0y). We shall proceed by
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performing induction on n. If n = 1, then [F(aq) : F] = degp(a1) <

0.

Now suppose that the result holds for n. Consider
K=F(ar,..., a0 0,41)
Then by the Tower Theorem,

[Flaq, ..., 00, 0,.1): F]

= [F(ay,...,0n) (1) : Faq, ..., an)] - [F(a,...,an) : F].

It follows from the base case and the induction hypothesis that

[F(ay, ..., a,41) : F] is finite. o

Finite extensions are, therefore, finitely generated.

4 Warning
The field Q(ﬂ, V3,4, .. .) is an algebraic extension of Q but it is not a

finite extension.

& Proposition 26 (Greater Algebraic Extensions)

IfK/E and E/F are algebraic extensions, then K/ F is an algebraic exten-

sion.

Leta € K. Since K/ E is algebraic, « has a minimal polynomial in E[x],
say it is
p(x) = x" +c,1x" L 4 cix Fco.

It is clear that p(x) € F(c,—1,...,¢0)[x] € E[x|. Further, we see that a
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is algebraic over F(c,,_1,...,¢1,¢). Consider F(c,_1,...,co, ). Since
F(cy_1,.-.,c0,&)/F(cy_1,...,co) is finitely generated, by & Proposi-
tion 25,

[F(cy_1,.--,¢1,c0,&) : F(cy_1,...,¢0)] is finite.

It is clear that F(c,_1,...,co,«)/F is finitely generated, i.e.
[F(cy—1,.--,c0,t) : F] < o0.

Then « has a minimal polynomial q(x) € F[x], i.e. « is algebraic over
F. -

& Proposition 27 (Algebraic Numbers Form a Subfield)

Let K/ F. The set of elements of K algebraic over F form a subfield of K.

LetL = {a € K:aisalg over F}. Leta, f € L and B # 0. Then

w,B,a+B,ap, Bt € F(u,B).

Then [F(a, B) : F] < coimplies that L is finitely generated, which is

thus algebraic, and is hence a subfield of K. 0

From various examples in the past, we notice that many of the roots that
we have come across live in C. We shall see why later on, but we can
ask ourselves if we can generalize this notion and make use of properties

from this notion.

67
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Let f(x) € F[x| be non-constant. We say f(x) splits in an extension K/F
if there exists Fu € F, and 3wy, . .., 0, € K such that

flx) =u(x—a1)...(x —ap).

Example 11.2.1

Every non-constant polynomial in R[x] splits in C. >
Kronecker’s Theorem is much more

profound than what meets the eye here.
See this PDF.

WP Theorem 28 (Kronecker’s Theorem)

Let f(x) € F[x] be non-constant. There exists an extension K/ F such that
f(x) has a root in K.

Let f(x) € F[x] be non-constant. Then let p(x) € F[x] be an irre-
ducible factor of f(x). Then consider K = F[t]/ < p(t) >. which we
know is a field. Then

t=t+p(t) €K

is a root of p(x), which means that f is also a root for f(x). o

WP Theorem 29 (Repeated Kronecker’s Theorem)

Let f(x) € F|[x] be non-constant. Then there exists an extension K/ F such

that f(x) splits over K.

By the Fundamental Theorem of Algebra, if we suppose that deg f =
n < oo, then f has n roots. Consequently, we need only to apply

P Theorem 28 for at most 7-many times to get to an extension where

f(x) splits. o


http://feyzioglu.boun.edu.tr/book/chapter5/ch5(51).pdf
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Splitting Fields (Continued)

& Definition 15 (Splitting Field)

Let f(x) € F[x] be non-constant. A minimal extension K of F with the
property that f(x) splits over K is called a splitting field for f(x) over F.

The following result is a direct consequence of ® Theorem 29.

& Proposition 30 (A Splitting Field is Generated)

Let f(x) € F[x| be non-constant, and let K/ F be such that f(x) splits
over K. Suppose

flx)=u(x—ay)...(x —ay),

whereu € Fandwy,...,an, € K. Then a splitting field for f(x) over F is

Flaq, ..., an).

Example 12.1.1

Find a splitting field for
fx)=x*+x*-6

over Q. »
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f Solution
Notice that

flx) = (3 +3)(x* = 2) = (x + V3i) (x — V3i) (x = V2) (x + V2)

in C[x]. Then a splitting field of f(x) over Q is Q(v/2,/3i).

Now what if we had two differing extensions at which f(x) splits, say
Kand E, and K and E are not the same field extension? In particular, K
and E would contain some subfield, say F(aq,...,a,) and F(B1,..., Bn)
respectively, which may not be the same spliting field. How are these

splitting fields related?

£ Lemma 31 (Isomorphic Fields have Isomorphic Polynomial Rings)

Let F ad F' be fields. If ¢ : F — F’ is an isomorphism, there exists a map

@ : F[x] — F'[x] that is also an isomorphism.

The map ¢ : F[x] — F’[x] given by

Plapx + ... Fapx +ag) = &px" ...+ &1x + &

is clearly an isomorphism between F[x] and F’[x]. o

Since there is no difference between talking about ¢ and §, we shall freely

write § as ¢ without remorse.

* Lemma 32 (Isomorphism Extension Lemma)

Let F and F' be fields, ¢ : F[x] — F'|x] be an isomorphism, f(x) € F[x]

be irreducible, « be a root of f(x) in an extension of F, and B be a root of

f(x) splits in K f(x) splits in E
\ relation? /
AT A
F(ay, ..., ) F(B1,..., Bn)
f(x) € Flx]

Figure 12.1: Differing Splitting Fields
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f(x) in an extension of F'. Then there exists an isomorphism  : F(ax) —

F'(B) such that { [p= ¢. Moreover, {(a) = B.

Using the to find p1 and pp, we have

@) B FI] [ ipey 5 IR/ (o(r(x))) % F/(B),

! where o(g(x)) = ¢(g(x)).

2 1

Exercise 12.1.1

- ) OO te oo s .
Then ¢ = py 0 op; : F(a) — F'(B) is an isomorphism. Prove that (£ (x)) is irreducible.

2

Leta € F. Then
Exercise 12.1.2
l[)(ll) = oaopl(a) =02 0(7(_) — pz((p(a)) — qo(a)‘ Prove that o is an isomorphism.

Also,

P(a) = procopi(a) =pro0(X) =pa(e(x)) =p2(X) =B. [

It follows from induction that

£ Lemma 33 (Extended Isomorphism Extension Lemma)

Let F be a field, f(x) € F[x] non-constant, K a splitting field for f(x)
over F, F' a field, ¢ : F — F' an isomorphism, and K a splitting field for
@(f(x)) over F'. Then there is an isomorphism  : K — K’ such that

Y [r= 9.

#= Corollary 34 (Splitting Fields are Unique up to Isomorphism)

Let f(x) € F[x] be non-constant. If K and K’ are splitting fields for f(x)
over F, then K =2 K'.
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& Proof

Consider ¢ = id and use Lemma 33. 0

Algebraic Closures

We talked about algebraicity, and it makes sense asking about where
exactly ‘upstairs’ that we will be able to find all of the algebraic numbers
over our given field. A lot of the machinery has been taken care of with

the introduction of splitting fields.

& Definition 16 (Algebraic Closures)
A field F is an algebraic closure of a field F if
1. F/F is algebraic; and

2. it is the smallest extension such that every non-constant f(x) € F[x|

splits over F.

Example 12.2.1
C is an algebraic closure for IR. >
Example 12.2.2

C is not an algebraic closure for Q. This is because C contains 7r, which

is transcendental to Q. Similarly so, R is not an algebraic closure for

Q. >

& Definition 17 (Algebraically Closed)

A field F is algebraically closed if every non-constant f(x) € F[x] has a

root in F.

Remark 12.2.1
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If F is algebraically closed, then every non-constant f(x) € F|[x] splits over

F. o

Example 12.2.3 (Fundamental Theorem of Algebra)

C is algebraically closed. This is also called the Fundamental Theorem of
Algebra. Itis equivalent to saying that for any polynomial f(x) € Clx],
if deg f(x) = n € N, then 3ay,...,a, € C such that f(a;) = 0 for all
ie{1,...,n}. >

It is common to see the Fundamental Theorem of Algebra proven in
. It is possible to prove it using almost solely concepts from
Abstract Algebra. However, we are nowhere close to being able to prove

this fundamental theorem at this point of the course. (See A1003)
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Algebraic Closures (Continued)

This may seem obvious from the names (closure, closed?), but it is actu-

ally not immediately clear that algebraic closures are algebraically closed.

& Proposition 35 (Algebraic Closures are Algebraically Closed)

If F is an algebraic closure for F, then F is algebraically closed.

& Proof

Let f(x) € F[x] be non-constant. Then by Kronecker’s Theorem, f(x)
has a root & in some extension of F. Since F(«)/F is algebraic and F/F
is also algebraic, we have that F(a) /F is algebraic. Thus a is a root of
some p(x) € F[x]. Since F is the algebraic closure of F, p(x) splits
over F[x], and so it follows that « € F. Therefore, F is algebraically

closed. 0

WP Theorem 36 (Every Field has an Algebraic Closure)

WP Theorem 36 is an exercise in AS.

For every field F, there exists an algebraically closed field that contains F.

WP Theorem 37 (Adding All Algebraic Elements Algebraically Closes
the Field)
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Let K be an algebraically closed field that contains F. The collection of

elements in K which are algebraic over F is an algebraic closure of F.

Let
L := {a € K| a is algebraic over F}.

As given in the statement, we want to show that L is an algebraic clo-

sure of F.

Itis clear that L/ F, since every 8 € F is algebraic over F and is
hence in L. Let f(x) € F[x] with deg f > 1. Since f(x) splits over K,

we have
fxX)=u(x—a)(x —an)...(x —ay),

where u € F* anda; € Kfori € {1,...,n}. Then since f(a;) = 0 for
all , it follows that each of the &; € L. In other words, f(x) splits over
L. ;

We look into a specific class of field extensions, which is rather important

to us. Consider the following question:

The following definition should remind one of MATH 135.

We call the roots of x" — 1 (over C) the n™"* roots of unity.

Example 13.2.1
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We can obtain all the n' roots of unity using Euler’s identity

27 .. 27
{p=cos|— | +isin| — |,
n n

which we label these roots as 1 = ¢, 7}, 22,23, ..., ¢i—1. >

Following the various results that we have proven in the last few lec-

tures, we know that the splitting field of x”” — 1 over Q is therefore Q({,).

We can then ask ourselves what is the degree of Q({,) over Q, i.e.

what is [Q(¢y) : Q]?

If n = p where p is prime, then since we may write
XP—1=(x—1D)xP 142" 24 Fx+1),
by Item 4 in Example 7.1.4, we know that
Qp(x) =xF 1+ +x+1

is irreducible over Q. So ®,(x) is the minimal polynomial for {, over Q.

It thus follows that [Q({,) : Q] = p — 1.

Example 13.2.2

We shall calculate [Q(Zs) : Q]. Note that

27 . 27 1 \@
{6 = cos (6) +isin (6) = §+17.

Since 1,2 € Q, we have that Q({g) = Q(i/3). By 3-Eisenstein, the
polynomial x* 4 3 is irreducible and is a polynomial where iy/3 is a root.
Thus

[Q(Z6) : Q] = [Q(iV3) : Q] = deg(x2 +3)=2. >
Remark 13.2.1

The n™ roots of unity form a cyclic group. A generator of this group is called

a

In other words, {X is an primitive n™ root of unity iff (Z5)™ # 1 for

m=1,2,...,n—1.
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From Group Theory, (¥ is a primitive n"* root of unity iff ged (n, k) = 1.

Thus, there are
¢(n) = {1 <k <n:ged(k,n) =1}

primitive n'* root of unity. o

Forn > 1, the n™ cyclotomic polynomial is

ik
Dy (x) = H (x — e ") =(x—a)(x—a) ... (x —ap()),
1<k<n
ged(kn)=1

where the w;’s are the primitive n™ roots of unity.

Remark 13.2.2

Since ®,,(x) has rational coefficients, we know that ®,(x) € C[x]. ®

In fact, @, (x) is the minimal polynomial for {,, over Q, which then
gives us that [Q({,) : Q] = ¢(n). However, we are not yet ready to show
this.

Example 13.2.3

The following are n™ cyclotomic polynomials, where n = 1,2,3 and 4:

e O(x)=x—-1

e Oy(x) = (x _ezm%> =(x+1)

o O3(x) = (x + ezm%) (x — ezm%) =x24+x+1

o Dy(x) = (x+i)(x—i) =x2+1 >
Example 13.2.4

Let n = p be prime. Then the p™ roots of unity are

-1
L350 0h

! Explanation required.

See the first 30 cyclotomic polynomials on
Wikipedia.


https://en.wikipedia.org/wiki/Cyclotomic_polynomial#Examples
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and the primitives are
2 73 p—1
CorCpre i Cp

Thus

P —1=(x—1)P T +2P 2+ P x41) = (x—1)Pp(x). M

A good question to ask here is:

Is there an easier way to compute O, (x) for all n?
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Cyclotomic Extensions (Continued)
Remark 14.1.1

Note that Z := {z € C : 2" = 1} is a group. We may write

U { primitive d™ roots of unity } . o
dln

& Lemma 38 (x" — 1 =[], ®a(x))

We have
=1 =]]®a(x).
dln
Example 14.1.1
6
x°—1
Dg(x) =
o) = 3 )82 ()8 (4]
x0—1

:(x—l)(x+1)(x2+x+1):xz_x—’—l' >

& Proposition 39 (Cyclotomic Polynomials have Integer Coefficients)

For everyn > 1, ®,(x) € Zlx].

4 Strategy
We shall use strong induction here.
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We proceed by induction on n. If n = 1, then ®1(x) = x — 1 € Z][x].

Suppose the results holds for all | < n. By Lemma 38, we have
¥ —1= f(x)Py(x)

where

flx) =TT ®a(x).
dln
d<n
By the induction hypothesis, f(x) € Z[x]. Let F = Q({,) so that

@, (x) € F[x]. By the division algorithm, 3!g(x),r(x) € F[x] such that

" =1 = f(x)q(x) 4+ r(x).

Similarly, 3!4(x),7(x) € Q[x] D Z[x] such that

" —1f(x)g(x) + F(x).

SinceQ C F C C, by uniquenessl , !'This part should be thought of in the

following way: we know that there is
some q(x) € F[x], which is an extension
cbn(x) = q(X) = q(x) S Q[x] of Q[x], and we also found that there is
some §(x) € Q[x], and so uniqueness
tells us that the two must be the same.

It follows by Gauss’ Lemnma that &, (x) € Z[x]. o

The proof for ® Theorem 40 is provided
over two separate lectures, in particular it

- . . . is provided at the end of this lecture and
WP Theorem 40 (Cyclotomic Polynomials are Irreducible over Q) providec ‘
the beginning of Lecture 16. For sanity,

o . the entire proof will be provided here.
Forn > 1, ®,(x) is irreducible over Q.

