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I [:troduction

TSI

The following are some of the number sets that we are already famil-

iar with:
N =1{1,23,..} zZ=A{.,-2,-1,01,2,..}

Q:{%;aez,beN} R = set of real numbers

C={a+bi:abeR,i= \/jl} = set of complex numbers
For n € Z, let Z,, denote the set of integers modulo #, i.e.
Zyp =A{[0], [1], .., [n = 1]}
where the [r], 0 <r < n —1, are the congruence classes, i.e.

[Fl={z€Z:2z=r mod n}

These sets share some common properties, e.g. + and x. Let’s try

to break that down to make further observation.

NortEe THAT for R = N, Z, Q, R, C, or Z,, R has 2 operations, i.e.

addition and multiplication.

Addition 1If r1,rp,r3 € R, then
e (closure) ri +1ry € R

e (associativity) ry + (rp +13) = (r1+ 1) + 713



L odl02
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Also, if R # IN, then 30 € R (the additive identity) such that
VreR r+0=r=0+r.
Also, Vr € R, 3(—r) € R such that

r+(=r)=0=(—r)+r.

Multiplication  For rq,1p, 13 € R, we have

* ( )rira € R

* ( ) r1(rars) = (r1r2)rs

Also, 31 € R (a.k.a the mutiplicative identity), such that
VieR r-1l=r=1-r.

Finally, for R=Q, R, or C, Vr € R, Ir~1 € R such that

Note that for R = Z,, where n € Z, not all [r] € Z, have a multi-

plicative inverse. For example, for [2] € Zj, there is no [x] € Z4 such
that [2][x] = [1].

Forn € N\ {1}, an n x n matrix over R 2 is an n X n array that can

be expressed as follows:

a1 41 ... din

ar1 dpp ... don
A=[a;] =

Al An2 --- Aun

where for 1 < i,j < n,4;; € R. We denote M, (R) as the set of all

n X n matrices over R.

As in Section 1.1.1, we can perform
on M, (R).

* This is best proven using techniques
introduced in MATH135/145.

>R can be replaced by Q or C.



Matrix Addition Given A = [ai]'],B = [b,]],C = [Ci]'] € Mn(]R), we

define matrix addition as

A+B= [aij+bij]/

which immediately gives the , since a;; + b;; € R and
hence A+ B € M, (R). Also, by this definition, we also immediately
obtain the , Le.

A+(B+C)=(A+B)+C.

We define the zero matrix as

0 0 0
0 0 0
0= )
0 0 0
Then we have that 0 is the , l.e.

A+0=A=0+A.

Finally, VA € M,(R), 3(—A) € M,(R) (the ) such
that
A+ (—A)=0—(—A)+A.

Note that in this case, we also have that that the operation is
,i.e.
A+ B=B+A.

Matrix Multiplication Given A = [a;], B = [b;],C = [c;j] € My(R),

we define the matrix multiplication as
n
AB = [dl]] where Cij = 2 aikbkj e R
k=1

Clearly, AB € M,(R), i.e. itis
Also, we have that, under such a defintion, matrix multiplication is
,1.e.

A(BC) = (AB)C.

PMATH347518 - Groups & Rings 23
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Define the identity matrix, I € M, (IR), as follows:

0
0
[ =
0 0 1
Then we have that I is the , since
Al = A =IA.

However, contrary to matrix addition, VA € M, (RR), it is not always
true that 3JA~! € M, (RR) such that

AA T =1=A"1A.

Also, we can always find some A, B € M, (R) such that
AB +# BA,

i.e. matrix multiplication is not always commutative.

THE COMMON PROPERTIES of the operations from above: closure,
associativity, and existence of an inverse, are not unique to just
addition and multiplication. We shall see in the next lecture that
there are other operations where these properties will continue to
hold, e.g.

This is especially true if the
of Ais 0.
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I [:troduction (Continued)

I  crmutations

& Definition 1 (Injectivity)

Let f : X — Y be a function. We say that f is injective (or one-to-one)
if f(x1) = f(xp) implies x; = x3.

& Definition 2 (Surjectivity)

Let f : X — Y be a function. We say that f is surjective (or onto) if
VyeY IxeX f(x) =y

& Definition 3 (Bijectivity)

Let f : X — Y be a function. We say that f is bijective if it is both

injective and surjective.

& Definition 4 (Permutations)

Given a non-empty set L, a permutation of L is a bijection from L to L.
The set of all permutations of L is denoted by Sy..
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Example 2.1.1

Consider the set L = {1,2,3}, which has the following 6 different permuta-

tions:

W W
____
VRS
—_
=N W N
N W
~
VR
N =

W NN

N W
~
N
W =
NN — N
= W
~

For n € N, we denote S, := Syq5 1, the set of all permutations of
{1,2,..,n}. Example 2.1.1 shows the elements of the set S3.

66 Note

1 2 3
1 3 2
indicates the bijection o : {1,2,3} —

{1,2,3} witho(1) =1, 0(2) = 3and
c(3) =2

& Definition 5 (Order)

The order of a set A, denoted by | A, is the cardinality of the set.

Example 2.1.2

We have seen that the order of S3, |S3]| is 6 = 3!.

8 Proposition 1

|Sn| = n!
# Proof
Vo € Sy, there are n choices for o(1), n — 1 choices for 0(2), ..., 2 choices
for o(n —1), and finally 1 choice for o(n). O

Do elements of S, share the same properties as what we’ve seen in the num-
bers? Given o, T € S;, we can compose the 2 together to get a third
element in S, namely ot (wlog), where o7 : {1,..,n} — {1,..,n}is
given by Vx € {1, ..., n}, x — o(t(x)).



It is important to note that .- o, T are both bijective, ¢T is also
bijective. Thus, together with the fact that o7 : {1,..,n} — {1,..,n},
we have that ot € S, by definition of S,,.

Yo, T1 €8Sy, 01,70 € Sy, but 0T # 70 in general. The following is
an example of the stated case:

Example 2.1.3

1 2 3 4 1 2 3 4
o= ,and T = .
3 41 2 2 4 3 1

Compute o1 and To to show that they are not equal.

Let

¢ Solution

1 2 3 4 1 2 3 4
oT = but To =
(4 21 3) (3 1 2 4)

Perhaps what is interesting is the question of: when does commu-
tativity occur? One such case is when ¢ and T have support sets' that

are disjoint?.
On the other hand, the associative property holds3, i.e.

Vo, t,u € Sy o(tu) = (c1)p

The set S;; also has an identity element*, namely

1 2 ... n
& =
1 2 ... n
Finally, Vo € S, since ¢ is a bijection, we have that its inverse
function, ¢ 1 is also a bijection, and thus satisfies the requirements to
bein S,. We call o= ! € S, to be the inverse permutation of ¢, such

that
Vy,y€{l,..,n} o lx)=y <= o(y) = x

It follows, immediately, that
(e (x) =x Ao Ho(y) =v.

.". We have that

PMATH347518 - Groups & Rings 27

* Defined as
supp(c) = {x € (1,2,..,n) : o(x) # x}
> This is proven in A1

3

Exercise 2.1.1
Prove this as an exercise.

4

Exercise 2.1.2
Verify that the given identity element is
indeed the identity, i.e.

VYoeS, ce=0=c¢0.
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Example 2.1.4

Find the inverse of
1 2 3 45
g =
4 512 3
# Solution

By rearranging the image in ascending order, using them now as the object

and their respective objects as their image, construct

. 1 2 3 45
3451 2)
It can easily (although perhaps not so prettily) be shown that

oT =& =T0.

With all the above, we have for ourselves the following proposi-

tion:

We have> 5 These properties show that S, is a
group, which will be defined later.

1. Yo, T €S, 01,70 € S,,.
2. Vo, T,u €Sy o(tu) = (o7)p.

3. dJe€ S, VoS5, ce=0=¢0.

4. YoeS, o1 eS, ool =e=0"l0.

CONSIDER

1 23 4567 8 9 10
o= € S
317 6 9 42 5 8 10

If we represent the action of ¢ geometrically, we get
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1
/ \ 4 5
2 3
\ / We observe
6 8 ¢+— — 9
7
10
V)
that ¢ can be into one 4-cycle, (1 3 7 2) , one 2-

cycle, (4 6), one 3-cycle, (5 9 8), and one 1-cycle, (10).

Note that these cycles are (pairwise) , and we can write® ¢ We generally do not include the 1-
cycle and assume that by excluding
them, it is known that any number that

= (1 37 2) (4 6) (5 9 8) is supposed to appear loops back to
themselves.

Note that we may also write

c=(46)(59 8 (137 2
=(6 4)(9 8 5)(7 2 1 3)

It is interesting to note that the cycles can rotate their “elements” in a

manner, i.e.
(1 3 7 2)=(7 2 1 3)7&(1 2 7 3).

Although the decomposition of the cycle notation is not unique (i.e.
you may rearrange them), each individual cycle is unique, and is

proven below.

Ifo € Sy, 0 # ¢ then o is a product of (one or more) disjoint cycles
of length at least 2. This factorization is unique up to the order of the
factors.

& Proof

Since o € Sy, we may write o as

. 1 2 3 ... n—2 n—-1 n
ap 4dp 4az ... Aay_2 Ay—1 Aan
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wherefor 1 <i < mn,o(i) =a;,1<a; <n forl <j<nwithj#i,

a; 7& a;.

Since o # ¢, then 3k € IN, where 1 < k < n, such that o(k) # 1 for
somel € N, wherel <1 < nandl # k. Ifo(l) = k, then we would
have the cycle (k l), which has length 2. Consequently, if Vj € IN, with
1<j<mnandj# k1, wehave o(j) = j, then we may express o simply

o= (k l) .
Otherwise, if thereisaj € N, 1 < j < nand j # k1, such that o(j) =i

for some i € N, with1 <i < mnandi+ jk,I. Then, at the very least, we
would have that o can be written as

o=k 1)(j i ..

Now if for 2 < m < n —3,if 0™ (j) # j, then the above cyclic decomposi-
tion is complete. Otherwise, if for some m < n, ™ (j) = j, then

as

c=(k 1)(j i () ... ()T

where T is the remaining cyclic decompositions which can be constructed
using the same argument for j. Similarly, if o (1) # k, then the first cycle
would be “longer”. Therefore, we observe that for any o € S, we have
that sigma must be a product of at least one disjoint cycle of length at
least 2.

Now note that

(k ot) k) .. o™K))
= (@) Pk ..k o) 4)

:(am(k) k oo(k) ... U’”*l(k))

for somek € {1,n} C N and m € {1,n—1} C IN. For example,

(123)=(23 1),
(1 2 3)7&(2 1 3).

but
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Suppose that 3m,| € IN such that o can be expressed as

O =010 ... 0y and

0':,31,32...[51

where a; and B; are cycles and factors of o (note that we will enforce the
convention of dropping the 1-cycle). Then by Equation (1), there must be
somel < i < mand1 < j < [such that a; = /3]-. Otherwise, there
would be a case such that o(k) = a; for some a; € {1,n}, where a; is not
in the cycle that k belongs to. We can keep applying this argument and
eventually find that it must be the case that m = 1, and each w; must be
equal to some B;. Therefore, the factorization is unique up to the order of
the factors. O

Every permutation in S, can be regarded as a permutation of S, 11 by

fixing the permutation of n + 1. Therefore, we have that

5C€CS5C...C5,CS5,41C...
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I o
_ Groups

& Definition 6 (Groups)

Let G be a set and « an operation on G x G. We say that G = (G, %) isa

group if it satisfies’ *If you wonder why the uniqueness is
not specified for Identity and Inverse,
1. Closure:Va,be G axbeG see 8 Proposition 4.

