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Injectivity Let [ : X — Y be a func-
tion. We say that [ is (or
) if f(21) = f(2) implies

1 = I2.

Surjectivity Let f : X — Y be a func-
tion. We say that [ is (or
)ifVyeY FreX fx)=y

Bijectivity Let f : X — Y be a func-
tion. We say that f is if it is
both and

Permutations Given a non-empty set
L, a permutation of L is a bijection
from L to L. The set of all permuta-
tions of L is denoted by S .

Order The of a set A, denoted
by |Al, is the cardinality of the set.

Groups Let G be a set and * an opera-

tion on G x G. We say that G = (G, *)
is a if it satisfies
1. :Va,be G axbe G
. :Va,bce G ax
(bxc)=(axb)x*c
3. :dee G VaeG ax
e=a=¢cx*a
4. :Va € G 3b e G ax
b=e=b*a

Abelian Group A group G is said
to be abelian if Ya,b € G, we have
axb="bxa.

General Linear Group The

n R s
defined as

GLn(R) := {M € M,(R) : det M # 0}

Cayley Table Let GG be a group. Given
z,y € G, let the product xy be an entry
of a table in the row corresponding to x
and column corresponding to y. Such a
table is called a

Subgroup Let GG be a group and H C
G. If H itself is a group, then we say
that H is a subgroup of G

Special Linear Group The
of order n. of R is defined
as

SLn(R) = (SLn(R),")
—{A € M,(R) : det A =1}

Center of a Group Given a group (3,
the G is defined
as

Z(G)={z€G : Vg€ G zg =gz}

Transposition A o c
S, s a cycle of length 2, i.e. o =
(a b)), where a,b € {1,....,n} and a #
b.

Odd and Even Permutations A
permutation o is even (or odd) if it can
be written as a product of an even (or
odd) number of transpositions. By the
, a permutation must
either be even or odd, but not both.

Cyclic Groups Let G be a group and
g € G. Then we call ( g ) the
of G generated by g. If

G = (g ) for some g € G, then we
say that G is a , and g is
a of G.

Order of an Element Let G be a
group and g € G. If n is the small-
est positive integer such that g" = 1,
we say that the order of g is n, denoted
by o(g) = n.

If no such n exists, then we say that g
has infinite order and write o(g) = co.

Dihedral Group Recall from Assign-
ment 1 that the dihedral group is a set
of rigid motions for transforming a reg-
ular polygon back to its original position
while changing the index of its vertices.

Forn > 2, the of order
2n 18§

D2'n, — {l Ay ey (1,”71 5 b-, b(l7 cey bnil }
where " = 1 = b® and aba = b.

Note that a represents a rotation of 2%

radians, and b represents a reflection
through the x-axis

Group Homomorphism Let G, H be
groups. A mapping
a:G—H

s called a group if
Ya,b € G, Note that ab uses the op-
eration of G while o(a)o(b) uses the
operation of H.

a(ab) = a(a)a(b).

Isomorphism Let G.H be groups.
Consider a mapping

a:G—H

We say that o is an if it
is a homomorphism and bijective.

If o is an isomorphism, we say that G
is H, or that GG and
H are , and denote that by
G=>~H.

Coset Let H be a subgroup of a group
G.
Vo€ G Ha={ha:he H}

is the right coset of H generated by a
and

Vo€ G aH ={ah:he H}
is the left coset of H generated by a.

Normal Subgroup Let H be a sub-
group of a group G. If Vg € G, we
have Hg = gH, then we say that H is
a of G, and write

H«G

Product of Groups

HK :={hk : h€ H, k € K}

Normalizer Let H be a subgroup of

G. The H, denoted by
Ne¢(H), is defined to be
Ng(H):={9€ G : gH=Hg}

Quotient Group Let K <« G. The
group GK of all cosets of K in G is
called the of G by K.
Also, the mapping

¢: G — GK defined by a — Ka
is called the (or )

Kernel and Image Let o : G — H be
a group homomorphism. The of
« is defined by

kera:={ge G : alg) =1} C G

and the image of « is defined by

ima:=a(G)={alg) : g€ G} C H.

Group Action Let GG be a group, X a
non-empty set. G
on X is a mapping G x X — X denoted
as (a,x) — ax such that

1l-z=z,ze€ X
2.a-(b-x) = (ab)-x,a,be G,z € X
In this case, we say G X.

Orbit & Stabilizer Let G be a group
acting on a set X, and v € X. We
denote by

G-z={g-z:VYg€G}
the of © and
Sz)={9geG:g-x2=2}CG
the of x.

p-Group Let p be a prime. A
is a group in which every element has
an order that is a non-negative power

of p.
Ring A set R is a ring if Va,b,c € R,
la+beR
2.a+b=b+a
Sa+(b+c)=(a+b)+c
4.30e R a+0=a=0+a
53(-a) € Ra+ (—a) = 0 =
(—a)+a
6.abe R
7.a(bc) = (ab)c
§dle R 1-

9.a(b+c) = ab+ac and (b+c)a =
ba + ca

We call 1 as the of R, 0 as the
Zero of R, and —a as the of

a=a=a-1

a.
The ring R is called a
if it also satisfies the following:

10.ab = ba.

Trivial Ring A s a ring
of only one element. In this case, we
have 1 = 0, i.e. the unity is the zero
and vice versa.