4 Strategy

We will show that @, (x) is a minimal
Let ¢(x) € Qlx] be aminimal polynomial for {,,. It suffices for us to polynomial. If(x) € Q[x] is a minimal
polynomial for C,, then since (, is also a

show that ®,(x) | g(x). To that end, we can show that every root of root of ®y(x), we must have g(x) | @y (x).

o (x) is a root of g(x> (in ©). So to show that g(x) is actually @, (x), it
suffices to show that @y, (x) | g(x).

Let a be a root of ®,(x). Then by B Definition 19, & = ¢k for
somek € {1,...,n — 1} suchthatged(k,n) = 1. Thenletk =

p1p2 - .- PN, Where each p; is a prime and p; { n 2. % Note that this must be the case since
ged(k,n) =1.
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Thus, the statement which we wish to prove becomes the following:
n O, PPN = g are roots of g(x).

To prove the above, it suffices for us to show that if { € C is a root

of g(x), then {¥, where p is prime and p 1 n, is also a root of g(x).

Suppose not @ , i.e. that g({) = 0 but g (¢¥) # 0, where p is prime
and p 1 n. Now since g¢(x) | ®,(x), we have &, () = 0. Since p 1 n,
it follows that {7 is also a primitive n'" root of unity, i.e. ®,(Z;) = 0.
Now since g(x) | @, (x), Ih(x) € Q[x] such that D, (x) = g(x)h(x).
By Gauss, WMA h(x) € Z[x]. Since Z[x is an integral domain,
®,(¢F) = 0and g(Z7) #0 = h(ZF) = 0.

Let f(x) = h(xP) € Z[x]. Then f({) = 0. Moreover, we have
g(x) | f(x)in Q[x]. Thus f(x) = g(x)k(x) for some k(x) € Z[x]
(again, through Gauss).

Suppose h(x) = Zb]-xf, which then implies that f(x) = Zb]-xpf.
Consider f(x) € Zp[x], i.e.

fx) = ZBjxpj, bj =b; mod p.
Then
) = L
= (L)
- (12(@)” .
It follows that

(i(x)" = F(x) = 3(0)k(x) € Z,[x].

Now let /(x) be an irreducible factor of g(x) over Z,[x] 3. Since 3 Note that this /(x) may be g(x) itself if
N - N = g(x) is still irreducibl Zy|x].
I(x) | h(x)P, we have that I(x) | h(x) *. Qg(x) is stllirreducible over Z x]

On the other hand, in Z,[x], we have that &, (x) = g(x)h(x). It
follows that [(x)? | ®,(x) >. Since ®,(x) | x — 1, we have that s

X" —1=1(x)%G(x) € Zpx].
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By on both sides, we have

ax" 1 = 20(x)'(x)g(x) + 1(x)%7 (x)
1) ] € Zy,

where e is an irrelevant factor. Since 71 # 0, we have that the only
root of LHS is 0, and so the only root of /(x) is some extension of Zy
is 0. Since I(x) | x" — 1, we have that 0" — 1 = 0 but that mean

0=1¢€ Z,, a contradiction.

Tracing back our long convoluted line of thought, we have that @ is

not true, and so we must have g(¢”) = 0, which
= allthe Z}', 2077, ..., a are all roots of g(x);
= Du(x) [ g(x);
= Dn(x) = g(x),

which is what we want to show. O

$#= Corollary 41 (Cyclotomic Polynomials are Minimal Polynomials of

Its Roots over QQ)

D, (x) is the minimal polynomial for {;; over Q. In particular, [Q(Z,) :
Ql = ¢(n).

Example 14.1.2

Let f(x) = x° — 3. Describe the splitting field of f(x) over Q. We shall
find a basis for this splitting field over Q.

The roots of f(x) are
V3, {5V/3,83V/3,03V/3, (3 V3.
It follows that the splitting field for f is F = Q(+/3,5). Note that since

degqg((s) = ¢(5) =4 and degQ(%) =5,
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it follows from A4Q2 that
[Q(V3,25) : Q] = [Q(V3) : QJ[Q({5) : Q] = 45 = 20.
Now a basis for Q(Z5)(v/3)/Q(Zs) is
(1.9, (), (38" (45"},
while a_basis for Q({s)/Q is

{13838}

Following the Tower Theorem, a basis for the splitting field F is

{V3(gs) |o<j<a}. (14.1)






B Lecture 15 Feb 11th

Finite Fields

15.1

Finite fields are very easy to work with and grasp. The nice thing about
finite fields is that, up to isomorphism, there is only one field that has

order prime to some power, which we shall show in this section.

% Lemma 42 (Units of a Finite Field Form a Finite Cyclic Group)

Let F be a finite field. Then G = F* is a finite cyclic group.

Since G is the set of units of F, we know that G is an abelian group
by its construction, and it is finite since F is finite. Then, by the

,dnq,...,ny € Z such that
G2y XZpy X ... X Ly, (15.1)
and each n; is a prime power. Let

N :=mniny...ny and

M :=lem(ny, ..., ny).

By construction, M < N. Now Va € G, we have that a is a root of

M_1e F[x] due to Equation (]5.1)1. !'q is of one of the orders 1y, 1>, ...

so itis a root of xM — 1.

Note that N = |G
Therefore, N < M. Thus we must have N = M, thus forcing the n;’s

, and the polynomial x™ — 1 has at most M roots.

Ny,
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to be coprimes, and so we have

G2y X Lyy X ... X Ly, = ZN. 0

& Proposition 43 (Order of Finite Fields are Powers of Its Primal

Characteristic)
Let F be a finite field. Then

1. |F| = p", where p is the 2ofFandn = [F: Z,). 2 Recall from PMATH 347 that the defini-
tion of the characteristic is the order of 1
under addition. We shall use Char(F) to

2. F= ZP("‘) for some o such that degZp (&) =n. mean the characteristic of the field F.

Let F be a finite field with characteristic p. Then Z, is a prime subfield
of F, and in particular F/Z,. Letn = [F : Z,]. By Lemma 42, let

« € G = F* besuch that G = («). By adding a unit of F to Z,, since
Z, is a prime subfield, we have that Z,(a) = F.

Now since n = [F : Z], we have that
_ 2 n—1
Pfspanzp{l,a,a,...,oc }.

It follows that |F| = p". O

P Theorem 44 is the important theorem
that tells us that there is only one finite

field fa " up to i hism,
WP Theorem 44 (Finite Fields as Splitting Fields) e orevery p up [0 Somorphism

and this follows from the uniqueness of

splitting fields.
Let p be a prime and n € IN. Then F is a finite field of order p" iff F is the

splitting field of f(x) = xP" — x over Z,|x].

Suppose |F| = p". By Lagrange?, a?"~1 —1 = 0 for everya € F*. 3Is it really Lagrange?
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Then in particular,
a(@”" —1)=a"" —a=0.

It follows that every a € F is a root of X" — x.

Since x”" — x has at most p" roots, F must thus contain al roots
of x*" — x, and so x?" — x splits over F[x]. Any proper subfield of
F would not have enough elements to be a splitting field for X" — x.
Thus F is a splitting field of x?" — x.

n

For the <= direction, let F be the splitting field of f(x) = x¥" —
x. Let
K={xeF:f(a)=0}

Exercise 15.1.1
K is a field.

& Solution (to the ex. in the proof)

Then K < F. However, we also have that F < K, since all roots of f
For «, B € K, we have that

are in F since F is a splitting field, and f also splits over K.
a’" —a=0and g — B =0.

Also, note that f'(x) = —1since CharF = p, and so f has no

It then follows by the Freshman’s Dream
repeated roots since it is a decreasing function. 0 that

(zx”n _ng’Z) —a—p=0
—
(a4 )" —(a+p) =0.






B Lecture 16 Feb 13th

VWA Finite Fields (Continued)

Since I moved the ‘second half” of the

» roof of P Theorem 40 over to Chap-
By Lemma 42, & Proposition 43 and @ Theorem 44, we have the fol- P . !
ter 14, not too much content is left here.

lowing result.

WP Theorem 45 (Classification of Finite Fields)
For any prime p and n € IN, we have
o there exists a field F such that |F| = p"; and

* any 2 fields of order p" are isomorphic to one another.

We denote the field of order p" by Fn, i.e.

Fyn := {x’f(x):x”n—xzo}.

In the next lecture, we shall prove the following theorem.

WP Theorem (Subfields of Finite Fields)
IfE is a subfield of F yn, then E ~ I, where r | n. Moreover, if r | n, then

F,» has a unique' subfield of order p". !'This is truly unique, not unique up to
p q
isomorphism, which is rare.
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The above theorem gives us the following example.

Example 16.1.1

Given the finite field IF,12, we know that the divisors of 12 are
1,2,3,4,6,12.

By the above theorem, we have the following

]F212

/
]F24
\
]Fzz

/NS

]F26
]F23
FF,:

Figure 16.1: Lattice of IF,1,
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Galois Theory
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VAR Finite Fields (Continued 2)

We shall now prove the last theorem that we stated.

WP Theorem 46 (Subfields of Finite Fields)

IfE is a subfield of F yn, then E ~ I, where r | n. Moreover, if v | n, then
Fpyn has a unique subfield of order P

& Proof
Part1 LetE < [Fpn. By & Proposition 43 and the Tower Theorem,
we have

n = [Fpn :Fy| = [Fpn : E][E : [Fp].

Then by letting r = [E : IFp], we have that | n and |E| = p’.
Part 2 Suppose r | n, i.e. 3k € Z such that n = rk. Consider
Fpn = {ae]ﬁp ‘ oc’”rk—oczo},

2which we see is the splitting field of xP" — x, i.e. itis the set of roots of

n .
xP" — x. Since r | n, we have

pr-l=(p ="+ T+ P+ 1)

! This is truly unique, not unique up to
isomorphism, which is rare.

2 Note that we consider the closure just so
that we contain all the roots.
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Then, let

Moreover, we have that |E| = p".

For uniqueness, suppose if there exists K < IF,» with order p".
Then Va € K,
W —a=0 = nekE.

Thus K = E. o

Introduction to Galois Theory

Let f(x) € F[x] be non-constant, and a, ..., a, be the roots of f(x) in
its splitting field K. Our goal is to study these roots by permuting them

under automorphisms of the splitting field K.

& Definition 20 (Galois Group)

Let K/ F. We define the Galois Group of K/ F, by
Gal(K/F) := {¢ € Aut(K) | ¢ [p=id} < Aut(K),

where Aut(K) is the croup of automorphisms of K.

£ Lemma 47 (The Galois Group permutes algebraic roots)

Let K/F. Ifa € Kis aroot of f(x) € F[x] and ¢ € Gal(K/F), then ¢(«)

is also a root of f(x). 3 31t is important to note that the Galois au-
tomorphisms only permute the algebraic
roots, since it would fix ¢ if « € F.

& Proof
Let f(x) € F[x]. Then f(x) = Y a;x’. Since a is a root, we have
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f(a) = Ya;a' = 0. Since @ is an automorphism, we must therefore
have 0 = ¢(0). Since ¢ € Gal(K/F), we have that

0= (0) = p(Vaa)) = Y g(ag() 2 Y aip(a) = f(p(a)),

where () is since ¢ fixes F. O

#= Corollary 48 (Elements of the Galois Group permutes roots of the

same minimal polynomial)

Let K/F. Ifa € K is algebraic over F, and ¢ € Gal(K/F), then ¢(«)
is algebraic over F, and « and ¢(«) has the same minimal polynomial in
F[x].

Example 17.2.1

LetF=QandK = F(\/i) Then Gal(Q(\/i)/Q) = Ath(\/E) 4. Note 4 ? Is it cause there is very little room
i iggl d =id?

that the minimal polynomial of v/2 is x> —2 = (x — v/2)(x +/2) € K[x]. or us to wiggle around ¢ r=1

Thus if ¢ € Gal(Q(v/2)/Q), then ¢(1/2) = v/2 or —/2 3. It follows that 3 Note that we must fix everything else, by

definition of a Galois group.

the only two maps in Gal(K/F) are

@r1:a+bV2—a+bv2
¢ :a+bV2—a—bv2

Thus Gal(K/F) = {1, 92} ~ Z,. »
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Example 18.1.1

Consider the Galois group Gal(Q(v/2,v/3)/Q). Now the minimal poly-
nomial for ﬂ and \/5 are

X — 2, and X2 — 3,

respectively. Then we can only have q)(\/i) = ++/2 and o( \/5) = ++/3,
i.e. S0 Gal(Q(v/2,v3)/Q) = {¢; : i = 1,2,3,4}. Note that |¢;| = 2 for

‘\ﬁ -2 V3 - 3‘ Sy
| VI VI V3 3| e
p2| V2 V2 —V3 V3 (34)
o | Vi Vi VB V3| (12)
ps | —V2 V2 V3 V3 | (12)(34)
i = 2,3,4. It follows that Gal(Q(+/2, v/3)/Q) is abelian and has order 4.

Therefore

Gal (Q(\ﬁ, V3) /Q> ~ 7> X 2o,

where the first Z, comes from ((1 2)) while the other comes from

((34)). il

Example 18.1.2

Consider G = Gal(Q(+v/2)/Q). Let ¢ € G. Since ¢(+/2) is a root of

¥ — 2, we must have that

0(V2) € {2, Va5, V/233}

P (Computing Galois Groups)
We will only deal with finite extensions for
Galois theory.

Given a base field and its extension:

1. Figure out what's being adjoined.
2. Look for their minimal polynomial(s).

3. Look at what sort of automorphisms are
permitted to be in the group, i.e. look at
the possible ways that the roots can be

permuted.

e Note Lemma 47 and #= Corol-
lary 48.

Table 18.1: All possible elements of

Gal(Q(v2,v3)/Q)

Notice that in Example 18.1.2, the field
where the roots lie in is important; we see
that the Galois group ended up being the
trivial group because the other roots of
the minimal polynomial of ¥/2 live in a
higher extension.
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However, v/2{3, V2% ¢ Q(+/2). Therefore we must have ¢(/2) = v/2,
i.e. ¢ = 1id. It follows that G = {1}. >

Let F be a field, f(x) € F[x|,degf = n > 1, and K a splitting field
of f(x)over F. Letway,...,ay € Kbe the roots of f(x),andlet G =
Gal(K/F). From the last few examples, we notice that for any ¢ € G,
p(a;) = aj.

In this section, we will show that G is actually a of

the roots, as a subgroup of S, in the case of permuting the roots of f(x),

the degree n polynomial.

In fact, more is true, but we shall see that down the road.

From the last two examples, one cannot help but notice a possible prob-

lem:

what if there are repeated roots?

If there are, indeed, repeated roots, say a1 = ap among the roots
a1, 00p, 03, &g, Where oy # a3 # a7 # g, then the identity element would

be indistinguishable from ¢ that is defined as

plar) = az, @(az) = a1, p(az) = a3, p(ag) = ay.