2. Associativity:¥Ya,b,c € G ax(bxc) = (axb)x*c
3. ldentity: Je€ G Vae G axe=a=ex*a

4. Inverse:Nae G 3be G axb=e=bxa

& Definition 7 (Abelian Group)

A group G is said to be abelian if Va,b € G, we have a xb = b x a.

8 Proposition 4 (Group Identity and Group Element Inverse)
Let G be a group and a € G.
1. The identity of G is unique.

2. The inverse of a is unique.
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& Proof
1. If ey, ep € G are both identities of G, then we have

0] @)

€1 = e1*ey = e

where (1) is because e, is an identity and (2) is because ey is an iden-
tity.

2. Leta € G. If by, by € G are both the inverses of a, then we have
_ _ 0 _
by =bixe="byx(axby) =exby="by

where (1) is by associativity.

Example 3.1.1

The sets (Z,+), (Q,+), (R, +), and (C,+) are all abelian, where the

additive identity is 0, and the additive inverse of an element r is (—r).

(IN, +) is not a group for neither does it have an identity nor an inverse

for any of its elements.

Example 3.1.2

The sets (Q,-), (R,-) and (C, ) are not groups, since 0 has no multiplica-

tive inverse in Q,R or C.

We may define that for a set S, let S* C S contain all the elements
of S that has a multiplicative inverse. For example, Q* = Q \ {0}.
Then, (Q,-), (R,-) and (C, -) are groups and are in fact abelian, where

the multiplicative identity is 1 and the multiplicative of an element r
1

is .
Example 3.1.3

The set (M, (R), +) is an abelian group, where the additive identity is the
zero matrix, 0 € My (R), and the additive inverse of an element M =
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[aij] e M, (]R) is —M = [—ai]'] eM, (]R)

CONSIDER the set M,,(R) under the matrix mutiplication operation
that we have introduced in Lecture 1 May o2nd 2018. We found that

the identity matrix is

10 ... 0
... 0
I=1_ . .| € Ma(R).
00 ... 1
But since not all elements of M, (IR) have a multiplicative inverse?, 2 The multiplicative inverse of a matrix

does not exist if its determinant is 0.

(My(R),-) is not a group.

WE CAN TRY to do something similar as to what we did before: by
excluding the elements that do not have an inverse. In this case, we

exclude elements whose determinant is 0. We define the following set

& Definition 8 (General Linear Group)

The is defined as

GL,(R) :={M € M,(R) : detM # 0}

Note that " detI =1 # 0, we have that I € GL,(R).
Also, VA, B € GL,(R), we have that -  det A # 0 A detB # 0,

det AB = det AdetB # 0,

and therefore AB € GL,(R). Finally, YM € GL,(R), 3M~! € GL,(R)
such that
MM *'=I1=M"'M

since detM # 0. .. (GL,(RR),-) is a group.
SINCE we have introduced permutations in Lecture 2 May o4th 2018,
we shall formalize the purpose of its introduction below.

Example 3.1.4
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Consider Sy, the set of all permutations on {1,2,...,n}. By & Proposition 2,
we know that S, is a group. We call S,, the symmetry group
For n > 3, the group S, is not abelian3. 3 Let us make this an exercise.

Exercise 3.1.1
For n > 3, prove that the group S, is not

Now THAT we have a fairly good idea of the basic concept of a abelian.
group, we will now proceed to look into handling multiple groups.
One such operation is known as the direct product.

Example 3.1.5

Let G and H be groups. Their direct product is the set G x H with the

component-wise operation defined by

(81, 11) * (g2, h2) = (81 %G &2, 1 *H h2)

where 1,82 € G, h1,hy € H, x¢ is the operation on G, and *py is the

operation on H.

The and property follow immediately from the
definition of the operation. The identity is (1g, 1) where 1 is the identity
of G and 1y is the identity of H. The inverse of an element (g1, h1) €
GxHis(g;% ).

By induction, we can show that if Gy, G, ..., G;; are groups, then so
is G| X Gy X ... X Gy.

To facilitate our writing, use shall use the following notations:

Given a group G and g1,8> € G, we often denote its identity by 1, and
write g1 % o = §182. Also, we denote the unique inverse of an element

g€Gasg !
We will write ¥ = 1. Also, for n € N, we define

T=gxgx...xg

n times

and
g =g



With the above notations,

8 Proposition 5

Let G be a group and g, h € G. We have
. (g =g

2 (gh)' =hlg!

3. ¢"g" = ¢"t" foralln,m € Z

4. (§")"=g" foralln,m e Z

¥ Warning
In general, it is not true that if g,h € G, then (gh)" = g¢"h". For

example,
(gh)* = ghgh but g¢°h* = gghh.

The two are only equal if and only if G is abelian.

PMATH347518 - Groups & Rings 37

Exercise 3.1.2

Prove & Proposition 5 as an exercise.






B Lccture 4 May 09 2018

B Croups (Continued)
_ Groups (Continued)

8 Proposition 6 (Cancellation Laws)

Let G be a group and g, h, f € G. Then

1.(a) (Right Cancellation) gh=g¢f = h=f
(b) (Left Cancellation) hg = fg = h=f

2. The equation ax = b and ya = b have unique solution for x,y € G.

# Proof
1.(a) By left multiplication and associativity,

gh=3gf < g 'gh=g7'9f = h=f
(b) By right multiplication and associativity,
hg=fg <= hgg ' =fgg = h=f
2. Let x = a='b. Then
ax = a(a~'b) = (aa )b = b.
If 3u € G that is another solution, then

au=b=ax — u=x
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by Left Cancellation. The proof for ya = b is similar by letting y =
ba~ 1.

4.1.2

For a finite group, defining its operation by means of a table is some-

times convenient.

& Definition 9 (Cayley Table)

Let G be a group. Given x,y € G, let the product xy be an entry of a
table in the row corresponding to x and column corresponding to y. Such

a table is called a Cayley Table.

By Cycle Decomposition Theorem 6, the entries in each row (and respec-

tively, column) of a Cayley Table are all distinct.

Example 4.1.1

Consider the group (Z,,+). Its Cayley Table is

where note that we must have [1] + [1] = [0]; otherwise if [1] + [1] = [1]
then [1] does not have its additive inverse, which contradicts the fact that it
is in the group.
If we replace 1 by [0] and —1 by [1],
the Cayley Tables of Z, and Z* are the
Example 4.1.2 same. In thie case, we say that Z, and
Z* are , which we denote by
Consider the group Z* = {1. — 1}. Its Cayley Table (under multiplication) 2,27

is



Example 4.1.3
Given n € N, the Cyclic Group of order n is defined by
Cp={1,4, a, .., u”_l} with a" = 1.

We write C,, = (a : a" = 1) and a is called a generator of C,,. The Cayley
Table of C,, is

Cu 1 a a2 a2 gn—1
1 1 a a® a2 gl
a a a2 |
a? a? a’ a* 1 a
an—Z an—Z an—l 1 an—4 an—S
an—l an—l 1 a an—3 an—Z

8 Proposition 7

Let G be a group. Up to isomorphism, we have
1. if |G| =1, then G = {1}.

2. if |G| =2, then G = C,.

3. if |G| = 3, then G = C;.

4. if |G| =4, then either G = Cy0r G2 K4 2 Cy x Cy .

# Proof
1. If|G| = 1, then it can only be G = {1} where 1 is the identity

element.
2. |G| =2 = G ={1,g} with g # 1. The Cayley Table of G is thus

G

— 0g |0q

1
1|1
8|8
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K, is known as the Klein n-group
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where we note that g% = 1; otherwise if ¢ = g, then we would have
g = 1 by Cycle Decomposition Theorem 6, which contradicts the fact
that ¢ # 1. Comparing the above Cayley Table with that of Cy, we see
that G = (g: ¢*> = 1) 2 C,.

3. |G|=3 = G={1,gh} withg#1+# hand g # h. We can then
start with the following Cayley Table:
G|
1

g
h

g h
g h

= 0Q Rk

We know that by Cycle Decomposition Theorem 6, gh # g and gh #
h. Thus gh = 1. Similarly, we get that hg = 1.

Claim: Entries in a row (or column) must be distinct. Suppose not.
Then say §*> = 1. But since gh = 1, by Cycle Decomposition Theo-

rem 6, we have that h = g, which is a contradiction.

With that, we can proceed to fill in the rest of the entries: with g = h
and h* = g. Therefore,

G‘lgh
111 g h
g8 1
h|h 1 g

Recall that the Cayley Table for Cs is:

Cs ‘ 1 a a?
1 1 a a?
a a a* 1

a? | a®> 1 a

. G 2 C3 (by identifying ¢ = a and h = a?).

4. Suppose G is a group of order 4, i.e. |G| = 4. Then, let G =
{1,8h, f}, where 1,g,h, f are distinct. We can then draw the fol-
lowing Cayley Table, wherein the blank entries will be discussed.

Glz|g|h|f
g |h|f

=

—~ =09
—~ =09



We know that gh # h, otherwise by Right Cancellation, we would
have ¢ = 1, which is not true since 1 and g are distinct elements of G.

Thus, gh is either f or 1.

Case1: ¢* =1

Ifg*> = 1,then fg = h. Otherwise, if fg = f, we would have

g = 1 which is a contradiction to the fact that 1 and g are distinct.
Consequently, hg = f. Similarly, since gf = f would contradict
the fact that ¢ # 1 through Right Cancellation, we have gh = f and
gf = h. We now have the following form of the Cayley Table:

h

Now there are 2 options, either h?> = 1 or h? = g.

Case 1-1: h* =1

If h? = 1, then through elimination, hf = g, fh = g and f> = 1. We
then have the following Cayley Table:

= R 09 (0

h
f

f
f
h

This is clearly the Cayley Table of the Klein 4 group.

Case 1-2: h? = ¢

If W? = g, then through elimination, hf = 1, fh = 1 and f*> = g. We
then have the following Cayley Table:

= " R 09 (0q

[ N I

8

R0 = Y

We can rearrange the elements and hence the Cayley Table to the fol-

lowing:

= = = 09 [0g

N0 ==

= =
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Glz|fl|g|h
1|1 |flg|h
AVARILEE
g |8 |1 |f
hih|1|fl|g

which is the Cayley Table of C.

Now note that the following case will cover for 2 cases, i.e. > = h
and ¢* = f, since we can proceed with the argument without loss of

generality.

Case2: g> = f

If ¢> = f, we have that hg = 1, since we can only have distinct
elements in a column and in a row. Consequently, we have fg = h.
Similarly, we must have that gh = 1 and consequently gf = h. Thus
we have the following Cayley Table:

Glz|g|h]|f
1|1 |g|h|f
g|&|f|1|h
h | h|1
flflh

Note that h* # g, because we would then have fh = f, which would
imply h = 1 through Left Cancellation, a contradiction to the fact that
h # 1. Thus h? = g. Again, since we can only have distinct elements
in a row (and a column), we will end up with the following Cayley

Table:
Gl1|g|h|f
1 |1|g|h|f
g|&|fl1|h
hih|1|fl|g
flrinlgl|s

We can rearrange the elements to get the following Cayley Table:
Glz|h|f|g
1|1 |h|f|g
h|h|flg|1
flflg]z|h
glglr|hl|f

in which we observe is the Cayley Table for

0
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Since we have explored all the possibilities, we have that the only
possible groups of order 4 is the cyclic group C4 and the Klein 4 group
Ky.