Characteristic of a Ring If R is a
ring, we define the

R, denoted by ch(R), in terms of the
order of 1 r in the additive group (R, +),
by

an={5 o2

Subring A subset S of a ring R is a
subring if S is a ring itself (under the
same operations: addition and multipli-
cation,).

Ideal An additive subgroup A of a ring
R is called an of R if Ra,aR C A,
Ya € A.

Quotient Ring Let A be an ideal of a
ring . Then the ring RA is called the
of R by A.

Principal Ideal Let R be a commu-
tative Ting and A an ideal of R. If
A = aR = {ar : € R} = Ra for
some a € A, we say that A is a

generated by a, and denote
A= (a)

Ring Homomorphism Let R and S
be rings. A mapping

©:R—S
is a ring if Va,b € R,
we have
1.9(a+b) = O(a) + O(b)
2.0(ab) = ©(a)O(b)
3.0(1r) = 1g

Ring Isomorphism A mapping of
rings © : R — S is a ring

if © is a bijective ring homo-
morphism. In this case, we say that R
and S are and denote that
by R = S.

Kernel and Image Let © : R — S be
a ring homomorphism. The of
O is defined by

ker® ={r € R:0(r) =0s}
of © is defined by
imO :=0O(R) ={O(r) : r € R}.

and the

Units Let R be a ring. We say that
ue Risa if u has a multiplica-

tive inverse in R, and denote it by u '.
We have

Division Ring and Field A non-
trivial Ting R is a if

R* =R\ {0}.
A commutative division ring is a

Zero Divisor Let R be a non-trivial
ring. If 0 # a € R, then a is called a

if 30 # b € R such that
ab = 0.
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Integral Domain A commutative ring
R # {0} (i.e. non-trivial ring) is called
an if it has no zero
divisor, i.e. if ab =0 & R then a =0
or b =0.

Prime Ideals Let R be a commutative
ring. An ideal P # R is a prime ideal
of R if r,s € R satisfy: rs € P =—
re P orseP.

Maximal Ideals Let R be a (commu-
tative) ring. An ideal M # R or R is a
mazximal ideal if VA that is an ideal of
R, we have that

MCACR — A=M or A+ R.

Fraction Let R be an integral domain,
D = R\ {0}, and X = R x D. The
, - to be the equivalent class

[(r.5)] of the pair (r,s) € X.

Polynomials Let R be a ring and = a
variable. Let
Rfz] = {‘/(.v:) = i a;z' :m e NU{0}, a; € R,0<i< m}.
Each element in R[z| is called a
in x over R. If a, # 0, we

say that f(x) has m, denoted by

deg f = m, and we say that a,, is the
of 1(z).

If deg f = 0, then f(x) = a0 € R. In

this case, we call f(x) a

. Note if
f(x)=0 <= ao=a1 = ... = am =0,

we define deg0) = —oo, and f(x) is
called a .

Division of Polynomials Let R be a
commutative ring and f (), g(z) € R[z].
We say that f(x) divides g(x), denoted
as f(x)|g(z) if 3g(x) € R[z] such that

9(z) = q(z)f(z)

Monic Polynomial Let R be a com-
mutative ring and [(v) € R[z|. f(z) is
monic if its leading coefficient is 1.

Irreducible Polynomials Let F' be a
field. A non-zero polynomial l(x) €
Flz] is if degl > 1 and if

I(z) = l1(2)l2(x)

for li(x), la(x) € Flz|, then degly =0
or degls = 0 Note that polynomials of
degree O are the units of F'[z]..

Polynomials that are not irreducible are
called

Division Let R be an integral domain
and a, b € R. We say that a|b if b = ca
for some ¢ € R.

Association Let R be an integral do-
main. Ya,b € R, we say that a is

b, denoted by a ~ b, if a|b
and b|a.

Irreducible Let R be an integral do-
main. We say p € R is if
p # 0 is not a unit, and p = ab € R,
then either a or b is a unit. An element
that is not is

Prime Let R be an integral domain
and p € R. We say p is n R
if p # 0 is not a unit, and if p|ab €
R = pla¥Yp]|b.

Ascending Chain Condition on
Principal Ideals (ACCP) An inte-
gral domain R is said to satisfy the

(ACCP) if for any ascending
chain

(a1)C(a2)C(as)C...

of principal ideals in R, 9n € N such
that

<a7l>:<an+1>:... .

Unique Factorization Domain
(UFD) An integral domain R is called

a
(UFD) if it satisfies the following
conditions:

1.If 0 # a € R is a non-unit, then
a is a product of irreducible ele-
ments in R.

2.If pipa...pr ~ qiq2...qs where
pi and q; are irreducibles, then
r = s and (possibly after rela-
belling) p; ~ qi for each 1 < i <
r=s.

Greatest Common Divisor Let R be
an integral domain, and a.b € R. We
say d € R is the

of a,b, denoted as ged(a,b) = d,
if it satisfies the following conditions:

1.d|a and d|b;
2.e€ Rela Ne|lb = ed.

Principal Ideal Domain (PID) An
integral domain R is a

(PID) if every ideal is princi-
pal.

Content If R is a UFD and if 0 #
f(z) € R[x|, the greatest common divi-
sor of the non-zero coefficients of f(x)
is called the of f(x), and de-
noted by c(f).

Primitive Polynomials If R is a
UFD and if 0 # f(x) € R[z], then if
c(f) ~ 1, we say that [(x) is a

, or simply say that