So it suffices for us to consider for the case where f(x) does not have
multiple roots of the same value, i.e. the of all roots is 1.

Such polynomials are called polynomials.

A polynomial f(x) € F[x] is said to be separable if all of its roots have
multiplicity 1.

Let f(x) € F[x] be separable with deg f = n > 1, and suppose K is the
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splitting field of f(x) over F. Let a1, ..., &, be the roots of f in K. From
our discussion above, we want to show that Gal(K/F) ~ P < S,. In

other words, we want to see that given ¢ € Gal(K/F), 3w € P < S;, such
that @(a;) = az(j).

Given f(x) € F[x], and K the splitting field of f(x), we sometimes write
Gal(f(x)) := Gal(K/F).

In other words, when we write Gal(f (x)), we are talking about the Galois

group over the splitting field of f(x) over F.

Example 18.2.1

Recall an earlier example of ours where f(x) = (x* —2)(x*> — 3) € Q[x],

where we showed that the Galois group Gal(f(x)) = Z, x Z,. Let
0‘1:\/5/062:_ 2/“3:\/51“4:_\/5-

Then
Gal(f(x)) ~{e (34), (12), (12)(34)}. il

Example 18.2.2

Letx? +1 € Q[x]. Then ! I The adjoined elements are +i.
Gal(x? +1) ~ Z,.

However, if we consider 2+ 1 € Z, [x], then

Gal(x? +1) = Gal((x +1)?) = {1}. >

The following is a quick corollary of from our discussion and observa-

tion.

#= Corollary 49 (The Galois Group completely captures all permuta-

tion of the roots)

103
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Let F be a field, f(x) € F[x]| a non-constant and irreducible, K a splitting
field of f(x) over F. ThenV«, B € Ksuchthat f(x) = 0 = f(B),
d¢ € Gal(K/F) = Gal(f(x)) such that («) = B.

We shall use the Isomorphism Extension Lemma to prove this.

Consider the identity as our isomorphism id : F — F. The Iso-
morphism Extension Lemma gives us the isomorphism that goes from

F(a) to F(B) by mapping « to . We may thus define ¢ such that ¢

fixes F and ¢(a) = B, in K. 0

Permutation groups that allows one to traverse all around the indices,

such as the Galois group, have a special name.

& Definition 22 (Transitive Subgroup)

A subgroup H < S, is transitive ifVi,j € {1,...,n}, 3w € H such that
(i) = j.

#= Corollary 50 (The Galois Group of a Separable, Irreducible Poly-

nomial is Transitive)

Let f(x) € F[x], withdeg f = n > 1, be separable and irreducible. Then
)

Gal(f(x)) ~ H < Sy, that is transitive.

Example 18.2.3
Consider G = Gal(x> — 2) over Ql[x].

Since f(x) = x® — 2 s irreducible (by 2-Eisenstein) and Char Q = 0,
f(x) is separable . It follows from #= Corollary 50 that G ~ H < S3

transitive.

F— 4 F
Figure 18.1: Constructing elements of the

Galois Group

% See A5Q3(d).
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Let a1, ap, a3 be the roots of f(x). Let X = {a1, ap, a3}, and G act on

X via ¢ - &; = ¢@(a;). By the Orbit-Stabilizer Theorem, we have
G| = forb(ay)| - stab(ar)| = 3 [stab(ar)],

where we note that |orb(aq)| since all the orbits of a; are exactly ele-
ments of X. It follows that 3 | |G|. Since the only subgroups of Ss that are

divisible by 3 are Az and S3, we either have

G~ Azor G ~ S3. »

We shall finish the rest of this example in the next lecture.
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VKRR The Galois Group as a Permutation Group (Continued)

We shall continue with the last example of the last lecture.
Example 19.1.1
We considered G = Gal(x® — 2) over Q[x], and showed that we either

have
G~ Azor G ~ S3.

Recall that the roots of f(x) = x3 — 2 are

3
n = \/E, Ny = “l§3r K3 = alé%‘

! Note that f(x) is irreducible over Q(Z3) 2. By the #= Corollary 49, ' We want to find an element in G that is
. R an odd permutation, which is somethin
J¢ € G such that we have the relation as shown in Figure 19.1. that A3Izioes ot have. To do this. nofi Ceg

that {3 and C% belong to a different mini-
mal polynomial which is inaccessible by
3

3 4 3 V2.
Q( V2, 03) — Q(\/E/ {3) 2 Well, none of the roots of f are in Q({3),
after all. Also, note that since oy ¢ Q({3),
f remains the minimal polynomial of ay
over Q({3), and so degz,) (x1) = 3, but
e Q%) : Q] =2
Q(23) Q(%3)
Figure 19.1: #= Corollary 49 in action
id
Q Q
3 Note that 3 Note that {3 — {3 is a valid isomor-

phism, especially since they have the
same minimal polynomial.
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p(ar) = a;
p(2) = p(a103) = 1105 = a3
p(a103) = 1103 = &z

)
—
=

[°)
~—
I

It thus follows that ¢ ~ (2 3), a 2-cycle, in G. Thus ¢ is an element of

order 2, which is an element that A3 does not have. Thus G ~ S3. N

From the above example, we notice the following helpful observation.

Remark 19.1.1

When computing G = Gal(K/F), it is often helpful to first know |G|. |

Fortunately, in the finite dimensional world, |G| has an upper bound.

Let K/F and E/F. Any ¢ : K — E which fixes F, i.e.

¢ [p=1idF, is called an F-map.

Remark 19.1.2
Suppose K/F and E/F, and ¢ : K — E an F-map.

1. Since ker ¢ # K, we have ker ® = 04, Thus ¢ is . “Note that in finite fields, ker ¢ €
{{0}, K}
2. Foranya € F,v € K, ¢(av) = ¢(a)p(v) = ap(v) since ¢ is a

homomorphism. It follows that ¢ is a

3. Let ¢ : K — K bean F-map, and suppose K is a finite-dimensional

F-vector space with [K : F| < co. Then ¢ is surjective.

It follows that ¢ : K — K([K : F] < oo)isan F-map <= ¢ €
Gal(K/F). o

£ Lemma 51 (Number of Distinct F-maps)

Let K/ F and E/F, and suppose K/ F is a finite extension. The number of
distinct F-maps from K to E is at most [K : F|.



PMATH348 — Fields and Galois Theory 109

We shall do induction on the number of generators of K/ F, which is

also [K : F] = n, which is what we can iterate on. Whenn = 1, we

have K = F(a1) and ¢ : K — E an F-map. Then the roots a1 and

@(a1) have the same minimal polynomial 3 over F. Thus, there are at 5

most [K : F|-many choices for ¢(a;), meaning that there are at most

[K : F]-many such F-maps. that the number of F-maps is at most
[K: F] = [K: L][L : F]. We can get
Continuing with this inductive line of thought, suppose that the [L : F] from the and

. K: L]fi t similar to th
statement is true for K = F(ay, . .. ,D(n) for some n > 1. Now let [ | from an argument similar to the

base case.
L=F(ay,...,a, 1), sothat K = L(ay,).

Let ¢ : K — E be an F-map. Note that ¢ [;: L — E is still an F-map.

By the induction hypothesis, the number of choices for ¢ [ is at most

[L : F]. Since ¢ is completely determined by ¢ [ and ¢(«;,), there are,

therefore, at most

[L: F][L(axy) : L] = [K : F]-many
choices for ¢, following the Tower Theorem. 0
The following corollary follows immediately from the realization that

F-maps going from K — K are exactly the elements of the Galois group
Gal(K/F).

$#= Corollary 52 (Upper Bound for the Galois Group of Finite Exten-

sions)

If K/ F is finite, then
|Gal(K/F)| < [K: F].

1 4 Warning
There are extensions K of a field F such that |Gal(K/F)| < [K : F].



110 Lecture 19 Feb 27th The Galois Group as a Permutation Group (Continued)

1. We saw in an earlier example that G = Gal(Q(+/2) : Q) = {1}, but
[Q(V/2) : Q] = 3, and /23, V233 ¢ Q(V/2). In this case, the Galois

group is too tiny.

2. Consider G = Gal(Zy(x)/Zy(t?)). Note that [Z5(x) : Zo(t?)] = 2,

since the minimal polynomial of t in Zo (%) [x] is
1= (x—t)?eZy(t)x].

Thus if ¢ € G, then it is necesssary that ¢(t) = t, implying that
G={1}.

In this case, it is because t is a root with multiplicity > 1.
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Galois Group of Separable Fields

I So when exactly does |Gal(K/F)| = [K : F]?

& Definition 24 (Separable Elements and Separable Extensions)

Let K/F ', We say that & € K is separable if a is alzebraic over F and its

minimal polynomial is separable (over F) 2.

We say that the extension K/ F is separable if K/ F is algebraic and

Vo € K, w is separable over F.

& Definition 25 (Perfect Fields)

We say that a field F is perfect if every algebraic extension of F is separa-
ble.

Recall from AS, we showed that given an irreducible f(x) € F[x],

f(x) is separable <= f'(x) # 0.

! This need not be a finite extension.

2 This also means that the root is unique.

Remark 20.1.1
& Definition 25 means that all polynomials
over the field are separable, i.e. they do not

have repeated roots. o
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& Proposition 53 (Separability and the Characteristic of a Field)
Let f(x) € F[x] be irreducible.
1. IfChar F = 0, then f(x) is separable. 3

2. IfChar F = p prime, then f(x) is not separable iff f(x) = g(xF) for
some g(x) € F[x].

2. Let
f(x) €anx +a,_1x" 1+ . Fayx+ag

Then f(x) is not separable

— f'(x)=0

= naxX" '+ (n—1)a,_1x" 2 +...+a;=0

<= kay =0forke{1,..., n}

< kay = pmya; where m € N, k € {1,...,n} since either p | k
orar, =20

< f(x) = apx™ P +a,_1x"1P 4+ 4 ax™P +ag

<= f(x) = g(x?) where

g(x) = apx™ 4+ ay x4 agx™ 4 ag. O

#= Corollary 54 (Fields of Characteristic Zero are Perfect)

IfChar F = 0, then F is perfect.

Example 20.1.1

Note that in Z,(t)/ Z,(t?), we have that
1= (x—1t)?

i.e. tis a root with multiplicity 2. Thus Z;(#?) is not perfect. >

* This is proven in A5.
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#= Corollary 55 (Every Finite Field is Perfect)

Every finite field F is perfect.

Let F be finite with Char F = p > 0 4. Suppose to the contrary that
Jf(x) € F[x] such that f(x) is irreducible but not separable. Then
3g(x) € Flx] such that f(x) = g(x"). In particular, we have

f(x) = apxP™ +a, qxP"-t L 4 apxP™ 4 ag.

Now consider ¢ : F — F given by ¢(a) = aP. By the
, ¢ is a homomorphism. It is clear that it is injective since if
a # b, then af # bP, for otherwise

0=al-bP=(—-b)F < 0=a—-b < a=0.

Also, since F is finite, injectivity of ¢ guarantees that it is surjective.

This means that Va, € F, 3b; € F such that
ap = by, = @(by).
Then we have

f(x) = bepmn + bz,1xpm"_1 + ..+ bfxpml + bg

= (byx™ + by x4 bx™ 4 by)P,

again, by the

dicting our assumption.

. Therefore f(x) is reducible, contra-

WP Theorem 56 (Galois Group of a Splitting Field of a Separable

Polynomial has Order the Degree of the Extension)

Let f(x) € F[x] be non-constant and separable. Let K be the splitting field

of f(x) over F. Then

Gal(K/F)| = |Gal(f(x))| = [K: F]

4 Strategy

Of course, we want to use é Proposi-

tion 53. We can do so by supposing that
f(x) is irreducible but not separable, which
then forces f(x) = g(x¥). The important
point here is to notice that in a finite field,
all elements of the field will eventually cycle
back as we add or multiply them. Then, by
using the fact that Char F = p is prime,

in particular by the

we can use

¢(a) = aP, and we end up showing that
every element in F is some other element

of F with power p. This will cause f(x) to
become reducible due to the Freshman’s
Dream.

4 Note that fields of characteristic 0 must
be infinite, so this is a valid assumption.
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We shall perform induction on [K : F] = n.

n =1 We have
1<|Gal(K/F)| < [K:F] <1,

since we always have ¢ € Gal(K/F).
Proceeding inductively...

n=k+1 Let p(x) € F[x] be an irreducible factor of f(x) 3. Note 5 Note that it suffices for us to show
for irreducible polynomials, since we
can always factor a polynomial into
irreducible terms.

that p(x) is also separable over F. Let
N1, .., 0, €K

be the roots of p(x), where m = deg p(x), and we note that «; # «; for
all i # j since p(x) is separable. Now since [K : F| > 1, wmaay ¢ F.
Then consider E = F(aq). Since p(x) is irreducible in F[x], it follows
that [E : F] = m. Thus by the Tower Theorem, we have

[K:F] n

[K:E]:ﬁ:%<n.

Note that we still have K as the splitting field of f(x) over E. It follows
from induction that

Gal(K/E)| = [K: E] = % (20.1)

Since p(x) is irreducible, by the Isomorphism Extension Lemma, Vj,
Jg; € Gal(K/F) such that ¢;(a1) = ;. Since the roots are distinct,
it follows that each of the ¢;’s are distinct in Gal(K/F), and there are

m-many such automorphisms.

Furthermore, we have that ¢;1goi(a1) # a1 € E, and so 47]71@ ¢
Gal(K/E). This means that

¢; Gal(K/E) # ¢;Gal(K/E),



and so we have that there must be
|Gal(K/F)/ Gal(K/E)| > m.
By Lagrange, we have from Equation (20.1) that
=,

Gal(K/F)| > m - |Gal(K/E)| = m -

as desired.
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The Primitive Element Theorem

We shall now look at a rather ‘simple’ case of splitting fields of separable

polynomials.

& Definition 26 (Simple Extension and Primitive Elements)

We say that K/ F is simple if 3a € K such that K = F(«a). We call « a

primitive element for K/ F.

WP Theorem 57 (Primitive Element Theorem)

If K/ F is finite and separable, then K/ F is simple.

This is an important result to us, since it would imply the following.

#= Corollary 58 (Finite Extensions of Perfect Fields are Simple)

If F is perfect and K/ F is finite, then K/ F is simple.

Example 21.1.1

Fields of characteristic 0 and finite fields have simple extensions.

You may want to look at Analysis of the
proof for the Primitive Element Theorem
first before diving into the proof for

W Theorem 57. The proof provided in
class makes the proof look as if itis a
struck of genius, but it is actually through
some frolicking around with finding

out what we need, that one can realize
why we chose to pick such a specifically
defined S.
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WP Theorem 57
F is finite Then K is necessarily finite since it is a finite extension, and
thus K* = («) for some a € K. Hence K = F(«).

4 Strategy

.. . . . . Note that ® Theorem 57 does not assume
F is infinite Since K/F is finite, we may assume o o
if F is finite or infinite, and so we must deal

with either cases separately.