O

I S0
_ Subgroups

& Definition 10 (Subgroup)

Let G be a group and H C G. If H itself is a group, then we say that H is
a subgroup of G
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B s::0groups (Continued)
_ Subgroups (Continued)

66 Note (Recall: definition of a subgroup)
Let G be a group and H C G. If H itself is a group, then we say that H is
a subgroup of G.

66 Note

Since G is a group, Vhy, hy, hy € H C G, we have hy (hphs) = (hihy)hs.
So H is a subgroup of G if it satisfies the following conditions, which we
shall hereafter refer to as the Subgroup Test.

Note that the identity in H must also

Subgroup Test o .
be the identity in G. This is because

1. hihy, € H if iy, hy' € H, then yhy' = 1y, but
hi,hy! € G as well, and so hihy ! = 1.
2. 1lce H Thus 1y = 16.

3. 3hy' € H such that hih' = 16

Example 5.1.1

Given a group G, it is clear that {1} and G are both subgroups of G.

Example 5.1.2

We have the following chain of groups:

(Z,+)C (Q,+) C(R,+) C(C,+)
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Recall that the general linear group is defined as:

GLy(R) = (GLy(R), ) = {A € My(R) : det A # 0}

& Definition 11 (Special Linear Group)
The special linear group of order n of R is defined as

SLy(R) = (SLy(R),-) = {A € My(R) : det A = 1}

Example 5.1.3

Clearly, SL,(R) € GL,(R). Note that the identity matrix I must be in
SLy(R) since detI = 1. Also, VA, B € SL,(R), we have that

det AB =detAdetB =1

.. AB € SLy(R). Also, since det Al = ﬁ = 1, we also have that
A=l € SL,(R). We see that SL,,(R) satisfies the Subgroup Test, and
hence it is a subgroup of GL,(R).

& Definition 12 (Center of a Group)

Given a group G, the the center of a group G is defined as

Z(G)={z€G :VgeG zg =gz}

Example 5.1.4

For a group G, Z(G) is an abelian subgroup of G.

& Proof
Clearly, 16 € Z(G). Let y,z € G. Vg € G, we have that

(yz)g = y(z8) = y(g2z) = (vg)z = (gy)z = g(yz)

Therefore yz € Z(G) and so Z(G) is closed under its operation. Also,
Vh € G, we can writeh = (h~1)~1 = ¢~1. Since z € Z(G), we have



that Vg € G,

zg=gz < (28) ' =(g2) ' = gz =z"¢g"!

— hz l=z1p

Therefore z=' € Z(G). By the Subgroup Test, it follows that Z(G) is a
subgroup of G.

Finally, since Z(G) C G, by its definition, we have that Vx,y € Z(G),
x,y € G as well, and we have that xy = yx. Therefore, Z(G) is abelian.
O

8 Proposition 8 (Intersection of Subgroups is a Subgroup)

Let H and K be subgroups of a group G. Then their intersection
HNK={geG:g€HAgeK}

is also a subgroup of G.

# Proof

Since H and K are subgroups, we have that 1 € H and 1 € K and hence
1€ HNK. Let a,b € HNK. Since H and K are subgroups, we have that
ab € H and ab € K. Therefore, ab € H N K. Similarly, since aleH
and a=' € K, a=' € HNK. By the Subgroup Test, HN K is a subgroup
of G. O

8 Proposition g (Finite Subgroup Test)

If H is a finite nonempty subset of a group G, then H is a subgroup if and

only if H is closed under its operation.

# Proof
The forward direction of the proof is trivially true, since H must satisfy
the closure property for it to be a subgroup.
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This result says that if H is a finite
nonempty subset, then we only need to
prove that it is closed under its opera-
tion to prove that it is a subgroup. The
other two conditions in the Subgroup
Test are automatically implied.
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For the converse, since H # @, let h € H. Since H is closed under its
operation, we have that
hh? K3, ...

are all in H. Since H is finite, not all of the h™’s are distinct. Then, Vn &
N, there must Im € N such that i" = h"™™. Then by Cancellation
Laws, i = 1and so1 € H. Also, because 1 = hW"~1h, we have that
h=' = h"™=1, and thus the inverse of h is also in H. Therefore, H is a

subgroup of G as requried. 0
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IR Subgroups (Continued 2)

_ Alternating Groups

Recall that Vo € S;;, with ¢ # ¢, 0 can be uniquely decomposed
(up to the order) as disjoint cycles of length at least 2. We will now

present a related concept.

& Definition 13 (Transposition)

A transposition o € Sy is a cycle of length 2, i.e. o = (a b), where
a,b e {1,..,n}and a negb.

Example 6.1.1

We have that*

(1245 =(12)(24) (s 5)

Also, we can show that?
(1 2 4 5) - (2 3) (1 2) (2 5) (1 3) (2 4) 6.1)

Observe that the factorization into transpositions are not unique

or disjoint. However, the following property is true.

¥ Theorem 10 (Parity Theorem)

*If we apply the permutations on the
right hand side, we have that

1 2 3 45

2

Exercise 6.1.1

Show that Equation 6.1 is true.

Exercise 6.1.2

Play around with the same idea and create
a few of your own transpositions. Note that
you will only be able to get an odd number
of tranpositions (why?).
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If a permutations o has 2 factorizations

Tg=7172---7r = H1H2 .- - Us,

where each vy; and p; are transpositions, then r = s mod 2.

& Proof
Let x1, Xy, ..., xn be distinct variables. Let A be the following product:

A= H (xi—xj).

1<i<j<n

Foreach o € Sy, let o act on A by permuting the indices of the variables

so as to permute the variables themselves, i.e.

[T (o) —xo()-

1<i<j<n

o(A) =

Then for each (x; — x;) in the product A, after applying o, we have that
the result is either (x; — x;) or (x; — xy) for 1 < k < I < n but not both.
In o(A), for each of the factors, if we have (x; — xi) for 1 < k <1 < n,
rewrite that factor as —(x; — x;). Now if we collect all the (—1)’s, we
get that o(A) = A depending on whether if there is an odd or even
number of factors that are of the form (x; — x;) with k < 1. From
here, we can use the definition of a sign of a permutation (as introduced in

class on May 30th, 2018) and write the sign as

1 ifo(A)=A

sgn(o) = L1 fo(a) = e

As mentioned in class, the sign of a permutation is a homomorphism.
Now for each ¢ € Sy, we can express the permutation as a product of
disjoint cycles. Consider the simplest case where o is a permutation with
only one cycle. We know that we can rewrite o as a product of transposi-
tions. Suppose o = y1Y2...77r for some r > 0, where each y;, 1 <i <r,is
a transposition. We then have that

sgn(c) = sgn(71) sgn(72)...sgn(7rr)
Note that since transpositions are odd permutations, we essentially have

sgn(o) = (—1)".

I have referred to the following

source: https://www.maa.org/
sites/default/files/images/
upload_library/4/voll/parity/
ParityJOKHistory.html. In the litera-
ture review of the author, there are (at
least) 6 approaches to proving the state-
ment, some argued to be better or more
intutive than the other. Recent proofs,
as mentioned in the article, use a re-
duction method (or algorithm) to proof
an alternate version of our statement.

I intended to study the proof, but ran
short on time, and so I shall present my
understanding of the proof provided

in Dummit and Foote’s 3rd Edition

of Abstract Algebra. My opinion of

the proof presented in the said book

is that it is not immediately intuitive
and relies on subtle connections to the
actual statement, which is why I looked
into other sources and found the source
above.

For the proof provided by Dummit
and Foote, as well as in some of the
other proofs that I have come across,
the Parity Theorem is presented as a
statement that is different from, but
equivalent to, our statement here.


https://www.maa.org/sites/default/files/images/upload_library/4/vol1/parity/ParityJOKHistory.html
https://www.maa.org/sites/default/files/images/upload_library/4/vol1/parity/ParityJOKHistory.html
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We have that if sgn(c) = 1, then r must be even, which coincides with
our bolded argument above. Similarly, if sgn(c) = —1, we have that r
must be odd. Therefore, if we have that

0 = 7172-Yr = U1}2.--Us,

where s > 0 and the y;’s, for 1 < j <'s, are transpositions, r and m must
either be both even or both odd. In other words, ¥ = s mod 2.

For cases with more than one cycle, we can consider the individual
cycles and the homomorphicity of the sign will extend our above arqument

for permutations that is a product of more than one disjoint cycle. O

& Definition 14 (Odd and Even Permutations)

A permutation o is even (or odd) if it can be written as a product of

an even (or odd) number of transpositions. By Parity Theorem 10, a

permutation must either be even or odd, but not both.

2 Theorem 11 (Alternating Group)

Forn > 2, let A, denote the set of all even permutations in Sy,. Then
1. €€ Ay

2. Vo, T €A, o1 € Apand ot € A, suchthat co ! =e =0 lo

3. |Au| = In!

66 Note
From items 1 and 2, we know that A, is a subgroup of S,. Ay is called
the alternating subgroup of degree n.

# Proof
1. We have that ¢ = (1 2) <1 2). Thus ¢ is even and so € € A,,.
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2. Vo, T € Ay, we may write

oc=00,...0, and

T=7T7...T,
where o3, Tj are transpositions, and r, s are even integers. Then
0T =010 ...0; 4T ... Ts

is a product of (r + s) transpositions, and thus ot is even. Thus
ot € Ay

For the inverse, note that since o; is a transposition, we have that
0? = e and thus O'i_l = 0;. It follows that

-1 -1
o = (noy...07)
_ 1.1 —-1.-1
=0, 0, 4...05 0]
= 0y0p_1...02071
which is an even permutation and
ool =00y... 0000 ... 0001 =&

Thus 30~ € Ay, such that it is the inverse of 0.

. Let Oy, denote the set of odd permutations in S,. Then we have S, =
Ay U Oy, and by the Parity Theorem, we have that A, N O, = @.
Since |Sy| = nl, to prove that |A,| = In!, it suffices to show that
|An| = [Onl.

Let v = (1 2) and f : Ay — Oy such that f(o) = «yo. Since o is

even, yo is odd, and so f is well-defined.

Also, if yoy = 0y, then by Cancellation Laws, o1 = 07, and hence f

is injective.
Finally, VT € Oy, we have that yT = 0 € Ay,. Note that
flo)=ro=yyr="1

Therefore, f is surjective.

It follows that |Ay| = |Oy|. O

For the proof of 3, we know that |S,| =
n!, which is twice of the suggested
order of A,. Since we took out the
even permutations of S, we just need
to make the rest of the permutations,
the odd permutations, into a set and
prove that A, and this new set has the
same size. One way to show this is by
creating a bijection between the two.

Also, note that the set of all odd
permutations of S, is not a group, since
e there is no identity element in this

set; and
e this set is not closed under map
composition.

We have shown that ¢ is an even
permutation, and so by the Parity The-
orem, it cannot be an odd permutation,
and there is only one identity in S,,.
The set is not closed under map com-
position since if we compose two odd
permutations, we would get an even
permutation, which does not belong to
this set.
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_ Order of Elements

<« Notation

If Gis a group and g € G, we denote

(g)={s"kez}.
Notethat 1 =¢" € (g ).

Ifx=¢",y=g" € (g) wherem,n € Z, then

xy=g"g" =g"""e(g)
and we have 3x~1 = ¢=™ € ( g ) such that

-1 m_—m

xx T =g"¢ :gozl.