K=F(m,...,m)

for some 71; € K. It suffices for us to show that Va, § € K, 3y € K such
that such that

K= F(a, ) = F(v),

since our desired result will simply follow by arguing repeatedly. Let
p(x) and g(x) be the minimal polynomials of & and B, respectively,

over F.

Now let L be the splitting field of p(x)g(x) over K. Let the roots of
p(x) be

lx:all aZI-"/‘X}’l/

and the roots of g(x) be

B=PB1 B2 -, Bm-

By separability, a; # a; and B; # B; for alli # j. Now let ! ! Note that had we wanted to start with
v = B+ ua, we would have declared S
. 2 BB
K — ' . with elements like —¢-.
S:= l<i<n l<j<m,.

p1— Bj
Since S is finite while F is infinite, 3u € F* suchthatu ¢ S. Let
v =a-+up.

Claim: F(a, ) = F(y) Clearly, F(y) C F(a,B) since y € F(a,p).
Let h1(x) be the minimal polynomial of B over F(+y). Since g(B) = 0,
we have that h(x) | g(x), and consequently if 1( @ ) = 0, then

& = pjforsomeje{1,...,m}.

Now let k(x) = p(y — ux) € F(vy)[x]. Notice that

k(B) = p(y —up) = p(a) = 0.
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Thus h(x) | k(x). Notice that for j > 1, we have

k(Bj) =0 < p(y—upj)=0
< v —upj = w; for some i

<~ D€1+Mﬁ1—uﬁj:lk,'

N — K
e— y=-""leg

B1— Bj

Thus we know that for these j’s, k(B;) # 0 since we chose u ¢ S.

It follows that i(;) # 0 for j > 1, and so h(x) = x — B € F(7)[x],
implying that B € F(vy). Using the same argument, we can show that
« € F(vy). This completes the proof, O

4 Strategy (Analysis of the proof for the Primitive Element Theorem)
If we want F(«, B) = F(vy) for some vy, one naive choice is to go with y =

a + up for some u € F* and hope that this will force «, B € F(y). The
argument is similar for either o or B (by switching variables), so let’s think
about only one of them. Now q(x) is not necessarily a minimal polynomial of

B over F(7), so let’s make use of that.

This is indeed a very profound result,
making use of relatively simple notions
such as minimal polynomials and splitting
fields, and then proving for us a theorem
that helps us narrow down the choice of
the algebraic number to a single number
that extends the base field to the extension.

If B € F(v), then we must have x — B | q(x). So let’s consider the minimal polynomial

h(x) of B in F(7y), which would divide q(x). Of course, ideally, we want
h(x) = x — B. Then let’s suppose that h(x) has some root other than .

Then in the splitting field of q(x), where h(x) must then also split, since
q(x) is separable, we have that h(x) must therefore be able to split into
linear terms, where each linear term has a root of q(x) as its constant value.

In other words, all roots of h(x) are roots of q(x).

Then we notice another possible polynomial that such an h(x) can divide:
we know that « = v — upf, and « is a root of p(x). Then if we let k(x) =
p(y — ux), we have

k(B) = p(y —up) = p(a) = 0.

So h(x) | k(x). Now since all the roots of h(x) are roots of q(x), these roots
must also be roots of k(x). Let these other roots of q(x) be labelled B;’s.
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Then picking B; # B, we have
k(Bj) =0 <= p(y—up;) =0.
We already know what the roots of p(x) are so let’s label those as «;. Then
Y —upj = ;.
Note that «; # w since the roots are unique. Following that,
a+up—up;i=a;

which then
o — K

=5 E

We notice that there are only finitely many such u’s in F* since there are only

" Q1.1)

as many as the roots w;’s and B;’s can allow. However, F X is infinite by our
assumption, i.e. there are always units of F that cannot be expressed as in

Equation (21.1).

So by picking a u € F* that is not determined by Equation (21.1), we rule
out the possibility that k(x) has these other B j’s as roots, and hence forcing
h(x) to be what we want: that is h(x) = x — B. Thus our job is done for
showing that B € F(vy)!

We can then apply the same argument to showing that « € F(7y), by letting
v = B+ u'a by choosing v’ in a similar fashion as above. In this case, we

would have to extend our working field to the splitting field of p(x).

Then to put the two together, we could have then started working with an
extension where both p(x) and q(x) splits, and the splitting field of p(x)q(x)

is exactly where we should be working in.



A Lecture 22 Mar 06th

22.1

Normal Extensions

Given f(x) € F[x| irreducible, K the splitting field of f (x) over F, a, €
K the roots of f(x), the Isomorphism Extension Lemma ' tells us that ! See also #= Corollary 49.
J¢ € Gal(K/F) such that ¢(a) = B.

There is a slightly more general result which we shall use today,

whose proof shall be left as an exercise.
Exercise 22.1.1

Let f(x) € F[x] be non-constant, K the splitting field of f(x) over F, and
a, B € K have the same minimal polynomial in Fx|. Then 3¢ € Gal(K/F)
such that ¢(x) = B.

Example 22.1.1

Recall our “favorite’ example Gal(Q(+/2)/Q) = {1}, where we had that
the other roots of x> — 2, which are \3/§§3 and S/Egg are not in Q(\3/§)
Notice that x* — 2 does not split in Q(+/2). »

& Definition 27 (Normal Extension)

Let [K : F] < co. We say that K/ F is normal if K is the splitting field of

some non-constant f(x) € F|x].
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Let [K : F| < oo. Let « € K with minimal polynomial p(x) € F|[x].
The roots of p(x) in its splitting field are called the F-conjugates (or just

conjugates) of .

We have the following theorem that characterizes normality.

WP Theorem 59 (Normality Theorem)
Let [K : F] < co. TFAE:
1. K/F is normal.

2. For all extensions L over K, if ¢ is an F-map from L — L, then ¢ [x€
Gal(K/F).

3. Ifa € K, then all F-conjugates of a are also in K.

4. Ifa € K, then its minimal polynomial splits over K.

Itis clear that (3) = (4).

(1) = (2) Suppose K/F is normal. Then K is the splitting field of
some non-constant f(x) € F[x]. Let ¢ : L — L be an F-map.

Since [K : F] < co, wma
K=F(ay,...,an), a; €K, f(a;) =0.

Then Vi, Jj such that ¢ [k (a;) = «; € K, since ¢ is an F-map. We see
that ¢ [g€ Gal(K/F) both fixes F and is an automorphism of K.

(2) = (8) Leta € K with minimal polynomial f(x) € F[x]. Since

K/ F is finite, once again, let

K=F(ay,...,an)
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for a; € K. For each i, let h1;(x) be the minimal polynomial of &; over

F. Now define 2 2 We want to consider such a polynomial
because it will contain all of the «;’s and
their conjugates, and we hope to see that

p(x) = f(x>h1 (x)hZ(x) ce hn(x)- the splitting field of p(x), where we can
then apply our assumption.

Let L be the splitting field of p(x) over F. By construction, L/K/F is

a tower of fields. Let 8 € L be a root of f(x) 3. By Exercise 22.1.1, 3i.e. we consider a conjugate of a;, for
J¢ € Gal(K/F) such that ¢(a;) = p. Since ¢ is an F-map, our one ofthe .

assumption tells us that ¢ [g€ Gal(K/F). Since a; € K, we have that

B € K. This proves what is required.
(4) = (1) Suppose K/F is finite, and write
K=TF(ay,...,an)

for a; € K. Let h;(x) be the minimal polynomial of «; over F. Let
f(x) =TT hi(x). It follows from (3) that the splitting field of f(x)
over Fis F(ay,...,a,) = K since K contains all of the F-conjugates of

each w;. Thus K/F is normal. O

Example 22.1.2

As we’ve just seen in this lecture, Q(%)/Q is not normal since v/203 ¢

Q(+v/2) while v/2 € Q(v/2). »
Example 22.1.3

IF;n /TEp is normal since I is the splitting field of xP' —x e Fylx]. M
Example 22.1.4

Q({,)/Q are normal since it is the splitting field

of @, (x). >

Example 22.1.5 (W)
Z,(t)/Z(tP) is normal since it is the splitting field of x? — t¥ = (x — £)?.

This is an example of a normal extension that is not separable. >
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Galois Extensions

& Definition 29 (Galois Extension)

Suppose [K : F| < oo. We say that K/ F is Galois if K/ F is normal and

separable.
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Galois Extensions (Continued)

& Definition 30 (Fixed Field)

Let K be afield. If G < Aut(K), the fixed field of G is defined as

Fix(G) :={a € K| ¢(a) =a, ¢ € G}.

Exercise 23.1.1
Check that Fix(G) < K is indeed a field.
Remark 23.1.1

The following is noteworthy:
Fix(Gal(K/F)) D F.
This follows immediately from the definition of a Galois group. o

Example 23.1.1

Consider

F(x) = (x = V2)%(x + V2)? = x* — 44 + 4.

Then there are ¢ # ¢ € G = Gal(f(x)) such that ¢(/2) = /2 (and
90(—\/§) = 1/2). In this case,

Fix(G) 2 F. >
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WP Theorem 60 (Characterization of Galois Extensions)

Suppose [K : F] < co. TFAE:

1. K is the splitting field of a non-constant separable f(x) € F[x] over F.
2. |Gal(K/F)| = [K : E).

3. Fix(Gal(K/F)) = E.

4. K/F is Galois.

(1) = (2) See ®Theorem 56.

(2) = (3) Suppose |Gal(K/F)| = [K : F]. By our earlier re-
mark, we have that Fix(Gal(K/F)) D F. So it suffices to show that
Fix(Gal(K/F)) C F.

Let E = Fix(Gal(K/F)). Then we have a tower K/E/F. By the
Tower Theorem,
[K:F]=[K:E][E: F].

It suffices to show that [E : F] = 1.

Now, note that we have Gal(K/E) < Gal(K/F) !. By assumption, " Note that the former fixes more things,
and so there is less ‘space’ for the permu-
we have tations to move around.

Gal(K/E)| < |Gal(K/F)| = [K : F].

Letw € E and ¢ € Gal(K/F). By the construction of E, we have that
¢(a) = . It follows that ¢ also fixes E, and so ¢ € Gal(K/E). Thus
Gal(K/F) < Gal(K/E). Hence Gal(K/E) = Gal(K/F).

This shows that
[K: F] = |Gal(K/E)| < [K: E] < [K: F],

which implies that [E : F] = 1, as we desired.

(3) = (4) Suppose Fix(Gal(K/F)) = F. Leta € K with minimal
polynomial p(x) over F. WTS p(x) splits over K with no repeated
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roots. Let G = Gal(K/F).

Consider 2 2 A gives us all the roots of p(x).
A={¢pa): 9 G} CK

Letaq,...,a, € A be distinct, and wlog wma a = 1. Now consider
h(x) = (x —ay)(x —a) ... (x —ay) € K[x].

Then in K[x], we have that h(x) | p(x), since all roots of /(x) are roots

of p(x). Now for any ¢ € G, we have that ¢(«;) = «;, and s0

which means h(x) € Fix(G)[x] = F[x] by assumption. Since p(x) is
the minimal polynomial of « in F[x], it follows that p(x) | h(x) and so
p(x) = h(x), which splits over K and has no repeated roots, just as we

wanted.

(4) = (1) Suppose K/ F is Galois 3. Since [K : F] < o0, let 3 By definition, K/F is normal and
separable, which means

¢ (normal) K is the splitting field of
some non-constant f(x) € F[x]; and

K=F(ay,...,an),

¢ (separable) for each « € K, the
where a; € K. Let g;(x) € F[x] be the minimal polynomial of each «;. minimal polynomial p(x) of a over F
is separable in K.

Let p1(x),..., pm(x) be the distinct g;(x)’s.

So there is actually something to prove
because we only know that K is the

Since K/ F is separable, we know that the g;(x)’s are separable and splitting field of some polynomial that
, may or may not be a minimal polynomial
hence so are the p;(x)’s. Let of any a € K, and K may not be the

splitting field of any of the minimal
polynomial of its elements.

f(x) = pr1(x)p2(x) ... pu(x) € Fx].

By A6Q3(b), we have that f(x) is separable over F in K. Also, K/F is

normal since the splitting field of f(x) over F is exactly K. o

Example 23.1.2
Let’s look at our non-Galois extension of Q, Q(+v/2). We observe that
Fix(Gal(Q(v2)/Q)) = Q(V2),

since v/2 fixes even v/2 itself. >
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Example 23.1.3

Leta = \/2+ /3 € C. Note that

> =2++3
>—2=13
(> —2)2=3

ot — 40’ +4=3
-4’ +1=0

Consider the polynomial
flx) =x* —4x* +1 € Qx|
and « is a root of f(x). Now consider the polynomial
gly) =y* —4y+1.
Note that in Zs, under ¢(y) = y> +y + 1, we have

0O—1 1—3 2—2
3—3 4+—1.

By & Proposition 14, §(y) is irreducible, and by Mod-5 irreducibility,
g(y) is irreducible. Thus f(x) itself is irreducible. Since f is monic, it is

the minimal polynomial of «.

Note that by construction, all the roots of f(x) are

+1/2 £ /3.

Thus f(x) is separable. Note that

\/ 2+ \/5\/ 2-V3=1,
and so /2 — v/3 is the inverse of \/2 + v/3, and so it is necessarily in

Q(w). It follows that all the Q-conjugates of « are in Q(«). Thus Q(«)/Q

is normal.

It follows that Q(«)/Q is a Galois extension.
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By the characterization of Galois extensions, we have
Gal(Q(a)/Q)| = [Q(a) : Q] = 4.

Let 8 = v/2 —+/3. By the note that «3 = 1, we have that the following

table describes all the possible actions of G on the Q-conjugates of «.

‘ x —a B =P ‘ Sy Table 23.1: Table of elements of
p1| « —a B —B € Gal(Q(«)/Q).
g2 |~ & —p B | (12)(34)
3| B —p & —a|(13)(24)
Pa | =B B —a a | (14)(23)

By Table 23.1, it follows that

G2K4222XZQ. )
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Fundamental Theorem of Galois Theory

We shall first prove the following theorem, which will take away the bulk

of the work required to prove the fundamental theorem later on.

WP Theorem 61 (Artin’s Theorem)

Let K be a field, and H < Aut(K) a finite subgroup. Let F = Fix(H).
Then

1. K/F is Galois.
2. Gal(K/F) = H.

3. |H| = |Gal(K/F)| = [K : F].

First, note that since F = Fix(H), we have that H C Gal(K/F) since,
in a rather dumb way of putting it, H only moves the elements in K
that it can, and it cannot move the elements in F since F is exactly the

elements that H cannot move.

Then we have one part of (3), i.e.
|H| < |Gal(K/F)| < [K:F],

where the second inequality is because we do not know if K is the

splitting field of some non-constant separable polynomial in F[x].

4 Strategy

One sensible approach is to see how large is
this extension. Since [K : F| < |H| is what
we want, let’s go against that.

One may resort to try to use technique
that were used lately, particularly, consid-
ering minimal polynomials of elements in K
algebraic over F, and then try to get to the
splitting field of the polynomial of the prod-
uct of those unique minimal polynomials.
This, however, is not helpful, for we would
go up into an extension where there is more
‘freedom’, and so making it difficult to find a
contradiction.
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Observe that if [K : F] < |H]|, then all of our results will follow. In
Gal(K/F)| = [K : F] implies
that K/ F is Galois by the characterization of Galois extensions. Also,
since H C Gal(K/F), |H| = |Gal(K/F)| would give us (2).

particular, (3) would then be true. Then,

Let |H| = m. Let By,..., Bn € K*, and suppose to the contrary that

1

n > m. 't is logical to make the next step pro-

vided that one is being conscious of
knowledge from linear algebra.

Claim {B1,...,Bn} is linearly dependent on F.

Consider the system of linear equations

P(B1)x1 +@(B2)x2+ ...+ @(Bn)xn =0,

where we let ¢ range over H. Since |H| = m, we have m-many such
linear equations. Notice that there are more variables than there are
equations, and so we must have a non-trivial solution (x1, xp,...,%,) €
K?Z

Note thatif p € H, for any ¢ € H, since ¢ € H is a homomorphism

we have

@(B1)¥(x1) + @(B2)(x2) + ... @(Bn)n
=1 (¢_1¢(ﬁl)xl + lP_lﬁl’(ﬁz)xz +... 1/)_1q0(,8n)xn)
=¢7'(0) =0,

where the second last equality is because the term in the parenthesis is
one of the linear equations from before. It follows that ((x1),...,P(x,)) €
K™ is also a non-trivial solution. From this, we know that there are m-

many such non-trivial solutions.

2 Let (x1,...,x,) be a non-trivial solution with a minimal number 2 This is a non-trivial step. I can’t seem to
figure out how this can come by though.

¥ We want this guy to have as many zeroes
as possible.

of non-zero entries 3. Reordering if necessary, wma

(x1,.., %) = (xq,...,%,,0,...,0),

where fori = 1,2, ..., r, we have x; # 0. Note thatr > 1, for

otherwise ¢(B1)x1 =0 = x7 = 0, a contradiction. Notice that

X2 X3 Xn
1,—=,—, ..., —
X1 X1 X1
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is also a solution. Thus wma x; = 1, i.e. we assume

(x1,%2,...,%1,0,...,0) = (1,x2,x3,...,%,0,...,0). (24.1)

Now, notice that if x», x3,...,x, € F, then we have

B1+ Baxo+ ... Buxy =0,

then 1 is dependent on the others, and that would complete the proof.

Sub-claim xj,x3,...,x, € F. Suppose not, i.e. suppose x; ¢ F. Then
since F = Fix(H), we know that 3 € H such that ¢(x;) # x;. Wlog,

Sps x; = x». We know that

(Ly(x2), ¢(x3),...,9(x),0,...,0)

is also a non-trivial solution to the earlier system of equations. Then

consider

(Lxg, ..., xr) — (L, (x2), ¥(x3),...,¢9(x),0,...,0)
= (O,Xz — IP(Xz),O, .. .,0),

which is also a non-trivial solution to the system of equations. How-

ever, this contradicts the minimality of Equation (24.1). Thus xp, x3, . ..

F. This completes our proof.

,er

Let K be an extension of F. Let £ denote the set of intermediate subfields of

K/F, ie.
E:={E:FCECK},

and H denote the subgroups of Gal(K/F), i.e.
H:={H:H < Gal(K/F)}.
We define the Galois correspondences by

Gal(K/—): & — H as E — Gal(K/E)

133
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and

Fix: H — £ and H > Fix H.

Notice that Gal(K/ —) bring subfields to subgroups, while Fix brings
subgroups to subfields.
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Fundamental Theorem of Galois Theory (Continued)

Remark 25.1.1
The Galois correspondences are inclusion reversing: notice that

1. Ey CEy € £ = Gal(K/Ey) C Gal(K/Ey) since the later Galois

group has less elements to fix.

2. Hi € Hy € H = Fix Hy C Fix H; since Hy has more elements, and

so it will move more things around, making the fix smaller. ®

2P Theorem 62 (Fundamental Theorem of Galois Theory)

Let K/ F be a finite Galois extension. Then the Galois correspondences

give an inclusion reversing bijection between £ and H, i.e.
1. ifE € &, then Fix(Gal(K/E)) = E. In particular, K/ E is Galois;

2. ifH € H, then Gal(K/ Fix H) = H.

f Proof
1. Since K/F is normal and separable, by A7, we have that K/E is also

normal and separable. Thus it follows from the characterization of

Galois extensions that

Fix(Gal(K/E)) = E.
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2. This is exactly Artin’s Theorem! 0

#= Corollary 63 (Relation between Index and Degree)

Let K/ F be a finite Galois extension. If Hy C Hy € H, then
|H2 : H1| = [FiXHl : FiXH2].
IfK/Eq/E>/F is a tower of fields, then

[El : Ez] = |Gal(K/E2) : Gal(K/E1)| .

Notice that by the Tower Theorem, we have

K : Fix Hy]

[K : Fix Hq]

_ |Gal(K/ Fix Hy)|
|Gal(K/ Fix Hy)|

_ |

= = H22H1 .
EARE

[Fix Hy : Fix Hy] =

On the other hand, we have

[E1:E] = {Iiiﬂ

_ [Gal(K/Ey)]
|Gal(K/E1)|

= |Gal(K/Ey) : Gal(K/Ey)]. ]

Figure 25.1 illustrates what the fundamental theorem does.

Notice that the index of each of the subgroups with respect to the base
group becomes the degree of which the fix of the subgroup extends the base
field.
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Fix({1}) = K

AN \ /

Fix Hy Fix Hy Fix Hs
k "2 %
Fix(G) =F

137

Figure 25.1: Visual Representation of the
Fundamental Theorem of Galois Theory

The following is a typical problem for finding out about a Galois exten-

sion.

Example 25.1.1

Consider our ‘favorite’ extension

G = Gal(Q(«,{3)/Q) = Gal(x’ —2),

where « = \3@

1. Prove that Q(«, {3)/Q is Galois.
2. Find |G]|.

3. Find G.

4. Draw the subfield lattice.

# Solution

d

1. Note that Q is perfect, so x> — 2 is separable. Also it is irreducible by
2-Eisenstein. And indeed, Q(«, {3) is the splitting field of x> — 2 €

Q[x]. Thus Q(«, {3)/Q is Galois.

2. Observe that

Gl = [Q(a,83) : Q] =2-3 =6,

where the second equality follows from one of our assignment prob-

lems.

Since we have G < S3 and |G| = 6, it follows that G ~ Sj.

. Since G ~ S3, we have the following

One can indeed check that all 6 of the possible automorphisms on the
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53
2 3
3 3
<(123)> <(12)> <(13)> <(23)>
X /
3 2
{8} Figure 25.2: Subgroup Lattice of
Gal(Q(V2,43)/Q)
roots must occur, of which its result is shown in Table 25.1.
x  als a§§ S3 Table 25.1: Structure of
Gal(Q(V/2,
¢1 o 0(§3 ngg € al(Q(v/2,33)/Q)
g2 | « alf alz| (23)
@3 | al3 a  alz | (123)
¢s | al5 alz o« | (13)
g5 | als ali o« | (132)
Ps | @03« al3 | (12)
By the fundamental theorem, we have that the subfield lattice is as
shown in Figure 25.3.
Fix{e} = Q(w, {3)
: = T :
Fix < (123) >=Q({3) Fix < (12) >=Q(ag3) Fix < (13) >= Q(al3) Fix < (23) >=Q(«)
2 \ / -
Fix(G) = Q

Figure 25.3: Subfield Lattice of
Gal(Q(V2,43)/Q)
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Fundamental Theorem of Galois Theory (Continued 2)

It is important to note that given a finite Galois extension, the Fundamen-
tal Theorem of Galois Theory tells us that there are only finitely many

intermediary subfields up to isomorphism.

& Proposition 64 (Other Subfields Through Group Normality)

Let K/ F be a finite Galois extension. Let E be an intermediate subfield of
K/FE. Then for any ¢ € Gal(K/F), we have

¢Gal(K/E)p~! = Gal(K/¢@(E)).

& Proof

We have the following chain of iffs:

V¢ € Aut(K) ¢ € Gal(K/E)
< VacEya)=ua
< VBEEyp () =9 ' (B)
< VBEE gy () =B
= ¢ypg ! € Gal(K/¢(E)). o
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Let K/ E/F be a tower of fields, and H < Aut(K). We say E is invariant
under H (or H-invariant) ifV¢ € H, ¢(E) = E.

é Proposition 65 (Intermediate Subfields and Normal Subfields)

Let K/ F be a finite Galois extension. If E is an intermediate subfield of
K/F, then TFAE:

1. E/F is Galois.
2. Eis Gal(K/F)-invariant.

3. Gal(K/E) < Gal(K/F).

By definition and & Proposition 64, we immediately have (2) <=

(3)-

(1) = (2) Suppose E/F is Galois. Let ¢ € G := Gal(K/F). Since
E/F is Galois, in particular, normal, we know that ¢ [p€ Gal(E/F).
Thus we have ¢ [¢ (E) = ¢(E) = E by the surjectivity of ¢ ' It " Note that ¢ is a automorphism, in
follows that E is G-invariant, simply by definition. particular, bjective.
(2) = (1) Suppose E is G-invariant, where again we let G =
Gal(K/F). Now by A7, since K/E/F is a tower of fields, we have that

E/F is separable. Thus it suffices for us to show that E/F is normal.

Leta € E with minimal polynomial f(x) € F[x]. % Since K/F is 2 I think there-was-a-shight-oversight
normal, since « € E C K, we have that its minimal polynomial f(x) mﬁe@%ﬁw o« thatsi Kfé.- < nor ]
must split in K. Then let B € K be an F-conjugate of a. Since f(x) € have-f{x)-splits-over K—But-thatis-not
F[x] is irreducible, we have that G is transitive by #= Corollary 50, and eﬂl—y%eqmlfes%ﬁe%&th&spkﬁmgﬁeld
so 3¢ € G such that ¢(«) = B. Then by assumption, we have that Wepmbimgz of the extension). l.gm i

. oy
B=¢(x) € ¢(E) = E. WW#W“W

mistake! The reasoning is correct by the
normality theorem.
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It follows that E/F is indeed normal. 0

A natural question to ask:

In what way is Gal(E/ F) related to Gal(K/F)?

& Proposition 66 (First Isomorphism Theorem on Galois Groups)

Suppose we have a tower of fields K/ E/F, and K/ F is a finite Galois
extension. If E/F is Galois, then

Gal(E/F) ~ Gal(K/F) /Ga1< K/E)-

Consider the function ¢ : Gal(K/F) — Gal(E/F) given by ¢(¢) =
¢ [E. Note that this is a homomorphism: for ¢1, ¢, € Gal(K/F),

observe that
P(p192) = (9192) [E= @1 gy P2 [E= @1 [E 92 [E= P(91)P(92).

It is clear that kerp = Gal(K/E). It follows from the
that

Gal(E/F) ~ Gal(K/F) /Gal(k/E),

which is what we want. 0O

Example 26.2.1

Compute Gal (Q(Cn) /Q)
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#" Solution
Note that Q(Gn) / Q is the splitting field for the separable polynomial
@, (x) over Q. Thus Q(Cn) /Q is Galois. We also know that

‘Gal (Q(gn) /Q)‘ = ¢(n),

where we note that ¢(n) here is the , for the sake of

clarity.

Claim: G = Gal (Q(gn) /Q) ~ Z Consider the map
Y Z; — Ggivenby p(k) = ¢,

where ¢i(Zn) = (5.

1 is a homomorphism Observe that
0 91(Gn) = x(8h) = 0 = pua(Cn).
Thus we have ¢ (k) (1) = (k).
1 is injective Observe that
kekery < ypk)=1 = f=¢, <= k=1
1 is surjective Notice that |Z)7| = ¢(n) = |G|, where ¢ is the Euler
@-function. It follows from the injectivity of i that ¢ is surjective.

Therefore, 1 is an isomorphism, which is what is required.

Example 26.2.2
Compute G = Gal (IFp” /le>

# Solution
First, note that IF» is the splitting field of the separable polynomial Xt —
x over IFp,. So Fpn / F,, is indeed Galois and we are not making a fool out

of ourselves.

Consequently, we have that

’Gal <1Fp" /]Fp)’ = [Fpn : Fy] = n.
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Consider the
@ : Fyn — Fpn given by @(a) = a”.

By , a? = a, and so we have that ¢ € G.

Letj = |¢@|. Note that j < n 3. Now by definition, every element of IF ,» 3

is a root of x” — x,i.e. p/ > p", which implies j > n.

Thus |¢@| = j = n. It follows that

Gal (lpp" /IFP) = (@) ~Zy.
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Galois Groups of Polynomials

We know how hard it is to find roots of a polynomial. It would be ideal if
we can find ways to work around them when trying to construct Galois

groups.

E Definition 33 (Discriminant)

Let f(x) € F[x] be non-constant, with K being its splitting field. We can

write

flx)=u(x —ay)(x —ap)...(x —ay) € Klx].

We define the discriminant of f(x) as

disc f(x) = [ J(a; — a;)%.

i<j

Remark 27.1.1

1. Note that
disc f(x) # 0 <= f(x) is separable

2. For a quadratic

f(x)=x24+bx+c=(x—a)(x—B) =x>— (a+B) +ap,
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we have that its discriminant is

disc f(x) = (B — a)* = a® + p* — 2ap
= («+p)* — 4ap
= (—b)? —4c.

One may note that the discriminant is like a generalization from this.

% Lemma 67 (The Discriminant Lives in the Base F ield)

Let f(x) € F[x] be non-constant. Then disc f(x) € F.

We break this into two cases:
f(x) is not separable In this case disc f(x) =0 € F.

f(x) is separable Notice that for any ¢ € G = Gal f(x), we have

@(disc f(x)) = disc f(x),

since ¢ is an automorphism, in particular, a homomorphism. Thus we

have that disc f(x) € FixG = F. o

) Proposition 68 (Galois Group of Finite Extensions)

Suppose Char F # 2, f(x) a separable polynomial with deg f = n > 2,
and G = Gal f(x). Let

d=]T1(ai —a)),

i<j
where the w;’s are the roots of f(x) in its splitting field K. If ¢ € G C
Sy, then ¢(d) = =+d. Moreover, p(d) = d <= ¢ € Ay, and
Gal (K/F(d)) — GN A,

Also, G C A, < d € Fix(G) = F <= disc f(x) is a square in
F.
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Let ¢ € G. Since we have Char F # 2, we have that d and ¢(d) are
roots of
x? —d? = x? — disc f(x) € F[x].