Along with the Subgroup Test, we have the following proposition:

8 Proposition 12 (Cyclic Group as A Subgroup)

If G is a group and § € G, then ( g ) is a subgroup of G.

& Definition 15 (Cyclic Groups)

Let G be a group and § € G. Then we call { g ) the cyclic subgroup of
G generated by g. If G = ( g ) for some g € G, then we say that G is a
cyclic group, and g is a generator of G.
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B s::bgroups (Continued 3)

_ Order of Elements (Continued)

Example 7.1.1

Consider (Z,+) . Note that Vk € Z, we can writek =k-1=1+1+...+ 1.

k times

So we have that (Z,+) = ( 1 ). Similarly, we would have (Z,+) =
(=1).

However, observe that Vn € Z with n # +1, there is no k € Z such that
k -n = 1. Therefore, £1 are the only generators of Z.

LET G be a group and ¢ € G. Suppose Jk € Z with k # 0 such that
¢ = 1. Then ¢7F = (¢*)~! = 1. Thus wlog, we can assume that

k > 1. By the Well Ordering Principle, 3n € IN such that # is the
smallest, such that g" = 1.

With that, we may have the following definition:

& Definition 16 (Order of an Element)

Let G be a group and g € G. If n is the smallest positive integer such that
g" =1, we say that the order of g is n, denoted by o(g) = n.

If no such n exists, then we say that g has infinite order and write 0(g) =

00,

8 Proposition 13 (Properties of Elements of Finite Order)
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Let G be a group with g € G where 0(g) = n € IN. Then
1. gk =1 < nlk;

2. ¢ =¢" <= k=m mod n; and

3. (g)=1{1,8¢% .., '} where each g is distinct from others.® * This also means that the order of the
group is the same as the order of the
generator.

¢ Proof

1. (<= If nlk, then k = nq for some q € Z. Then

( = ) Suppose ¢& = 1. Since k € Z, the , we
can writek = ng +rwithq,r € Zand 0 < r < n. Note g" = 1.
Thus

g =g""M=gg") 1=1-1=1
Since 0 < r < n, we must have that r = 0. Thus n|k.

2. (=) ¢F=g¢" = ¢ "m=1 g n|(k—m) < k=m

mod n

(<= )k=m modn = 3q € Z k = qnm. The result follows

from 1.
3. (D) is clear by definition of ( g ) = {g* : k € Z}.

To prove (C), let x = gk € ( g ) for some k € Z. By the
.k =nq+rforsomeq,r € Zand 0 <r < n. Then

rbyl

=gt = g8

X = gk = g
Since 0 < r < n, we have that x € {l,g,gz, ...,g”’l}. Thus
(g)=1{1g8% 8" '}
It remains to show that all the elements in ( g ) are distinct. Suppose

g~ = ¢" for some k,m € Z with0 < k,m < n. By 2, we have that
k =m mod 2. Therefore, k = m.

We can also use 1 by the fact that g&=™ = 1 from assumption to
complete the uniqueness proof.
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8 Proposition 14 (Property of Elements of Infinite Order)
Let G be a group, and g € G such that 0(g) = oo. Then

1. =1 <= k=0;

2. gh=¢" = k=m;

3. (g)=1{.,972,9¢711,4,¢% ..} whereeach g' is distinct from others.

& Proof

It suffices to prove 1, since 2 easily becomes true with 1, and 2 = 3.
1. (<=)g¢"=1

( == ) Suppose for contradiction that g = 1 for some k € Z k # 0.
Then g% = (¢*)~1 = 1. Then we can assume that k > 1. This,
however, implies that o(g) is finite, which contradicts our assumption.
Thus k = 0.

Fegh = =1 2L k=0 = k=m

8 Proposition 15 (Orders of Powers of the Element)
Let G be a group, and g € G with o(g) = n € IN. We have that

VdeN d|n = o(g%) =

U=

¢ Proof

Let k = %. Note that (§%)% = g" = 1. It remains to show that k is

the smallest such positive integer. Suppose Ir € N (g%)" = 1. Since
0(g) = n, then n | dr. Then 3q € Z dr = nq by definition of divisibility.



60 Lecture 7 May 16th 2018 - Subgroups (Continued 3)

wn=dkand d # 0, we have

dr = dkq 2 r=kqg = r>k -cr,kelN = gcN

_ Cyclic Groups

Recall the definition of a cyclic groups.

& Definition 17 (Cyclic Groups)

Let G be a group and § € G. Then we call { g ) the cyclic subgroup of
G generated by g. If G = ( g ) for some g € G, then we say that G is a
cyclic group, and g is a generator of G.

8 Proposition 16 (Cyclic Groups are Abelian)

All cyclic groups are abelian.

# Proof
Note that a cyclic group G is of the form G = ( g ). So

Va,be G ImneZ a=g" Nb=g"
a-b:gmg”:gm+n:gn+m:g”gm:b.a
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B S:vcroups (Continued 4)

B Cyclic Groups (Continued)

66 Note
Consider the converse of & Proposition 16: Are abelian groups cyclic?
No! For example, Ky = Cy x Cy is abelian but not cyclic, since no one

element can generate the entire group.

8 Proposition 17 (Subgroups of Cyclic Groups are Cyclic)

Every subgroup of a cyclic group is cyclic.

¢ Proof
Let G = ( g ) and H be a subgroup of G.

H={1} = H=(1)
H#{1} = 3k #0ecZ ¢"cH
— ¢ ¥eH (. Hisagroup)
We may assume that k € IN. By the Well Ordering Principle, let

m € IN be the smallest positive integer such that §" € H. We will now
show that H = ( g ).
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§"eH = (g")CH
"HCG=(g) YheH3IkecZh=g"
Division Algorithm :3q,r €e Z0<r<m k=mqg+r
h=g" = ¢ =g""=¢g"g")"€H
r#0 = 30<r<m g €H ¢ misthesmallest +ve integer

= gfe(g") = HC(g")

Finally,
(g")CHAHC(g") — H=(g")
O
8 Proposition 18 (Other generators in the same group)
Let G = ( g ) witho(g) = n € IN. We have If we have k such that ¢¥ € G, and k
and 7 are coprimes, then g* is also a
G = <gk > - ng(k,Tl) =1 generator of G.

& Proof
For (=),

G=(g") = ge(g") = Iez g=g"
== 1=gkx_1 = n|(kx—1) (-0 Proposition 13)

= dyeZ kx—1=mny (. Division Algorithm)

= 1=kx+ny
Then

c1lkx A 1|ny A 1=kx+ny
ged(k,n) =1 (.- gcd Characterization)

For (<= ), note that g € G == ( g&) C G. It suffices to show that



G§<gk>,i.e.ge<gk).

ged(kn)=1 = dxyeZ l=kx+ny (. )

= g=g¢" =" = (§")*(g") = (g")" € (g")

% Theorem 19 (Fundamental Theorem of Finite Cyclic Groups)

Let G= (g ) witho(g) =n € N.

1. Hisasubgroupof G = 3d€N d|n H=(g?) = |H| |n

2. k|n = ( gg ) is the unique subgroup of G of order k.

& Proof
1. Note
0 Proposition 17 = Im € N H = ( g")

Let d = ged(m,n). Want to show that H = ( g% ).

d=gcd(m,n) = d|m = 3ke€Z m=dk
= g"=g%=(g""e(g") = HC(g")
d=gcd(m,n) = 3Ix,yeZ d=mx+ny (.-
= gf =g = (¢")(¢")Y = (§")*(1) € H
= (g')CH
H=(g")
Note: d = ged(m,n) = d|n = |H| =o0(g%) = u
*.- 0 Proposition 15. Thus |H| | n.

2. Let K be a subgroup of G with order k such that k | n. By 1, we have
K = (g% ) with d | n. Note that

1) ) n
k=1KZo(g) 2%

where (1) is by & Proposition 13 and (2) is by & Proposition 15. Thus

dz%andl(:(g%>
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This is a significant result that classifies
the structure of a cyclic group (hence
its name). The theorem tells us that
for a group with finite order, it has
only finitely many subgroups, and the
order of each of these subgroups are
multiples of n. Inversely, there are no
subgroups of G where its order is some
integer that does not divide 7.
Note: Itis clear thatd € N and d < n.
In a sense, this theorem is more

powerful than & Proposition 17.
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B s::0groups (Continued 5)

_ Examples of Non-Cyclic Groups

Example 9.1.1
The Klein 4-group is
Ky ={1,a,b,c} where = =c>=1andab=c.
We may also write
Ky={(ab:a>=1="0%ab=ba).
Note that we can replace (a, b) by (a, ¢) or (b, c).
Example 9.1.2

The symmetric group of degree 3 is
S; =0, a2, 7,10, TU’Z}
where 0 = ¢ = T2 and o1 = T0?. We may also express Sz as

S3=(0,1:0°=¢e=1%0T=10%)

& Definition 18 (Dihedral Group) Recall from Assignment 1 that the
dihedral group is a set of rigid motions
For n > 2, the dihedral group Of order 2n is for transforming a regular polygon back

to its original position while changing
Dy, = {1, a.. lln_l, b,ba, .., bn—l} the index of its vertices.
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where a" = 1 = b? and aba = b. Note that a represents a rotation of 27”
radians, and b represents a reflection through the x-axis

Example 9.1.3

We may write the dihedral group as
D2n=<a,b:a":1=b2,aba=b)

Exercise 9.1.1

Prove the following:

1. Dy =Ky

2. D6 = 53

I Vormal Subgroup

9.2.1

& Definition 19 (Group Homomorphism)

Let G, H be groups. A mapping
x:G—H
is called a group homomorphism if Va,b € Gt " Note that ab uses the operation of G

while a(a)a(b) uses the operation of H.

a(ab) = a(a)a(b).

Example 9.2.1 (A classical example)

Consider the determinant map: Note that R* is the set of real numbers
that has a multiplicative inverse.

det: GL,(R) - R* given by A — det A

Since This is a classical example to show a
det AB = det Adet B homomorphism, especially since the

group GL,(R) uses matrix multiplica-

tion while R* uses regular arithmetic

we have that the determinant map is a homomorphism. e
multiplication.
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8 Proposition 20 (Properties of Homomorphism)
Let o : G — H be a group homomorphism. Then

1. a(lg) =1y

2. Vg eGa(g ) =a(g)™!

3. VgeGVkeZ a(gk) = zx(g)k

& Proof
1. Note that

a(1g)a(g) = a(le - g) = a(g) = a(g-1¢) = a(g)a(1c)

Thus it must be that a(1g) = 1y for only the identity of H satisfies
this equation.

2. Since H is a group, we know that

1y = a(g)a(g) ™"
Now with part 1, we have that
a(g)a(s™) = a(gg™) = a(lg) = 1y = a(g)a(g) .
-1

By & Proposition 6, we have that a(g™1) = a(g)

3. This is simply a result of applying the definition repeatedly, which we
can then perform an induction procedure to complete the proof. 0

& Definition 20 (Isomorphism)

Let G, H be groups. Consider a mapping
x:G—H

We say that o is an isomorphism if it is a homomorphism and bijective.

If w is an isomorphism, we say that G is isomorphic to H, or that G
and H are isomorphic, and denote that by G = H.
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8 Proposition 21 (Isomorphism as an Equivalence Relation)
1. The identity map G — G is an isomorphism.

2. If o : G — H is an isomorphism, then the inverse map

oc~': H — G is also an isomorphism.