It follows that ¢(d) = +d, as we want.
Observe that S, acts on X = {d, —d} by
o[ T(wi = o)) = T [(opiy — a(j))-
Moreover, observe that
eed=dand(n (n—1))-d = —d.

It follows that the group action is transitive. By the Orbit-Stabilizer

Theorem, we have that

n! =1S,| = [stab(d)| |orb(d)| = 2 |stab(d)]| .

Thus |stab(d)| = %, and since stab(d) < S,, it follows that stab(d) =

A,,. This also means that

p(d)=d < ¢ € A, = stab(d).

The rest of the statement follows immediately by the way they are

introduced. O

Note that disc f(x) is not a square in F
— Galf(x) £ 42 = {1}
< Galf(x) =S, ~7Z,
<= f(x)is irreducible.

We mostly know how to deal with quadratics, especially since we have

a formula for finding roots of quadratic polynomials, in particular the

147
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: given f(x) = ax? + bx + ¢, we have

v —b £+ Vb2 — 4ac
o 2a '

Recall that if f(x) € F[x] is irreducible and separable, then Gal f(x) <

S3 is transitive, and so either

Gal f(x) ~ Sz or Gal f(x) ~ As.

One may find it rather difficult to find roots for cubics, especially when

the does not give us any results.

Suppose Char F ¢ {2,3}. Let
g(x) = X+ ax? + Bx + v € F[«]
be irreducible and separable. Let

f(x):g(x—%) =x3 4 bx+ce€Flx].

f(x) is called a depressed cubic.

We can derive a formula for b and c in the depressed cubic, in particular
they are
_ a1, _ 2 5 1
b—ﬁ gl’é al’ldC—’}’“‘Elx ng‘B

It is important to note that f(x) is still irreducible and separable, and

most importantly

Gal f(x) = Gal g(x).

This is exactly why we want to consider depressed cubics, since they are

easier to deal with, especially when we need to do
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Furthermore, if we let a1, xp, a3 be the roots of f(x), then one can

derive that
disc f(x) = —4b> — 27¢2.

Then by é Proposition 68, we have that

isc =42
Gal f(x) Az discf(x)=d*,deF

S3  otherwise

Example 27.1.1

Consider the polynomial f(x) = x3 —3x + 1 € Q[x]. If we use the
Mod-2 irreducibility test, one can immedaitely see that it is an irreducible

polynomial that we have seen before. Thus f(x) itself is irreducible.

We have that
disc f(x) = —4(-3)® —27(1)2 =3-27 = 9?,

and 9 € Q. It follows that Gal f(x) ~ A3. »

149
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Galois Groups of Polynomials (Continued)

W WA Quartics

& Definition 35 (Depressed Quartic)
Suppose Char F # 2. Given
flx) = Xt ax® + ,Bx2 +yx+46 € Flx],

we shall consider

g(x) :f(x—%) =x*+bx* +cx+d € Flx.

This is similarly called a depressed quartic.

Furthermore, Gal(f(x)) = Gal(g(x)).

Let
f(x) =x*+bx*+cx+d € Flx],

If G = Gal(f(x)), then G is a transitive of Sy, with 4 | |G]|.

g(x) is irreducible and separable iff f(x)
is irreducible and separable.
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Thus our options are:
S4,A4,Dy,V,Z4,
where V is the Klein-4 group !, "' This is very important.
V={¢(12)(34),(13)(24),(14)(23)} ~ Z, x Zy.
Suppose the roots of f (x) are aq, no, a3, g Which are distinct, and let
K = F(ay,ap, a3, 04). Also, let

U = Ky + K304
U = q1&3 + Koy

W = K14 + KpK3.

The resolvent cubic of f(x) is defined by

Res f(x) = (x —u)(x —v)(x —w)
= x® — bx? — 4dx + 4bd — ¢ € Flx].

Let L = F(u,v,w). Then K/L/F is a tower of fields 2. Now let G = 2 K is the splitting field of f(x) and L is the
splitting field of R :
Gal(f(x)). Note that K/F is Galois. Thus K/L is Galois . :%;n/l\n;g. eld of Res f(x)
Also

Gal(Res f(x)) = Gal(L/F),
where L/F is also Galois.

Since Gal(K/L) = GNV and L/F is Galois, we have that
Gal(K/L) < Gal(K/F),

and

Gal(Res f(x)) = Gal(L/F) = G/(GNYV).



PMATH348 — Fields and Galois Theory

Let m = |Gal(Res f(x))| = |Gal(L/F)|. Then we have the following

possibilities: Note that the m = 2 can be a problem.

G ‘ Sy Ay Dy V. Zy4 Table 28.1: Galois group G
GNVv v Vv Vv vV Z
G/GNV | S5 Zs Z, {1} Zy
m 6 3 2 1 2

Remark 28.1.1

G is uniquely determined when m € {1,3,6}. ®

For the rest of our discussion, we shall focus on when m = 2.

We know that G ~ D4 or G ~ Z,. Fortunately, the two groups have

different order.

Since degRes f(x) = 3, and m = 2, thus f(x) factors into a linear
and quadratic terms. Thus exactly one of either u, v, or w is in F. Wlog,

uecF.

Either option for G has a 4-cycle which fixes u. Therefore
c=(1324) €G.

Note that 0 = (12)(3 4) € G.

Consider:

(x —aqop) (x — azay) = x> —ux+d

and

(x = (01 + a2)) (x — (a3 + ag)) = x> + (b—u).

Claim G = (o) ~ Z, iff both of these polynomials split over L.

(=) Suppose G = {(c). Then
Gal(K/L) =GNV = (¢?).

Thus aqay, azey, &1 + &y, &3 + ay € Fix(o?) = L.

153
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(<= ) Suppose ayap, aziy, a1 + o, a3 + a4 € L. We need only to

show that () has at most order 4.

Note that wjap € L(ay) = aq,ap € L(aq). Further, v — w =
(w1 —ap)(ag —ag) € L. Thus az —ay € L(ap), which means
X3 € L(le) = 04 € L(Dé]). 4, * Note that we needed Char F # 2.

Therefore K = F(aq, ap,a3,04) = L(aq). Hence, [K : L] = [L(aq) :
L] = |Gal(K/L)]|.

This means that if we consider

2

p(x) = x° — (ay +“2)X+0C1062 € L[x],

then p(aq) = 0. Therefore, [K : L] < 2. This implies that [K : F|] = [K :
L[L:F]=2[K:L] <4.

Since G ~ Z4 or G ~ D4 with |G| < 4, we have that

Rework this entire lecture to work out the reasoning.



Part IV

Solvability by Radicals
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Galois Groups of Polynomials (Continued 2)

LW Quartics (Continued)

Example 29.1.1

Let f(x) = x* — 2x — 2 € QJ[x]. This is irreducible by 2-Eisenstein and Q

is perfect. The resolvent of f(x) is
Res f(x) = x> + 8x — 4.
This guy has no rational roots !, and so Res f(x) is irreducible. ! Check!

Now
discRes f(x) = —4(8%) — 27((—4)?) <0,

thus disc Res f(x) is not a square in Q. THus
GalRes f(x) = Ss.

It follows that

Gal f(x) = Sa. >
Example 29.1.2

Letg(x) = x* +5x +5 € Q[x]. g(x) is irreducible by 5-Eisenstein and

separable. We have

Res g(x) = x> — 20x — 25.
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Note that Res ¢(5) = 0, and so
Resg(x) = (x —5)(x® +5x +5),
and the second guy is irreducible, again, by 5-Eisenstein. Thus
GalRes g(x) = Z,.
Thus m = 2. Letu = 5 € Q, and consider
x? —5x +5and x* — 5.

Notice that the roots of x2 + 5x + 5 are

—5+y25-20 -5++/5
2 T2

Thus L = Q(+/5). The roots of x> — 5x + 5 are

54++/5
2

€L,
and the roots of x> — 5 are:

+V5 € L.
Thus both the polynomial splits in L and so

Gal f(x) = Z4. >

Throughout this section, suppose Char(F) # 2, 3.
1. disc(x® + bx +c) = —4b® — 27c2

2. If f(x) = x® + bx + ¢ € F[x] is irreducible and separable then

Gal(f(x)) ~ Az if disc(f(x)) is a square in F

S3;  otherwise

3. If f(x) = x* + bx? + cx +d € F[x] is separable and irreducible and
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m = |Gal(Res(f(x)))| then

54 m=6
A4 m=23
Gal(f(x)) ~ .
14 m=1
D4OI'Z4 m=2

Moreover, if m = 2, u is the root of Res(f(x)) in F, and L is the
splitting field for Res(f(x)) over F, then Gal(f(x)) ~ Z, iff both
x? —ux +d and x* + (b — u) split over L.

A group G is solvable if there exists a finite chain of subgroups starting at
G = G(].'
G=G2G12G2...2G, = {1},

where each Gi11 < Gy, and G;/ G;1 is abelian.

It is not necessary that Gi11 < G;_q.

Example 29.2.1

Abelian = solvable - G D {1}. »
Example 29.2.2

S4 is solvable:

S42 A2V D {1}, >

Example 29.2.3
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D,,, is always solvable since it always have a Z,, as a normal subgroup. /¥

Example 29.2.4

Suppose G is simple (no non-trivial normal subgroup). Then G is solv-
able iff G is abelian. >

Example 29.2.5

Since As is simple (by Sylow) and non-abelian, we have that As is not
solvable. >

& Proposition 69 (Subgroups of Solvable Groups are Solvable)

Let G be a solvable group. If N < G, then N is solvable. If N < G, then
G/ N is solvable.

We know
G=Gy2G12...2G, ={1}.

Then
N:NﬂG()QNﬂcl2...2NﬂGn:{1}.

We know that N N G;11 < N N G;. Also, by the
2 >AB/B~ A/ANB

NNG;/NnN Giy ~ (Nﬂ Gi)Gi—i-l/Gi—H - Gi/Gi+1/

where the last guy is abelian. Thus N is solvable.

We have
G/N:éogélg...gén:m.

Note that Ci/éi—i-l = (GZN/N) / (GH_lN/N) =~ G;N/Gj;1N by the

Go check that the last guy is abelian. 0
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Solvability by Radicals (Continued)

é Proposition 70 (Converse of é Proposition 69)

Let N < G. Then G is solvable iff N and G /N are solvable.

& Proof
(=) This is done by & Proposition 69.

(<= ) Given the assumptions, consider the chains
N=Ny2N;D...2Ny = {1}

and
6:602612...261=N:{N}r

where for convenience, we write

By the Third Isomorphism Theorem, we have that

Gi /Ci-i-l ~ Gi /Gi+1’

and in particular
Giv1 9G;.

(30.1)
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Thus, we have that
G=Gy2G;2...ON

and then by Equation (30.1), we can continue the chain down to the

trivial subgroup, i.e.

G:GO:_)Gl;)...QNQNl:_)...2{1}. 0

Suppose G is a finite solvable group. By U the chain as much as ! By refining, we mean to make the chain
. of normal subgroups as long as possible.
possible, wma

G=Gy2G 2...0G,={1},

such that Gi / Git1 is abelian and Gi11 < G;j. The refinement process
means that AH; < G such that

Git1 € H; € Gjand Gi1 < H; 4 G;.
Note that if such H'’s exists, then we would automatically have
G / H; and H; / Git1 both being abelian,

but this would mean that the refinement process was not sufficient in the

first place.

Following that, we know that after refinement, it is necessary that each
G;j j ; imple i G;
i [ Giyq is abelian and simple. This means that each i | G; " has

prime order 2. 2 ?

We say that K/ F is a simple radical extension if K = F(«) for some
« € K such that o™ € F for some n € IN.
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& Definition 39 (Radical Tower)

A radical tower of F is a tower of fields
K /Ky—1/ ... /Ky /Ky /F (30.2)

such that K1/ F and each K; 11/ K; is a simple radical extension.

& Definition 40 (Radical Extension)

We say that K/ F is a radical extension (or just radical) if there exists a

radical tower over F starting at K, i.e.
K, =K

in Equation (30.2).

& Definition 41 (Solvable by Radicals)

We say that f(x) € F[x] is solvable by radicals over F if its splitting field

is contained in a radical extension of F.

Example 30.1.1

Consider f(x) = x> — 5 € Q[x]. Then we have

Q(V5,53) 2 Q(V5) 2 Q.
3
Note that gg = 1and (\3/5) = 5, both of which are in Q. It follows that
Q(+/5,3) is radical and so f(x) is solvable by radicals. »
Example 30.1.2

Consider f(x) = x* — 4x? +2 € Q[x]. Then we have

Q(\/2+Vv2) 2Q(V2) 2 Q.

Once again, we see that f(x) is solvable by radicals. >
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An uninteresting non-example would be K = F(7r), which is not a

radical extension, and particularly because 7t is transcendental over Q.

We shall see a more interesting example in A10Q2.

We say that K/ F is a cyclic extension if K/ F is finite and Galois, and its

Galois group is Cyclic.3 3 In other words, we say that a finite
Galois extension is cyclic if its Galois
group is cyclic.

For the rest of the course, we shall always assume that we are working in a

field of characteristic 0.

& Proposition 71 (Simple Primitive Extensions are Cyclic)

If F contains a primitive n™ root of unity and K = F(«) with a" € F, then
K/F is cyclic.

4 Strategy

We can show that the Galois group G to
Consider the P olynomial be isomorphic to a cyclic group, and we
know that we can show that by showing how
G permutes its roots. Since our extension
f(x) =x"—a"€ F[x]‘ contains a primitive n™ of unity, if we make
use of that, we will have a way of moving
Let { € F we a primitive n™ root of unity. Now the roots of f(x)inK around all n of the roots. The polynomial

which captures all of the roots we want is

are
exactly f(x) = x" — a™.

«, o, zx@z, ., wC”_l.
We see that K is the splitting field of f(x) over F. Since F is perfect
(this is our assumption for the rest of the course!), we know that K/F

is therefore Galois.

Now for each ¢ € G = Gal(K/F), 3!0 < i < n — 1 such that
@(a) =al'. LetT : G — Z, such that T'(¢) = i.
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Itis clear that I is a homomorphism: taking two elements is the
same as just adding the powers. It is also injective, which is rather

clear, since each of the ¢ € G has a uniquely associated 0 <i <n —1.

It follows that G ~ Z,, by the First Isomorphism Theorem, and so G

is cyclic. O
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RIWA Solvability by Radicals (Continued 2)

& Definition 43 (Linearly Dependent and Independent)

We say that {c1,09,...,04} C AutK is linearly dependent over K if
da; € K, with not all a; # 0 such that

ar101(a) + ... ap0u(a) =0

Joralla € K.

Otherwise, we say that {1, 0, . ..,0,} is linearly independent.

4 Lemma 72 (The Galois Group is Linearly Independent)

Suppose [K : F] < co, Then Gal(K/F) is linearly independent over K.

f Proof

Suppose not. Let {1, ..., 0} be a minimal linearly dependent sub-
setof G = Gal(K/F). Notice that since 27 € K* m we have that
a101(a) = 0 for any & € K implies that ¢y = 0, which is impossible.