3. Ifo: G — Hand v : H — K, then the composition map

t0 : G — K is also an isomorphism.

& Proof
1. The identity map is clearly bijective. For all g1,¢> € G, we have that

«(8182) = g182 = a(81)a(82)-
Thus the identity map is a homomorphism, and hence an isomorphism.

2. Since o is a bijective map, its inverse ¢~ exists and is also a bijective
map. Since o is bijective, we have that

Vhi,hy € H g1, € G 0(g1) =M, 0(g2) = ha.
Note that since o has a bijective inverse, we also have
g1 =0 Y(hy)and g = o ().
Then since o is a homomorphism,

o N hihy) = 07 Ho(g1)0(82)) = o Ho(8182))
=g152 =0 ()0 (hy).

3. We know that the composition map of two bijective map is bijective.
Let g1,82 € G, then since both T and ¢ are homomorphisms

10(8182) = T(0(81)0(82)) = T0(81)T0(82),

where we note that 0(g1),0(g2) € H.
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Example 9.2.2

Let Rt = {r € R:r > 0}. Show that (R, +) = (R*,").

¢ Solution

Consider the map
a:(R,+)— (RT,.) ree,

where e is the natural exponent. Note that the exponential map from R to

R* is bijective®. Also, Vr,s € R we have that > The image of the map covers all
positive real numbers while taking
all real numbers, which is the perfect
candidate as a map here.

a(r+s) =t =e'e* = a(r)a(s).
Therefore, a is an isomorphism and (R, +) = (R, -). O
Example 9.2.3
Show that (Q,+) % (Q%,-).

¢ Solution
Suppose, for contradiction, that T : (Q,+) — (Q*,-) is an isomorphism.
In particular, we have that T is onto. Then 3q € Q such that T(q) = 2. Let

7(4) = a. Since T is an isomorphism, we have

But that implies that « = /2, which is clearly not rational. Thus, we know

that there is no such T and

(Q+) # Q")

as required. O

9.2.2

& Definition 21 (Coset)

Let H be a subgroup of a group G.

Vae G Ha={ha:he H} istheright coset of H generated by a
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and

Vae G aH={ah:h e H} is the left coset of H generated by a

Note that 1H = H = H1. Also, since al = aand 1 € H, we have that
a € aH, and similarly so for a € Ha.

In general, aH and Ha are not subgroups of G. For example, we know
that Ay is a subgroup of Sy,. But if o is an odd permutation, then oA,
and Ao are sets of odd permutations since Ay is the set of even permuta-
tions. As proven before, Oy, the set of odd permutations is not a subgroup

of Sy.

Also, in general, aH # Ha, since not all groups are abelian.

Let H be a subgroup of G, and let a,b € G. Then
1. Ha = Hb <= ab~! € H. In particular, Ho = H < a € H.
2. a € Hb = Ha = Hb.

3. Ha = HbY HanHb = @.3 Then the distinct right cosets of H forms
a partition of G.4

We can create an analogued version of this proposition for the left cosets.

& Proof
1. For (=),

Ha=Hb — a=1a € Ha = Hb
— dheHa=hb
— abl=heH.

3V =XOR

4 Note that this is true because by
definition, we iterate over all elements
of G to construct the cosets of the
subgroup H. The earlier part of this
statement implies that cosets must be
distinct (otherwise, they are the same
set), and so if we take the union of
these cosets, by iterating through all
elements of G, we get that

U Ha = G.
aeG

Summarizing the above argument,
we observe that the distinct cosets
partitions G.



For (<),

ab"' ¢ H = VYhe€ H ha=h(ab )b € Hb
— Ha C Hb

ab'eH = (ab ) '=balcH
— VYhe H hb=h(ba)a € Ha
— Hb C Ha

Letb = 1. Then
Hai=H < acH 17l =1

2. Note

b
acHb — JhecHa=hb — ab ' c H 22 Ha=Hb

3. Trivially, if Ha N Hb = @, we are done.

HaNHb #Q
= dx € HanHb
by 1 by 1
— (x € Ha = Hx = Hb) A (x € Hb = Hx = Hb)

— Ha = Hb

By 8 Proposition 22, we have that G can be written as a disjoint

union of cosets of a subgroup H. We now define the following termi-
nology that we shall use for the upcoming content.

& Definition 22 (Index)

Let H be a subgroup of a group G. We call the number of disjoint cosets
of H in G as the index of H in G, and denote this number by |G : H|.
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I \ormal Subgroup (Continued)

I Cosets and Lagrange’s Theorem (Continued)

¥ Theorem 23 (Lagrange’s Theorem)

Let H be a subgroup of a finite group G. Then

g - 16!
H]| ‘ Gl and (G < H] = 17

¢ Proof
Since G is finite, there can only be finitely many cosets of H. Let k =
[G : H| and Hay, Hay, ..., Hay. be the distinct right cosets of H in G. By
4 Proposition 22, we have that these cosets partition G, i.e.
k
G= U Ha,.
i=1

Note that by the definition of a right coset, the map
H — Hb defined by h+— hb

is a surjection from H to Hb. By Cancellation Laws, the map is injective,
since if hby = hby, then by = by. Therefore, fori =1,...,k,

|H| = |Ha;].
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Then we have

G
(Gl = k|H| = |H| | |G| A G H] :k=||?||
U
= Corollary 24
1. If G is a finite group and g € G, then o(g) | G.
2. If G is a finite group and |G| = n, then g" = 1.
& Proof
1. Let H = (g ). Then by Lagrange’s Theorem 23, 0(g¢) = |H| | |G]|.
2. Forsome g € G,leto(g) = m € Z\ {0}. Then by 1, m | n and so
g =(g"n =1.
0

66 Note
Let n € N\ {1}. Euler’s Totient Function, or more generally written
as Euler’s ¢-function is defined as

p(n) = ’{k e{l,.,n—1} : ged(k,n) = 1}‘ (10.1)

Note that the set Z;, under multiplication has a similar definition to the
set on the RHS, since the only numbers from 1 to n that has an inverse
are those that are coprime with n. Thus ¢(n) = |Z}|.

With $= Corollary 24, we have Euler’s Theorem that states that
VaeZ ged(an) =1 = a?™ =1 mod n. (10.2)

If n = p where p is some prime number, then Euler’s Theorem implies
Fermat’s Little Theorem, ie. a?~1 =1 mod p.

# Corollary 25
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If p is prime, then every group G of order p is cyclic. In fact, g = ( g )
for g # 1 € G. Hence, the only subgroup of G are {1} and G itself.

# Proof

Let g € G such that g # 1. By = Corollary 24, 0(g) | p. Since g # 1
and p is prime, by uniqueness of prime factorization, it must be that
0(g) = p. Thus we can write G = ( g ). If H is a subgroup of G, then
by Lagrange’s Theorem, we have |H| | p. Since p is prime, we either have
|H| = 1 or p. In other words, we either have that H = {1} or H = G,
respectively. O

& Corollary 26

Let H and K be finite subgroups of G. If ged(|H|, |K|) = 1, then HN
K={1}.

¢ Proof
Since H N K is a subgroup of H and of K, by Lagrange’s Theorem 23,
|HNK]| ’ |H| A |[HNK] ‘ |K|. By assumption that gcd(|H|,|K|) = 1,

we have' that |HN K| =1, and hence |HN K| = {1}. ] *|HNK]|is a common divisor for |H|
and |K|. But ged(|H|, |K|) =1

B  Normal Subgroup

We have seen that given H is a subgroup of a group G and g € G, gH
and Hg are generally not the same.

& Definition 23 (Normal Subgroup)

Let H be a subgroup of a group G. If Vg € G, we have Hg = gH, then
we say that H is a normal subgroup of G, and write

H«G
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Example 10.1.1

{1} «Gand G« G.

Example 10.1.2

The center, Z(G), of a group G is an abelian group. By & Definition 23,
Z(G)«G.

Example 10.1.3

If G is abelian, then every subgroup of G is normal in G.

8 Proposition (Normality Test)
Let H be a subgroup of G. The following are equivalent:

1. H1G;
2. Vg€ G gHg ' CH;

3.Vge€G gHg '=H?

2 This means that

H<G <= H is the only conjugate of H
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The following theorem is useful for A2. The proof is not provided in
this lecture, but expect the corollary to be restated and proven in a

later lecture.

= Corollary
Let G be a finite group and H, K< G, HNK = {1} and |H| |[K| = |G]|.
Then G = H x K.

B \ormal Subgroup (Continued 2)

B  Normal Subgroup (Continued)

66 Note (Recall)
Recall the definition of a normal subgroup as in & Definition 23. Let H
be a subgroup of G. If gH = Hg for all g € G, then H< G.

8 Proposition 27 (Normality Test)

Let H be a subgroup of a group G. The following are equivalent:

66 Not
1. HaG oee
Note that item 3 is indeed a stronger
1 statement that item 2. But since the
2. Vg€ G gHg " CH statements are equivalent, while using
1 the Normality Test, if we can show that
3. Vg €G 8 Hg =H item 2 is true, item 3 is automatically

true.
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# Proof
(1) = (2):

xcgHg ' = 3heH x=ghg!
= dhy € H gh=hg " ghegH=Hg
— x=ghgt=mggl=hcH
= gHg ' CH

2 = )

(2) = VgeG gHg 'CH
= 3¢ 'eG ¢ 'HgCH
= HC gHg_1
B eHg = H

B) = (1)

(3) = VgeG gHg '=H
— VxcgH xg 'ecgHg '=H
= x € Hg g t=1
—> ¢H C Hg

Using a similar argument, we would have Hg C Hg. And so gH = Hg
as required. O

Example 11.1.1

Let G = GL,(R) and H = SL,(R).* For A € G and B € H we have * Recall & Definition 8 and
& Definition 11.
1
det ABA™! = det AdetBdet A™! = detA(1)—— =1.
det A

Thus VA € G, ABA~! € H. By & Proposition 27, H< G, i.e. SL,(IR) <
GL,(R).? 2

66 Note
The normality is true for any field, not
just R.

8 Proposition 28 (Subgroup of Index 2 is Normal)
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VH subgroup of G A [G: H| =2 = H<G

& Proof
Leta € G.

ac€H = aH=H=Ha
a¢ H = G=HUHa = Ha=G\H 0 Proposition 22
a¢ H=— G=HUaH = aH=G\H -0 Proposition 22

That implies that aH = Ha for any a € G. Hence, by & Proposition 27,
H<G. U

Example 11.1.2

Let Ay be the Alternating Group contained by S,,.3 By & Proposition 28, 3 Recall the definition of alternating
group from ® Theorem 11 and S,

since [Sy : Ay] = 2 because S, = A, U Oy, and Oy, is a coset of Ay, we have from 8 Definition

that
A, <S,.

Example 11.1.3

Let
Do, = {1,a,a%,...,a"1,b,ba,ba?, ..., ba" 1}

be the Dihedral Group of order 2n. Since Dy, : ( a )| = 2,4 we have that 4The coset of (a ) is b{ a ).

(a)<Dy, .0 Proposition 27.

LET H and K be subgroups of a group G. Recall an earlier discussion:

H N K is the largest subgroup contained in both H and K.

What is the “smallest” subgroup that contains both H and K?
Since H N K is the largest, it makes sense to think about H U K. How-
ever,

HUK s asubgroup of G <= HCKYKCH

While we know that H U K can indeed be such a subgroup, the price

of the restriction is too high, since it is overly restrictive.

A more “useful” construction turns out to be the of the



80 Lecture 11 May 25th 2018 - Normal Subgroup (Continued 2)

subgroups.

& Definition 24 (Product of Groups)

HK:={hk : h€ H, k € K}

However, HK is not necessarily a subgroup. For example, for
hiky, hoky € HK, it is not necessary that hikihoky, € HK, since kqhy is
not necessarily equal to hyk;.

4 Lemma 29 (Product of Groups as a Subgroup)

Let H and K be subgroups of G. The following are equivalent:

1. HK is a subgroup of G

2. HK=KH>5 5If one of H or K is normal, then the

lemma immediately kicks in.

3. KH is a subgroup of G

& Proof
It suffices to prove (1) <= (2), since (1) <= (3) simply through
exchanging H and K.

(1) = (2): Let kh € KH such that k € K and h € H. Their inverses
are k=Y € Kand h~' € H, since K and H are groups. Note that

kh = (k"' 1')"' € HK - HK is a subgroup of G.

Therefore kh € HK, which implies KH C HK. By a similar argument, we
can arrive at HK C KH and so HK = KH.

(2) = (1): Notethat1 = 1-1 € HK. Vhk € HK, (hk)~' =
k~'h=' € KH = HK. For hiky, hoky € HK, note that kyhy, € KH =
HK, so there exists hk € HK such that kyhy, = hk. Therefore,

hik1hoky = hihkk, € HK.

By the Subgroup Test, HK is a subgroup of G. g



8 Proposition 30 (Product of Normal Subgroups is Normal)
Let H and K be subgroups of G.
1. HaG V KaG = HK = KH is a subgroup of G

2. HHKi<G = HK=KH<«G

& Proof
1. Without loss of generality, suppose H < G. Then

HK = | | Hk= | J kH = KH (11.1)
keK keK

By Lemma 29, HK = KH is a subgroup of G.
2. Suppose H,K < G. Then
Vg € G Vhk € HK g '(hk)g = (¢ 'hg)(g 'kg) € HK

Thus gHKg™! C HK. Thus by & Proposition 27, we have that
HK<G.

66 Note

Note that Equation (11.1) is a weaker statement than the reqular normal-
ity that we have defined, since it only requires all elements of K to work
instead of the entire G.

With that, we define the following notion:

& Definition 25 (Normalizer)

Let H be a subgroup of G. The normalizer of H, denoted by Ng(H), is
defined to be
Ng(H):={ge€ G : gH=Hg}

PMATH347518 - Groups & Rings 81
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66 Note

By the above definition, we immediately see that H<1 G <= Ng(H) =
G by Equation (11.1). Observe that since we only needed kH = Hk in
Equation (11.1) for all k € K, we have that k € Ng(H).

& Corollary 31

Let H and K be subgroups of a group G.

K C Ng(H) V HC Ng(K) = HK = KH is a subgroup of G

The proof of = Corollary 31 is embedded in the proof of & Proposition 30

while using the definition of a normalizer.
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I \ormal Subgroup (Continued 3)

B  \ormal Subgroup (Continued 2)

% Theorem 32

If HaG and K< G satisfy HNK = {1}, then

HK=H x K

& Proof
Claim 1:

HaG ANK<aGANHNK={1} = Vhe H Vke K hk=kh

Consider x = hkh—1k~1. Note that since H< G, by & Proposition 27,
we have that Vg € G, gHg ™' = H. Then khk~' € kHk™! = H. Thus
x = h(kh='k=1) € H. Using a similar arqument, we can get that x € K.
Since x € HN K = {1}, we have that hkh~'k~1 = 1, we have that
hk = kh as claimed.

Note that since H < G, by 8 Proposition 30, we have that HK is a

subgroup of G.* Define o : H x K — HK by * We do not need the more powerful
statement that says that HK is a normal
b .
Vie HVkeK  o((hk))=hk suveronp

Claim 2: ¢ is an isomorphism.
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Let (h, k), (h1,k1) € H x K. By Claim 1, note that hik = kh;.
Therefore,

(T((h,k) . (l’ll,kl)) = (T((hhl,kkl)) = hhlkkl
= hkhlkl = 0'((]1, k))O’((l’l1,k1)>

Thus we see that o is a group homomorphism. Note that by the definition
of HK, o is a surjection. Also, if o((h,k)) = o ((h1,k1)), we have that

hk =Mk = hi'h=kk'e HNK= {1}
= h'h=1=kk'!' = m=hAk =k

Thus o is an injection, and hence o is bijective. Therefore, o is an isomor-
phism. This proves that HK = H x K. 0

An immediate result is the corollary that we were given in the last

class but not proven.

Let G be a finite group, H,K < G such that HNK = {1} and |H| |K| =
|G|. Then G = H x K.

Example 12.1.1

Let m,n € IN with ged(m,n) = 1. Let G be a cyclic group of order mn.
Write G = (a ) witho(a) = mn. Let H = ( a" ) and K = ( a™ ). Then we
have

|H| =o0(a") =m A |K| =0(a™) = n.
It follows that |H| |K| = mn = |G|. Note that H = Cy, and K = C,,. Since
ged(m,n) =1, by = Corollary 26, we have that H N K = {1}.

Also, since G is cyclic and thus abelian, we have that H, K < G. Then by
= Corollary 33, we have that G = Cy;, = Cpy X Cy.

I [sormorphism Theorems
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12.2.1

Let G be a group and K a subgroup of G. Given a set
{Ka : a € G},

how can we create a group out of it?

A “natural” way to define an operation on the set of right cosets
above is
Va,be G Ka « Kb = Kab. )

Note that it is entirely possible that for a1 # a and by # b, we have
Ka = Kay and Kb = Kb;. In order for Equation (1) to make sense as

an operation, it is necessary that
Ka = Kay A Kb = Kby = Kab = Kaqb;.

If the condition is satisfied, we say that the “multiplication” KaKb is

well-defined.

Let K be a subset of G. The following are equivalent:
1. K<G;

2. Va,b € G KaKb = Kab is well-defined.

& Proof
(1) = (2) Suppose K < G. Suppose Ka = Kay and Kb = Kby. Then
aa;l € Kand bb;1 € K. To show that Kab = Kayby, it suffices to show
that (ab)(a1b1) = € K. Note that since K < G, we have that aKa=! = K.
Therefore,

ab(arby) ™' = ab(b; 'a; ') = a(bb; Va;!

=a
= (a(bb; )a 1) (aa;!) € K.
Therefore Kab = Kayby as required.

(2) = (1) Ifa € G, we need to show that Vk € K, aka~' € K. Since

Ka = Kaand Kk = K(1) 2, by (2), we have that Kak = Ka(1), i.e. 2 This is cause 1 is in the same coset.

85
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Kak = Ka. Thus aka=' = 1 € K, implying that aKa—! C K and hence
K<G. O
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B (sormorphism Theorems (Continued)

_ Quotient Groups (Continued)

8 Proposition 35
Let K < G and write G/K = {Ka : a € G} for the set of cosets of K.
1. G/K is a group under the operation KaKb = Kab.

2. The mapping ¢ : G — G/K given by ¢(a) = Ka is a surjective
homomorphism."

3. If [G : K] is finite, then ‘G/K‘ = [G : K|. In particular, if |G| is finite,
then ‘G/K‘ = %

# Proof
1. By Lemma 34, the operation is well-defined, and G/K is closed under
the operation. The identity of G/K is K = K(1) since VKa € G/K,

KaK(1) = Ka = K(1)Ka.

Also, since
KaKa™' = K(1) = Ka~'Ka,

the inverse of Ka is Ka~'. Finally, by associativity of G, we have that
Ka(KbKc) = Kabc = (KaKb)Kc.

It follows that G/K is a group.

1

Exercise 13.1.1
Is ¢ injective?

¢ Solution

We know that we cannot uniquely express a
coset, since for a,b € Ka such that a # b,
we have that Ka = Kb.
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2. Clearly, ¢ is surjective. For a,b € G,
¢(ab) = Kab = KaKb = ¢(a)¢p(b).

Thus ¢ is a surjective homomorphism.

3. If [G : K] is finite, then by definition of the index |G : K], we have that
[G:K] = ‘G/K‘. Also, if |G| is finite, then by ® Theorem 23,
Gl

‘G/K’ =[G:K] = K]’

& Definition 26 (Quotient Group)

Let K< G. The group G/ & of all cosets of K in G is called the quotient
group of G by K. Also, the mapping

¢:G— G/K defined by a — Ka

is called the coset (or quotient) map.

_ Isomorphism Theorems

& Definition 27 (Kernel and Image)

Let a : G — H be a group homomorphism. The lernel of a is defined by
kera:={ge€G:a(g) =1y} CG
and the image of « is defined by

ima :=a(G) ={a(g) : g€ G} C H.

8 Proposition 36

Let o : G — H be a group homomorphism.
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1. imw is a subgroup of H

2. kera <G

¢ Proof
1. Note that 1 = a(1g) € a(G) (i.e. the identity is in im a). Also, for
hy = a(g1) and hy = a(g2) in «(G) and hy, hy € H, we have

hihy = a(g1)a(g2) = a(g182) € a(G).

(ie. ima i closed under its operation). By & Proposition 20, a(g) ™! =
a(g™1) € a(G) (i.e. the inverse of an element is also in im ). Thus by

the , we have that im « is a subgroup of H.

2. Forkerwa, a(1g) = 1. For k1, k, € ker a, we have
D((kﬂ(z) = a(kl)DC(kz) =1-1=1

Also,
ak;) =a(ky) ' = 171 =1

By the , ker a is a subgroup of G.
If g € Gand k € kera, then

a(gkg™ ') = a(g)alk)a(g ™) = a(g)a(g™!) =1.

Thus by & Proposition 27, kera < G.

Example 13.1.1

Consider the determinant map
det: GL,(R) — R* defined by A — det A.
Then ker det = SL,(R). Then SL,(R) < GL,(R), as proven before.

Example 13.1.2
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Define the sign of a permutation o € S, by

1 if o is even;

—1 ifoisodd.

sgn(o) =

Then the sign mapping, sgn : S, — {£1} defined by o — sgn(c) isa

homomorphism.* Also, kersgn = A,. Thus, we have A, < Sy, as proven > Think about why. It's quite straightfor-
before ward using the defintion.

8 Proposition 37 (Normal Subgroup as the Kernel)

If K< G, then K = ker ¢ where ¢ : G — G/K is the coset map.

# Proof
Recall that ¢ : G — G/K is defined by g — Kg, Vg € G, and is a group
homomorphism. By & Proposition 22, we have

Kg=K=K1 < geck.

Thus K = ker ¢. O

¥ Theorem 38 (First Isomorphism Theorem)

Let w : G — H be a group homomorphism. We have

G/kerzx =ima

& Proof
Let K = kerw. Since K< G (by & Proposition 36), G/ K is a group. Let3 3 We must check that the function
- is well-defined, since cosets are not
- . G . . uniquely represented and so it is likely
& K 7 ma be defined by Kg — “(g ) that a constructed mapping is not
well-defined.
Note that

Kg=Kg <= gg;' €K <> a(gg;') =1 < «a(g) = a(g1).

Thus « is well-defined and injective. Clearly, & is surjective. It remains to
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show that « is a group homomorphism. ¥g,h € G, we have
&(KgKh) = a(Kgh) = a(gh) = a(g)a(h) = &(Kg)a(Kh).