Thus we must have r > 1.

Now by assumption, Ja; € K such that Va € K, we have

a0y (a) + apop (@) + ... + aroy (1) = 0.
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Let B € K such that wlog, o1 (B) # 02(B). Then for any « € K, we have

1101 ()01 (B) + a202 (a)on (B) + . .. + a0, () (B) =0 (3L1)
and
101 ()01 (B) + a0 ()01 + .. . + 4,07 ()01 (B) = 0. (31.2)
Subtracting Equation (31.2) from Equation (31.1), we have
[a202(B) — @201 (B)loa(@) + ... + [a,07(B) — ar 01 (B))ov (o) = 0.

Notice that the cofficient of first term is non-zero. Thus {03, ..., 0} } is
also a linearly dependent subset of G. This contradicts minimality, and

so it is impossible that G is linearly dependent. O

& Proposition 73 (Cyclic Extensions over Base with Primitive Roots

are Simple Radical)

Let F be a field, which contains a primitive n™ root of unity {. If K/ F is

cyclic with [K : F| = n, then K/F is simple radical.

By assumption, we may assume that ! This is a proof that involves a lot of non-
trivial steps. Each of these steps are given
a @ mark.

G = Gal(K/F) = (o), where |¢| =n = [K: F|] = |G|,
for some o € G.
Finding an element that will serve as the adjoined element
@ For any & € K, consider
§(0) = &+ o (@) + PP (@) + ...+ 0" (@),
@ Notice that since { is a primitive n'" of unity, we have that

Co(g(w) = g(a) = o(gw)) = 'g(w) = I"g(a).
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Since ¢ is automorphism, in particular a homomorphism, we have that

o(g(w)") = o(g(@))" = (F"'g@))" = g(a).

It follows that ¢(a) € Fix G = F. Note that since « € K was arbitrary,

this process works for any a.
Showing that g(«) cannot live in any of the intermediate extensions

Now since G is linearly independent over K (by Lemma 72), we
know that o € K such that g(«) # 0. Let’s consider such an a. By our

argument just slightly before this, we know that
o(gla)) #ga)for1 <i<n—1.

This means that g(«) ¢ Fix H for any {1} # H < G. It follows from
the Fundamental Theorem of Galois Theory that g(«) ¢ E for any
F C E C K. It thus follows that F(g(«)) = K.

Since g(x)" € F, it follows by definition that K/F is a simple radi-

cal. 0O

The following proposition is important for us to move forward, but we

shall prove this in Chapter 32.

é Proposition (A Condition for Solvable Galois Groups)
Suppose we have a tower of fields K/ E/F, K/ E is radical, and E/F is
Galois. Then there exists L /K such that

e L/F is Galois;
e L/E is radical; and

 Gal(L/E) is solvable.

#= Corollary 74 (Radical Extensions have Solvable Extensions)

If K/ F is radical, then there exists L /K such that L/ F is radical and
Galois, with Gal(L/ F) being solvable.
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We simply need to use the last proposition and set E = F. 0

WP Theorem 75 (Galois Theorem)

Let f(x) € F[x]. Then f(x) is solvable by radicals over F iff Gal(f(x)) is

solvable.

2 Suppose f(x) is solvable by radicals over F. WMA 2 We shall proof only the ( = ) direc-
tion, which is what we will be using for
. ) ) the rest of the course. Please read ( <= )
f(x) =P (x)ll P2 (x)lz --- Pl (x)ll/ direction in the recommended text of the
course (shall be added to an appendix

.. . L. page if I come to read it).
where each p;(x) is irreducible and distinct from one another. Now by

replacing f(x) with py(x)pa(x)...p;(x), > wma f(x) is separable. 3 We may do this because Gal(f(x)) =
Gal(p1(x)p2(x) ... pi(x)).
Let E be the splitting field f(x) over F. Then E/F is Galois 4. More- “cf. the fundmental theorem.

over, since f(x) is, still, solvable by radicals, we have that E C K
where K/F is a radical extension. By #= Corollary 74, 3L /K such that
L/F is Galois and radical, and in particular Gal(L/F) is solvable.

Since E/F is Galois, we have that Gal(L/E) < Gal(L/F) by
& Proposition 65, and by & Proposition 66, we have

Gal(f(x)) = Gal(E/F) = Gal(L/F) /Ga(L/E).

Since Gal(L/F) /Gal(L/E) is abelian, it follows that Gal(f(x)) is

indeed solvable. O

The contrapositive of @ Theorem 75 is particularly useful; the statement

is
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I IfGal(f(x)) is not solvable, then f(x) is not solvable by radicals.

4 Warning

Going back to Chapter 30, recall the definition of solvability by radicals,
and notice that Galois’ Theorem does not tell us that the splitting field
of f(x) need to be a radical extension, despite the splitting field being

contained in a radical extension.
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Solvability by Radicals (Continued 3)

Recall that f(x) € F[x] is solvable by radicals iff Gal f(x) is solvable (cf.
Galois” Theorem). Note that we still assume that Char F = 0.

Example 32.1.1

Let f(x) € Q[x] suchthat1 < deg f(x) < 5. Then f(x) is solvable by

radicals.

# Proof
We can get f(x) — g(x) by deleting repeated factors. Then g(x) is
separable. Then Gal f(x) = Gal g(x) < S4. Recall that Sy is solvable.

We require the following proposition from group theory. You can

prove this for yourself.

Sn=<(12),(123 ... n) >. Ifpis prime, then Sy =< T,0 >, where

T is any transposition and o is any p-cycle.

£ Lemma 76 (Galois groups of Polynomials with Non-Real Roots)

Let f(x) € Qlx] be irreducible with prime degree p. If f(x) has exactly 2
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non-real roots, then Gal f (x) ~ S,,.

Let « be a root of f(x) in its splitting field K. Then [Q(«) : Q] =
deg f = p. By the Tower Theorem, p | [K : Q] = |Gal f(x)|. This
means that 30 € Gal f(x), o] = p. Wlog, wmao = (123 ... p).

Letg : C — C begiven by ¢(z) = z, which is aQ-map '. By
the Normality Theorem, ¢ [g€ Gal f(x). Since f(x) has only two

non-real roots, it follows that ¢ [x= (i j).

By the note above, we have that Gal f(x) ~ S,. 0

Example 32.1.2

Consider f(x) = x° +2x3 — 24x — 2 € Q[x]. Note that f(x) is irreducible
by 2-Eisenstein. Also,

f(=100) f(=1) f(1) f(100)

<0 >0 <0 >0

We see that there are at least 3 real roots between all of the above

values by the

Say the roots of f(x) are a;, 1 < i < 5. Then, Ya; = —[x*]f(x) = 0,

where [x*] f(x) is the coefficient of x* in f(x), and

Y aiay = [f(x) = 2

i<j
Therefore, ):aciz = (szi)z —2Yjajaj = —4. Thus, not all roots of f(x)
are real. Since non-real roots of f(x) appear in conjugate pairs, it follows
that f(x) has exactly two non-real roots. By the lemma, Gal f(x) =~
Ss. Since Ss is not solvable (cause As < Ss), f(x) is not solvable by
radicals. >

§* (Showing Insolvability of a Quintic)
There are several ways we can do this. Again, one can mix and match these

methods to show that a quintic is not solvable by radicals.

!'Indeed, ¢ fixes Q

Table 32.1: Some values of f(x)
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The above example gives us a heuristical method to check if any of the

roots are non-real, and the key to the above method is to pay attention to

Y ai = —[x*]f(x) and ) wia; = [¥]f (%),

i<j

and there will be non-real roots if

Y a? = (szi)z —2) an; <0,

i<j

since that is not a value that we can expect coming from the reals.

We can also check the of f(x), and inspect from there where the

‘turning points’ of f(x) on R? are and how many are there.

2P Theorem 77 (Insolvability of the Quintics)

Not every quintic f(x) € Qx| is solvable by radicals.

Example 32.1.3

An example of a quintic that is solvable by radicals is x> — 1. >

Going back to that black box that we have yet to prove: recall the

proposition.

& Proposition 78 (A Higher Extension that is Both Galois and Radi-

cal)

Suppose K/ E/F is a tower of fields, E/F is Galois and K/ E is radical.
Then 3L /K such that L/ F is Galois and L/ E is radical, and Gal(L/E) is

solvable.

We prove the result when K/ E is simple radical. The more general

case follows by ‘an’ 2 induction. 2 There is some work to do, but this is not
important. Still a nice exercise I reckon.



176 Lecture 32 Mar 29th Solvability by Radicals (Continued 3)

Say K = E(a) where a” = B € E. Also, suppose G = Gal(E/F) =

{¢1,0,,...,0,}. Consider 3

) = 00 T 0"~ () € Fx ] = Flx]

Let L be the splitting field for f(x) over K.
L/F is Galois Notice that
K = K(roots of f(x)) = K(a, others) = E(w, others).

Thus L is the splitting field for f(x) over E ( L/E is radical). Since
E/F is Galois, E is the splitting field of some separable polynomial

h(x) € F[x]. Thus L is the splitting field for i(x) f (x) over F. Since
Char F = 0, L/F is Galois.

L/E is radical Let { be a root of ®,(x), and we know that { € L.
Extend each 0; € Gto o € Gal(E/F) by the Isomorphism Extension
Lemma. Then the roots of f(x) are either {' or {'v* (). This means

that
L =E(Z o1 (a),05(a),...,07 (a)).

Note that we have
(o7 ()" =07 () = vi(p) € E,
since B € E. Then we have the chain
ECE() CE(o01(x) C...CL.

Since each of the adjoined element at each stage is radical, it follows

that L/ E is indeed radical as claimed.
Gal(L/E) is solvable Let Eg = E({), and fori <i <'r,
Ei = E(3,07 (a),..,07 (&) = E;_1(07 ().
Note that E, = L.

Let G; = Gal(L/E;). By the Fundamental Theorem of Galois

Theory 4, we have that

3 We want to grab the 7 roots of unity.
Notice that [T;_; (x" — 0;(B)) stays

in Fix G if we apply any of the ¢’s. In
particular, notice that for any j, when
applied to f(x), we know that @, (x) is
definitely fixed, but the other requires
some care. However, it is not difficult:
notice that we end up with (cjo;)(B), over
all i, and for each i, we get another o
that is different from other i’s. It is this
subtle observation that eventually keeps
the polynomial in the fix field.

4 We want to reverse the inclusion, and
the fundamental theorem gives us exactly
this.
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{1} =G, <G,1 £... <Gy £ Gy £Gg =Gal(L/E(])).

Moreover,
Go < G’ := Gal(L/E).

Thus, we have that
Go = Gal(L/E(Z)) 9 Gal(L/E) = el

since E({)/E is Galois, since E({) is the splitting field of @, (x). Fur-
thermore,
G'/Go ~ Gal(E({)/E),

which is abelian 2. S Recall that ¢(g) = ¢ and ¢ + i.

Now G;,q < G; since E;1/E; is Galois (.- & Proposition 71;
¢ € E;and o} (a)" € E;and so E;1/E; is cyclic). Also we have that

Gi/Giy1 ~ Gal(E;;1/E;)

is also cyclic and abelian. O
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Lecture 33 was given by a guest lecturer on a topic not required by the

course.

Lecture 34 was just to complete & Proposition 78.

Final Examination Information

Logistics
e (Mon) Apr 22 0900
e STC 0040 (do double check before the exam)

* Assigned seating (CHECK)

Office Hours

* Normal office hours are cancelled
e (Tue) Apr 16 1300 - 1500

e (Thu) Apr 18 1300 - 1500

* Appointment

Exam Info

¢ 8Q X 10m = 80 marks total

e ordinary exam (no scaling) - easier than midterm
— Read back on assignments and examples, etc.

e Materials
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1. minimal polynomials, field extensions
2. show an ext K/F is Galois and find Gal(K/F)
3. Gal f(x)
4. 3 assignment-related questions (parts)
5. 2 proofs from lecture (2 part)
— Second half of the course (post-midterm, after finite fields)

6.(a) New proof

(b) Assignment proof (from assignments)
7. Solvability by radicals stuff
8. Give examples or DNE (10 parts)

Important to read assignments for 1, 2, 3, 4, 6( * ), 7,8

1. A Galois K/F such that [K : F] = 36.

A: Q({37)/Q (note 37 is prime)

2. Anirreducible f(x) € Q[x] such thatdeg f(x) = 7 and |Gal f(x)| =
20.

A: No, Gal(f(x)) is a transitive subgroup but 7 { 20.
3. A field E such that IFp CEC leu such that E/]F,, is NOT Galois.

Az No. Gal(F 12 /Fp) =~ Zy; is abelian. and

Gal(F 12 /E) < Gal(F . /F)

4. An irreducible quintic in Q[x] which is solvable by radicals.
Arx® =2
5. An infinite field of characteristic 7.

A: E, Z7(x)
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6. A Galois ext of Z,(?) .
A: Zz(fz)
7. A finite ext of C(t) which is not simple.

A: Cis a perfect field, and primitive element theorem says that all of

the extensions of C are simple.
8. Anirreducible polynomial in F510[x] which is not separable.

A: DNE. Finite fields are perfect.






@ Asides and Prior Knowledge

Correspondence Theorem

The Correspondence Theorem is somewhat widely known as the Fourth
Isomorphism Theorem, although some authors associates the name with

a proposition known as Zaessenhaus Lemma.

WP Theorem A.1 (Correspondence Theorem)

Let G be a group, and N < G '. Then there exists a bijection between the ! Recall that this symbol means that N is a

1 sub, fG.
set of all subgroups A < G such that A O N and the set of subgroups ot subgroup @

A/N of G/N.



https://en.wikipedia.org/wiki/Zassenhaus_lemma




m @ Assignment Problems

Assignment 1

1.(a) Let G be a group and let Z(G) denote the centre of G. Prove that if
G/Z(G) is cyclic then G is abelian.

(b) Prove that any group of order pz, where p is a prime, is abelian.

(Hint: Class Equation)
2. Prove that there is no simple group of order 132.

3.(a) Let G be a simple group and let H be a subgroup of G such that
|G : H| = n > 1. Prove that there exists an injective group homo-

morphism ¢ : G — Sj,.

(b) Let p be a prime dividing the order of a simple group G, where G is
not of order p. Let n, denote the number of Sylow p-subgroups of

G. Prove that the order of G divides np!.
(c) Prove that there is no simple group of order 48.

4. Let p be a prime which divides the order of a finite group G. Say
|G| = p"m, withn € N and p { m.

Prove that G has a subgroup of order p*, fork =1,2,...,n.

5. Let p be a prime which divides the order of a finite group G. Show that

any p-subgroup of G is contained in a Sylow p-subgroup of G.

Assignment 2

1. Find all Sylow 3-subgroups of GL,(Z3). Be sure to justify that
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2. The purpose of this exercise is to ensure all students see a proof of the

Correspondence Theorem at least once!

(a) (Correspondence Theorem) Let G be a group and let N be a normal
subgroup of G. Prove that every subgroup of G/ N is of the form
H/N, where H is a subgroup of G which contains N.

(b) (Normal Correspondence Theorem) Let G be a group and let N
be a normal subgroup of G. Prove that every normal subgroup of
G/ N is of the form H/N, where H is a normal subgroup of G

which contains N.

(c) Let G be a finite group and let p be a prime which divides the order
of G. Let N be a normal subgroup of G. Prove that the number of
Sylow p-subgroups of G/ N is less than or equal to the number of

Sylow p-subgroups of G.

(Note: if p does not divide the order of G/N, we will say G/ N has
0 Sylow p-subgroups.)

you have found them all.
3. Consider the following group-theoretic proposition.

Let G be a group and let Hy, Hy, . .., H,, be a collection of
normal subgroups of G. If (Hi1Hy ... H; 1) N H; = {e} for
1=2,3,...,nthen HHH, ... H; = Hy X Hy X ... X Hy,.

(a) Prove the proposition when n = 2.

(b) Let G be a finite group. Prove that every Sylow subgroup of G is
normal in G if and only if G is an external direct product of its

Sylow subgroups. (You may freely use the above proposition.)

4. Use Sylow Theory to classify all groups of order 175 up to isomor-

phism.

1. Determine whether or not the following polynomials are irreducible

over the indicated ring.

(@) f(x) =8x7 +3x* + 23+ 2x2 +5x +9 € Zy1 [x].
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(b) f(x) =x*+3 € R[x].

© f(x)=x"1+x"24. . +x>+x+1¢€ Q[x|,wheren > lisa

composite number.
d) f(x) =x>+5x2—-2x+12 € Z[x].
© flry) =x*+y°x* +y’x+y € Qly,x].

2.(a) Let F be a field and let a € F, Prove that f(x) € F[x] is irreducible if
and only if f(x +a) € F[x] is irreducible.

(b) Prove that f(x) = x* + 1 is irreducible over Q.
3.(a) Compute degg (i + V2).

(b) Compute degq(cos(7r/9)) (Hint: De Moivre’s Theorem involving
cos(30)).

4. Prove that Q(v/2,,v/2) = Q(V/2).

5. Construct a field of order 125.

1. Let K/E be an extension and let E/F be a finite extension. Suppose

a € K is algebraic over F.
(a) Provethat [E(a) : E] < [F(a) : F].
(b) Prove that [E(a) : F(a)] < [E : F.

2. Let K/F be an extension and let &, B € K be algebraic over F. Prove
that if degp(«) and deg,(p) are coprime, then [F(«,B) : F] = [F(«) :
FI[F(B) : F].

3. Compute the following degrees:
(@) [Q(a,pB):QJ, where w = cos(7t/9) and p =i+ v/2 (Hint : A3)
() [Q(\/P, /1) : Q], where p and g are distinct primes.
(¢) [Z3(«) : Z3], where ais aroot of f(x) = x> +x +2 € Z3[x].

(@ [R(t) : R(#)].
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4. Let K/F be an extension and let o, § € K be transcendental over F.
Prove that F(«) = F(x), the rational function field over F. Conclude
that F(a) = F(B).

5. Suppose f(x) is an irreducible polynomial in Q[x] of degree 2n. Prove
that if E is a field extension of Q of degree 2, then f(x) is either irre-
ducible in E[x] or f(x) factors in E[x] as a product of two irreducible

factors each of degree n.

1. Find the splitting field K of the following polynomials over Q and
determine [K : Q].

@ f(x)=x1-2
(b) f(x) = x* — x?+ 4 (Optional hint: f(x) = (x?> +2)? — 5x?)
© f(x)=x*+2.

2.(a) Prove that for any field F there exists an algebraically closed field K

containing F. Hint: Use the following steps:

i. For every nonconstant monic polynomial f(x) € F[x], let
Xy be a symbol/indeterminate. Consider the polynomial ring
R = F[...,xf,...]. Let I be the ideal of R generated by elements
of the form f(xy). Show that I # R.

ii. Since [ is a proper ideal of R, I is contained in some maximal

ideal M of R. Consider the field
Ki:=R/M,

which is a field extension of F. Show that any non-constant

polynomial in F[x] has a root in Kj.

iii. Similarly, you could construct K; so that any non-constant poly-
nomial in K1[x] has a root in K3. (You don’t need to do this.).

Continuing in this way we get a chain of field extensions

F=KyCKiCK, C....
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Show that K is an algebraically closed field containing F.
(b) Prove that Q # C.

3. Let F be a field and let
f(x) =apx" +...+a;x+ag € Fx]

be a polynomial. The formal derivative of f(x), denoted by f’(x), is
defined to be the polynomial

(%) = nayx™ 4+ (n—1)a,_1x" 2 4... +a; € Fx].

Of course, all the usual derivative properties (product rule, quotient

rule, chain rule etc.) apply.

Now let « be a root of f(x) in some extension K of F. Then we say that
a is aroot of f(x) in K of multiplicity n if f(x) = q(x)(x — a)", where
g(x) € K[x] and g(«) # 0. If w is a root of f(x) of multiplicity greater

than 1 it is said to be a multiple root in K.

(a) Let Fbeafieldandlet0 # f(x) € F[x]. Prove that f(x) has a
multiple root in some extension of F if and only if f(x) and f/(x)
have a common factor in F[x] of positive degree. (Hint: If f(x) and
f'(x) have no common factor of positive degree then there exists
a(x),b(x) € F[x] such that f(x)a(x) + f'(x)b(x) = 1. This follows

from the division algorithm for polynomial rings.)

(b) Prove that f(x) = x® — 2 € Zj3[x] has a multiple root in an exten-

sion of Zj3.

(c) A polynomial f(x) € F[x]is said to be separable if f(x) has no
multiple roots in any extension of F. Prove that an irreducible

polynomial f(x) € F[x] is separable if and only if f'(x) # 0.

(d) Let F be a field of characteristic 0. Prove that every irreducible

polynomial in F[x] is separable.

4. Let K be a the splitting field of x”* — ¢ over Z;,, where p is prime, n is a

positive integer, and ¢ € Z;. (Note: Z; = Z, \ {0}.)

189
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(a) Prove that if p does not divide n then x" — ¢ has n distinct roots in
K.

(b) Suppose p | n. Find an expression in terms of p and n for the

number of distinct roots of x™ — ¢ in K.

1. Let F be a field.

(a) Let f(x) € F[x] be irreducible, separable, and of degree n. Prove
that if G = Gal(f(x)) then n divides |G| and |G| divides n!.

(b) Prove thatif f(x) € F[x] is an irreducible and separable quadratic,
then Gal(f(x)) ~ Z,.

(c) Prove that there is no irreducible and separable quartic f(x) € F|x]
such that Gal(f(x)) ~ Ss.

(d) Give an example of a separable quartic f(x) € Q[x] such that
Gal(f(x)) ~ S3.

2. Let F be a field.

(a) Prove the following converse to a result from lecture: Let f(x) €
F[x] be separable and let K be the splitting field of f(x) over F.
Prove that if for all roots a, § € K of f(x), there exists ¢ €
Gal(K/F) such that ¢(«) = B, then f(x) is irreducible over F.

(b) Let f(x) € F[x] be separable with f(0) # 0 and deg(f(x)) =n >
1. Now let g(x) = x"f (%) € Flx]. Use part (a) to prove that f(x)

is irreducible over F if and only if ¢(x) is irreducible over F.

(¢) Let f(x) = 3x* +9x% — 21x% + 81x + 1 € QJx]. Find g(x), as in
part (b). What pattern do you notice? Prove that f(x) is irreducible

over Q.

3.(a) Let f(x),g(x) € F[x] be distinct monic, separable, and irreducible
polynomials in F[x]. Let K be the splitting field of f(x)g(x) over F.

Prove that f(x) and g(x) do not have any roots in common in K.

(b) Let K/F be an algebraic field extension. Prove that if aq,ap,...,a, €

K have distinct, separable minimal polynomials p1(x), pa(x),..., pu(x) €



PMATH348 — Fields and Galois Theory 191

F[x], respectively, then

f(x) = p1(x)pa(x)...pn(x) € Fx]
is separable.

4. Consider f(x) = x* — 2 € Q[x]. The roots of f(x) in C are
n = V2, ap = —nq, a3 = i, 0g4 = —iny.

Let G = Gal(f(x)), viewed as a subgroup of Sy in the usual way.
(a) Prove that (1324), (14)(23) € G.

(b) Sketch the roots of f(x) in the complex plane. By considering the
actions of the permutations from part (a) on the roots of f(x),
which well-known group do you suspect G is isomorphic to? You

do not need to prove your answer.

1. Let K/E/F be atower of fields. Prove or disprove the following:
(a) If K/F is separable then K/E is separable.
(b) If K/F is separable then E/F is separable.
(c) An algebraic extension of a perfect field is a perfect field.

2. Let K/E/F be a tower of fields such that [K : F] < oo. Prove or

disprove the following:
(a) If E/F is normal and K/E is normal then K/ F is normal.
(b) If K/F is normal then K/E is normal.
(¢) If K/F is normal then E/F is normal.
(d) If [K: F] = 2then K/F is normal.
3. Let f(x) = xP —x —a € Zy[x], where p is prime and a € Z.

(a) Prove that f(x) is irreducible over Zp. (Hint: If you have found one

root of f(x) you know them all!)

(b) Leta be aroot of f(x) over Z,. Show that Z,(«)/Z, is Galois.
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(¢) Find Gal(Z,(a)/Z,).
4. Letc=+V2+v2¢cC.

(a) Find [Q(c) : Q].

(b) Show Q C Q(c) is a Galois extension.

(¢) Let G = Gal(Q(c)/Q). Make a table describing the actions of G on
the Q-conjugates of c. Write each element of G as a permutation, in

the usual way.

(d) Which well-known group is G isomorphic to?

1.(a) Letwaq,ap, ..., &y € Cbethen > 1 distinct roots of an irreducible
f(x) € Q[x]. Prove that

3+ 3+ 3+
71+ 72+...+ — Q.
af o ol

(b) Let K/F be a finite Galois extension such that p | [K : F], where p
is prime. Prove that there exists an intermediate subfield E such that
[K:E]=p.

(c) Let F be a subfield of C such that F/Q is a finite Galois extension.
Prove that if |Gal(F/Q)| is odd then F C R.

2. Let F be a field and let F(ayq, ..., &) be a finitely generated field exten-

sion of F, where each «; is separable over F.

(a) Letg;(x) be the minimal polynomial for a; over F, for 1 < i < n.
Let p1(x), pa(x), ..., pm(x) be the list of the distinct g;(x)’s. If K is
the splitting field of p1(x)pa(x) ... pm(x) over F, prove that K/F is
Galois.

Note: The field K is called the Galois closure of F(ay,...,ay) over
F.

(b) Conclude that F(aq,...,&,) is a separable extension of F.

(c) Write down the Galois closure of Q(+/2, ¥/3) over Q.
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3. Let K be the splitting field of f(x) = (x> = 7)(x* + 3 + x>+ x + 1)

over Q.
(a) Explain why K/Q is Galois.

(b) Make a table, in the usual way, to describe the elements of Gal(K/Q)

as permutations in Sg.
(c) Which well-known group is Gal(K/Q) isomorphic to?

(d) With full justification, draw the subfield lattice of K/Q. Be sure to

include all degress in your diagram.

4. How many intermediate fields F are there such that Q(i) C F C

Q(V/2,1)? R

1. Find the Galois groups of the following polynomials in Q|x].
(@) x>+3x2—2x+1
(b) x*+3x+3
(c) x*+4x?+1

2. Letp(x) = x> +x+1 € Q[x] and g(x) = x> + 3 € Q[x]. Prove that

Gal(p(x)q(x)) # Gal(p(x)) x Gal(g(x)).

3. Suppose K/F is a finite Galois extension, where G = Gal(K/F) is
abelian. Prove that if K is the spltting field of an irreducible f(x) €
F[x], then deg(f(x)) = |G|.

4. Suppose K/F is a finite Galois extension with Gal(K/F) =~ S3. Prove
that K is the splitting field of an irreducible cubic in F[x].

5. Let F be a finite field with Char(F) ¢ {2,3}. Prove thatif f(x) is an

irreducible cubic in F[x], then its discriminant is a square in F.

1.(a) Prove that f(x) = x° — 64x + 2 € Q[x] is not solvable by radicals

over Q.
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(b)

Let K be the splitting field of an irreducible f(x) € Q]x] over Q.
Prove that if [K : Q] = p", for a prime p and n € IN, then f(x) is

solvable by radicals over F.

2. Let K be the splitting field of f(x) = x3 — 3x — 1 € Q[x] over Q. Prove

that K is not a radical extension of F, even though f(x) is solvable by

radicals over F.

3. The goal of this exercise is to prove the Fundamental Theorem of

Algebra using Sylow Theory and Galois Theory (and no complex

analysis).

(a)

(b)

()

()
(e)

For the sake of contradiction, suppose L/C is an algebraic exten-
sion with L # C. Takeaw € L,a ¢ C, and let g(x) be the minimal
polynomial for « over R. Let K be the splitting field for g(x) over C.

Prove that K/ is a finite Galois extension.

Let G = Gal(K/R) so that |G| = 2/m for some j > 0and odd
m € IN. Suppose H is a Sylow-2 subgroup of G. If j = 0, take
H = {1}. If E = Fix(H), compute [K : E] and [E : R] in terms of j

and m.

Prove that [E : R] = 1. (Hint: Be sure not to use anything about
conjugate roots, which relies on the Fundamental Theorem of
Algebra.)

Prove that there exists a subfield F of K such that [F : C] = 2.

Obtain a contradiction to finish off the proof.
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Lagrange’s Theorem, 17
Linearly Dependent, 167
Linearly Independent, 167

Minimal Polynomial, 55
Mod-p Irreducibility Test, 41

Normal Extension, 121
Normality Theorem, 122

Normalizer, 23

Orbit Decomposition Theorem, 19
Orbit-Stabilizer Theorem, 19
Orbits, 18

Perfect Fields, 111

prime subfield, 51

primitive n'" root of unity, 79
Primitive Element, 117

Primitive Element Theorem, 117

quadratic, 145

Radical Extension, 163
Radical Tower, 163
reducible, 38
Resolvent Cubic, 152

Second Sylow Theorem, 26
Separable Elements, 111
Separable Extensions, 111
Separable Polynomials, 102
Simple Extension, 117

Simple Group, 28

Simple Radical Extension, 162
Solvable by Radicals, 163
Solvable Groups, 159

Splits, 68

Splitting Field, 71
Stabilizers, 18
subfield, 49

subgroup lattice, 137
Sylow p-Subgroup, 18

Third Sylow Theorem, 27
Tower of Fields, 60
Tower Theorem, 60
Transcendental, 61

Transitive Subgroup, 104
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