Therefore, we have that & is an isomorphism and hence G/ker q Simaas
desired. O
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I [sormorphism Theorems (Continued 2)

_ Isomorphism Theorems (Continued)

66 Note (Recall)
In First Isomorphism Theorem 38, we had that for a group homomorphism

« : G — H where G and H are groups,

G/kertx =ima

Now let « : G — H be a group homomorphism, K = kera,
¢ : G — G/K be the coset map, and & be as defined in the proof of
First Isomorphism Theorem 38. We then have the following commutative

diagram to illustrate the relationship between the three groups.

G & s H

G/K

A natural question to ask after seeing the relationship is: Is &¢ =
«? If it is, is the definition of & unique? The answer is: YES! on both
accounts.

# Proof
Let g € G. Then

ap(g) = a(p(g)) = a(Kg) = a(g)
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Suppose & = B¢ where B G/K — H. Then

1 _
B(Kg) = B(¢(3)) = po(g) = a(g) = a(Kg)
where (1) is because ¢ is surjective by & Proposition 35. Therefore, we
observe that B = « for any Kg € % k- This proves that & is the unique
homomorphism such that G/K — H satisfying o« = a¢. g

With that, we have the following proposition.

Let w : G — H be a group homomorphism, where G and H are groups.
Let K = kera. Then « factors uniquely as o = a¢p< where ¢ : G — G/K
is the coset map and « : G/K — H is defined by

a(Kg) = a(g)-
Note that ¢ is surjective and « is injective.

In such a scenario, we also say that ¢! ' Reference for the terminology:
https://math.stackexchange.
com/questions/68941/
terminology-a-homomorphism-factors.

Example 14.1.1
Let G = ( g ) be a cyclic group. Consider a : Z — G, defined as
VkeZ u(k)= gk,
which is a group homomorphism. By definition, w is surjective. Note that
kera = {k€ Z:¢"=1}.
We have, therefore, two cases to consider.

e G is an infinite group

This would imply that kera = {0} since only g° = 1. Then by First

Isomorphism Theorem 38, we have that

Z ~
/kertx:G

Note that? 2We are assuming that the group Z
here works under the operation of
addition, otherwise, if we employ
multiplication, then Z would not be
a group and « would not be a group
homomorphism.


https://math.stackexchange.com/questions/68941/terminology-a-homomorphism-factors
https://math.stackexchange.com/questions/68941/terminology-a-homomorphism-factors
https://math.stackexchange.com/questions/68941/terminology-a-homomorphism-factors
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Z/kera:{(ker"‘)k3kez}={0+k:k€Z}=Z.

Therefore
Z=G
G is a finite group
Suppose that |G| = o(g) = n € IN, which is valid by = Corollary 24.
Then
kera = nZ

Then by the First Isomorphism Theorem 38, we have

Z/nZ =G.

Observe that
Z, 5 ={nZ+k:keZ}=27,

since the set in the middle is the definition of the set of integers modulo

n.3 Therefore, 3 This is why we often see texts from

. .7
Z,>2G various auth0r§ using 4/}, 7 to repre-
sent the set of integers modulo 7.

Therefore, we have that

Z=GorZyy =G

® Theorem 40 (Second Isomorphism Theorem)

Let H and K be the subgroups of a group G with K< G. Then
* HK s a subgroup of G;

e K<HK;

e HNK<H;and

« B4 =H 1k

¢ Proof

Since K < G, by Lemma 29 and 4 Proposition 30, we have that HK =
KH is a subgroup of G. Consequently, we have K <1 HK, since K is clearly
a subgroup of HK and K < G, and so Vx € HK C G we have that

gK = Kg.
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Consider o : H — HK 4 defined by ;{ I\II<ote that Kh € HK 7 since h € H C
a(h) = Kh |
Now if x = kh € KH = HK, then
Kx = K(kh) = Kh = a(h).

Therefore, we have that « is surjective. Now by 8 Proposition 22, observe
that

kera ={he H:Kh=K}={he Hh € K} = HNK.

Then by the First Isomorphism Theorem, we have that

B A=k

Since we have that ker« = H N K and ker « <« H, we have that H N K <
H. O

2 Theorem 41 (Third Isomorphism Theorem)

Let K C H C G be groups, with K< G and H< G. Then

i Srcant () / () = i

& Proof

Define a : G/K — G/H by «(Kg) = Hg forall g € G. Clearly, w is
surjective. Now if Kg = Kgy, for any g,¢1 € G, then gg1 € K C H.
Therefore, Hg = Hgy. Thus a is well-defined. Now

kera = {Kg: Hg = H} = {Kg:g € H}y = H .

Then
H/K = keroc<1G/K.

By the First Isomorphism Theorem, we have

(%) / ()

as required. O
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ONE REASON that we are interested in the symmetric group is that
they contain all finite groups.

¥ Theorem (Cayley’s Theorem)
If G is a finite group of order n, then G is isomorphic to a subgroup of S,.
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I Group Action
_ Cayley’s Theorem

¥ Theorem 42 (Cayley’s Theorem)

If G is a finite group of order n, then G is isomorphic to a subgroup of Sy,.

# Proof
Since G is finite, let G = {g1, 82, ..., §n } and let Sg be the permutation
group of G. By identifying g; with i, where 1 < i < n, we see that

Sc = Sy . Therefore, it suffices to find an injective homomorphism?
c:G— Sg.

Consider the function y, : G — G, where a € G, such that y,(g) =
ag forall g € G. Clearly, y, is surjective. Suppose y, = Wy, where
b e G. Thena = p,(1) = pup(1) = b. Thus y, is also injective. It follows
that u, € Sg by definition.

Now define the function 0 : G — Sg such that c(a) = p,. Clearly,
o is injective, since o(a) = o(b) =y, = uy. Observe that
o(ab) = yag = ab = papy. Thus o is a group homomorphism. Note

that ker o = {1}, the trivial group. It follows from the First Isomorphism

'S¢ is the permutation group of G.

We can think of S; as a group of
permutations that permutes the index
of the elements of G. Since there are n
indices, there are n! ways to permute
the indices, and so |Sg| = n! =

|S;|. Then we can certainly find some
isomorphism from S to S;,, and so

Sg = Sy.

2 Why do we need injectivity? We need
homomorphicity in order to invoke the
First Isomorphism Theorem so that we

Theorem that G 2 Imo < S5 = 5,3 4 O

Cayley’s Theorem is, however, too strong at times. We can cer-

tainly find a smaller integer m such that G is contained in S;,. Con-

canget G =2imo < Sg = S,,.

3 We shall use H < G to denote that H
is a subgroup of G from here on.
4This is a result from & Proposition 36
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sider the following example.

Example 15.1.1

Let H < G with |G : H = m < oo. Let X = {¢1H,$2H, ..., gmH} be the
set of all distinct left cosets of H in G 5. For a € G, define A, : X — X by
Ma(gH) = agH, ¢H € X.

Note that A, is a bijection®, and so A, € Sy, the permutation group of
X. Consider the mapping T : G — Sx defined by t(a) = A, fora € G.
Note that Ya,b € G, Ay, = AgAy. Thus T is a homomorphism. Note that if
a € kert, then aH = H which implies a € H by & Proposition 22. Thus
kert C H.

From the example above, if we apply the First Isomorphism Theo-

rem, then
Cer ZimT < Sx =S, < S,

This is the result that we desired.

% Theorem 43 (Extended Cayley’s Theorem)

Let H < Guwith [G : H] = m < oo. If G has no normal subgroup
contained in H except for the trivial subgroup {1}, then G is isomorphic
to a subgroup of Sy,.

# Proof

By our assumption, let X be the set of all distinct left cosets of H in G.
Then we have that | X| = m and so Sx = Sy, 7. From Example 15.1.1,
we have that there exists a group homomorphism T : G — Sx with
K :=kert C H. So by the First Isomorphism Theorem, we have that

G/K =imT.

Since K C H and K < G, we have, by assumption, that K = {1}. It
follows that
G=2imTt < Sx =S5,

5 This is simply a consequence of
[G:H]=m.

® This is true as shown in the proof
above, but it can also serve as a tiny
exercise.

7 This is as argued in the proof of

Cayley’s Theorem.



15.1.2

$ Corollary 44

Let |G| = m € N and p the smallest prime such that p|m. If H < G
with [G : H| = p, then H<G.

¢ Proof

Let X be the set of all distinct left cosets of H in G. We have |X| = p and
50 Sx = Sp. Let T: G — Sx = Sy, be as defined in Example 15.1.1, with
K :=kert C H. By the First Isomorphism Theorem, we have that

C g =imT < Sx =5,

ie. G/K is isomorphic to a subgroup of Sy,. Therefore, by Lagrange’s

Theorem, we have that ‘G/K’ | pl.

Also, since K C H, if [H : K] = k € N, then

G, |WIGl _[G] [H| _
= =

where (1) is by & Proposition 35. Therefore we have that pk |p! and so
kl(p—1)

Note that k| |H| 8, which divides |G|, and p is the smallest prime
dividing |G|. Thus evrey prime divisor of k must be > p.9 Thus k = 1,
which implies that K = H. Therefore, H < G as desired. O

& Definition 28 (Group Action)

Let G be a group, X a non-empty set. A group action of Gon X isa
mapping G x X — X denoted as (a,x) — ax such that

1. 1T-x=x,x€X
2. a-(b-x)=(ab)-x,a,be G, xeX

In this case, we say G acts on X.
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8 This is clear since |H| = k |K].

9 By the
, and since k is finite, let

k = py'p52...pm", where p;’s are distinct
primes and a; € IN are the multiplicities
of the i, and by the

, let p; < piy1. Then we have,
for some b = bj'b3? .. .h;j € N where
the b;’s are distint primes, b; < b1,
and ¢; e NU {0},

m=kb = pi' . p BT b

Since p is the smallest prime that
divides m, we have

p = min{py, p2, ..., pm, by, b2, ..., b}
= min{py, b1}
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I Group Action (Continued)

16.1.1

Remark
Let G be a group acting on a set X. Fora,b € G, and x,y € X, we have
that

a-x=b-y < (b la)-x=y.

In particular, we have

a-x=a-y < x=1y.

Fora € G, define o, : X — X by 0,(x) =a-xforallx € X. In A3,
we will be showing that’:

1. 0, € Sx, the permutation group of X; and

2. The function © : G — Sx given by ©(a) = 0 is a group homomor-
phism with
ker®@={aeG:a-x=x, x € X}.

Note that the group homomorphism © : G — Sx gives an equiv-
alent definition of a Group Actionof Gon X. If X = G, |G| = n
and ker©® = {1} 2, then the map ® : G — Sg = S, shows that G is
isomorphic to a subgroup of S, 3, which is the equivalent statement

of Cayley’s Theorem.

Example 16.1.1

If G is a group, let G act on itselfbya-x = a-x-a~!, foralla,x € G.
Note that the axioms of a group action is satisfied:

* This will be added after the assign-
ment.

2 This is also called a faithful group

action.
3

Exercise 16.1.1

Verify that G is indeed isomorphic to a
subgroup of Sy, using the given information
and the equivalent definition of a group
action.
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7. 1-x=1-x-1"1=x; and
2.a-(b-x)=a-(b-x-b"')-a=ab-x-(ab)~! = (ab) - x.

In this case, we say that G acts on itself by conjugation.

& Definition 29 (Orbit & Stabilizer)

Let G be a group acting on a set X, and x € X. We denote by There is no standardized way of ex-
pressing the orbit and the stabilizer, i.e.
G x— { g-x:Vge G} the notation for orbit and stabilizers
will be different across many references.

the orbit of x and
S(x)={g€eG:g-x=x}CG

the stabilizer of x.

8 Proposition 45

Let G be a group acting on a set X an x € X. Let G - x and S(x) be the
orbit and stabilizer of x respectively. Then

1. S(x) <G

2. there is a bijection from G - x to {gS(x) : g € G} and thus |G - x| =
[G:S(x)].

& Proof
1. Since1-x = x, we have 1 € S(x). If g, h € S(x), then

gh.x:g.(h.x):g.x:x

i.e. S(x) is closed under “composition of group action”. Also note that

ghx=g(gx)=(g""g) x=1Tx=ux

Thus the inverse of each element is also in S(x). Therefore, by the
Subgroup Test, S(x) < G.



PMATH347518 - Groups & Rings 105

2. For the sake of simplicity, let us write S = S(x). Consider the map
¢:G-x— {gS(x): g € G}

defined by ¢(g - x) = ¢S 4. To verify that the map is well-defined, note 4+ We go with the most simplistic and
that rather naive kind of function here.

g x=hx < (hlg)-x=x=1-x

= ¢hlg-x)=¢(1-x)
— h'gs=1.§=5
= gS=hS

We also observe that ¢ is injective. It is also clear that ¢ is onto, and
therefore we have that ¢ is a bijection. It follows that

G-x[={gS:g€ G} =[G:5]

% Theorem 46 (Orbit Decomposition Theorem)

Let G be a group acting on a non-empty finite set X. Let
Xf={xe€X:a-x=xVacG}

(Note that x € Xy < |G-x|=1)5 5 Notice that

Lo ) ) , €EXr <= VYacGa-x=
Let G-x1, G- xy, ..., G - x,, denote the distinct nonsingleton orbits (i.e. T ‘ e

— Vg-xeG- Sx =
|G-xj| >1foralll <i<mn). Then o et

— |G-x|=1

IX| = ‘xf‘ +§[G:S(xi)].

& Proof
Note that for a,b € G and x,y € X,
a-x:b~y@ (b7la)-x=1y
— yeG-x

&» G-x=G-y
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where (1) is the conclusion after considering the other case where (a=1b) -
y=x

Thus, we see that the two orbits are either disjoint or the same, but
not both. It follows that the orbits form a disjoint union of X. Since x €
Xf <= |G-x| =1, theset X \ Xy contains all nonsingleton orbits,
which are disjoint. It follows that

1X| = ‘Xf) +é|G-xi| @ ]Xf\ + é[c £ S(x1)]

where (2) is by & Proposition 45. O
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_ Group Action (Continued 2)

66 Note (Recall ® Theorem 46)

Let G act on a finite set X # @. Let" * Xy is also called the set of elements of
X that are fixed by the action of G.

Xfp={xe€X:a-x=x,a€G}

Let G- x1,G - x3, ..., G - xy, be distinct nonsingleton orbits (ie. |G - x;| >
1). Then

1X| = ‘Xf\ +é[G:S(xi)].

Example 17.1.1 (Conjugacy Class & Centralizer)

Let G be a finite group acting on itself by conjugation. In the context of
B Theorem 46, we have that

X=G
Gf:{xeG:gxg_lzx,geG}
={xeG:gx=xg, g€ G} =Z(G),

where we recall that Z(G) is the center of G. Now for any x € G, we have
G-x={gxg':g€G},
which is known as the conjugacy class of x. We also have

S(x)={g€G:gxg" =x} = {g € G: gx = xg} = C(w),
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which is called the centralizer of x.

Putting the above example with ® Theorem 46, we have the fol-

lowing corollary.

&= Corollary 47 (Class Equation)
Let G be a finite group and {gx1¢~ ' : ¢ € G}, ..., {gxng™ ! : g € G}

denote the distinct nonsingleton conjugacy classes. Then

Gl = 1Z(G)| + i[c : Colx)].

1

4 Lemma 48

Let G be a group of order p™, where p prime and m € IN, which acts on a
finite set X. Let

Xf={x€eX:a-x=x,a€G}.

Then we have
|X| = ‘Xf‘ mod p

& Proof
By the Orbit Decomposition Theorem, we have that

XI=[x] + L6 5(x)

where [G : S(x;)] > 1 for 1 < i < n. For any x;, by Lagrange’s Theorem,
[G : S(x;)]| |G| = p™. Since [G : S(x;)] > 1, we have, by the Funda-

mental Theorem of Avithmetic, that [G : S(x;)] must be a multiple of
p, i.e. p divides [G : S(x;)], for all i. Therefore, p | (|X| - ‘Xf )

, Le.

|X| = ‘Xf‘ mod p,

as required. 0
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RecaLrL Lagrange’s Theorem: If G is finite and ¢ € G, then

o(g)| 1G]

An interesting question to ask here is: Is the converse true? Le.,
given a group G with an integer m such that m | |G|, does G contain

an element of order m?

Consider Ky, the Klein 4-group. Note that all elements of K4 have
order at most 2, but 4| |[Ky4| = 4.

Now if m is some prime, is the converse still true?

Let p be a prime, G be a finite group. If p | |G|, then G contains an ele-

ment of order p.

¢ Proof (McKay)
Let |G| = n. Suppose p | n. Let

X = {(111,...,11p) ta; € G, ap...ap = 1}

Note that X # @, since (1,...,1) € X (so the proof is not vacuous). Take
any ay, ..., ap—1 € G, then ay is uniquely determined, i.e.

_ -1
ap=(ay...ap_1) .
Now for each a;, we have n choices, thus |X| = nP~1.2 > Convince yourself why this is true.

Let Zy = (Zp,+) act on X by “cycling”, i.e. Vk € Z,,

k- (a1, az,...,ap) = (Qk41, kg2, s Ap, A1, .., Ak).

109

3 Note that 3 We want to use ® Theorem 46 from

here.

(a1,..,ap) € Xy <= every cycled shift of (ay, ..., ap) is itself

= ay=ay=...=apand may..ay =1

i.e. all of the components of the p-tuple are the same. Now if (a1, ..., ap)
has at least 2 distinct components, then its orbits must have p elements.
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In other words, for some r € IN, foreach1 < i < r, we have that
[G : S(x;)] = p. Then, by the Orbit Decomposition Theorem,

nP~1 = |X| = ‘Xf‘ + é[G £ S(x)]
Xg| =t =t

We observe that ‘X f‘ is indeed divisible by p and is non-zero, since
(1,.,1) € X £ Therefore, there exists some a # 1 € G, such that

(a,..,a) € Xy, ie. al = 1. We know that p is the smallest power by
construction, and therefore o(a) = p as required. g
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I Finite Abelian Groups
B Drimary Decomposition

66 Note (Notation)
Let G be an abelian group and m € Z. We define

G :={geG:g"=1}

8 Proposition 50 (Group of Elements of the Same Order is a

Subgroup)

Let G be an abelian group. Then G < G,

& Proof
Note that 1" = 1 € G(m), Vg, h € G since G is abelian, we have

fhat? ' Pay attention that this is only true if G
(gh)m = gmhm =1-1=1. is abelian.

Therefore gh € GU™). Also, for g € G'™), we have
m -
(1) =" =1

Thus g—* € G, By the Subgroup Test, we have that G < G. O
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Let G be a finite abelian group with |G| = mk such that ged(m, k) = 1.
Then

1. G2 G x G and

2. ‘G(m)‘ = m and ‘G(k)‘ =k

& Proof
1. Since G is abelian, G < G and GM 4G.

Claim 1: G N GH = {1}

Proof of Claim 1: Vg € G") N GK), g" =1 = gk

- ged(m, k) =1, by ,AvyeZ 1=mx+ky
= g=g' =gV = (") (g =11=1

— G NGK = {1} as claimed.

Claim 2: G = GMGK) 2 * Recall that this is the Product
VgEG ro(g) =mk 1=g" = (g")" = (g")F
It follows that g € G and ¢" € G®). From Claim 1 and by

abelianness, we have that
g= gmx+ky _ (gk)y(gm)x € G(m)G(k)

Thus G C G G®). On the other hand, since G < G and G®) < G,
by Lemma 29, we have that G/ G®) < G and hence G GW) C G.
Thus G = G G®) s claimed.

From Claims 1 and 2, we can conclude by #= Corollary 333, that 3Should this not be ® Theorem 32?
G = G x GW gs required.

2. Write ‘G(m)‘ = m' and ‘G(k)‘ = k'. By part (1), we have that
mk = |G| = m'k.

Claim 3: ged(m, k') =1

Suppose not

= Jpprime p|mandp|k

— g Gl o(g)=p " Cauchy’s Theorem

Nowp|m = g€ Z m=pq

= g"=gM=1 "o(g)=p

= g€ G,

By part (1), we have that g € G NGK = {1} = ¢ =1, which
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contradicts the fact that o(g) = p. Thus ged(m, k') = 1 as claimed.
Similarly, we can get that ged(m’, k) = 1.

Notice that mk = m'k’ — m|m'k
= m|m' - ged(m, k') = 1and similarly k | k'. But then
mk = m'k" would imply that m" = m and k' = k.

As a direct consequence of & Proposition 51, we have the follow-

ing:

2 Theorem 52 (Primary Decomposition)

Let G be a finite abelian group with |G| = pi' ... p.*, where py, ..., py are
distinct primes, and ny, ..., nxy € IN. Then

1. G G(p;ll) X ... X G<pzk);and

2 Vil<i<k ‘G@’?i) _—

WSS o

On a related note of the groups G<pi l> , we define the following:

& Definition 30 (p-Group)

Let p be a prime. A p-group is a group in which every element has an

order that is a non-negative power of p.

8 Proposition 53 (p-Groups are Finite)

A finite group G is a p-group <= |G| is a power of p (including p°).
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# Proof
(<) If|G| = p* for some x € NU{0} and g € G, by #= Corollary 24,

o(g)[p*
= G isa p-group.

( =) Consider the contrapositive and let |G| = p"p52 ... p* where
p, 2, ..., px are distinct primes, n € IN U {0}, and ny, ..., n, € IN. For
k > 2, by Cauchy’s Theorem, p> | |G|

— 30 €G og)=p

= G is not a p-group.

Therefore, our desired result follows. O

OUR END GOAL here is to prove to ourselves that all finite abelian
groups can be written as cross products of cyclic groups, i.e. if G is

an abelian group, then
GECy xCyx...xCy.
With ® Theorem 52, we have that
GG xXGy X...xGy.

The following proposition will enable us to get to our goal from our

current position:

If G is a finite abelian p-group that contains only one subgroup of order
p, where p is prime, then G is cyclic. In other words, if a finite abelian

p-group is not cyclic, then it must have at least 2 subgroups of order p.
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I Finite Abelian Groups (Continued)

B - Groups (Continued)

66 Note (Recall)
Recall the definition of a p-group:

G is a p-group if the order of all of its elements is a non-negative power
of p <= |G| = p* for some k € NU{0}.

We shall now proceed to prove the proposition mentioned by the
end of last class.

8 Proposition 54 (Finite Abelian p-Groups of Order p are Cyclic)

If G is a finite abelian p-group that contains only 1 subgroup of order p,
then G is cyclic. In other words, if a finite abelian p-group is not cyclic,
then G has at least 2 subgroups of order p.

# Proof
Since G is finite, let y € G have maximal order.

Claim: G = (y )

Proof of Claim: Suppose not. Since ( y ) <G *, consider the quotient *We have (y) < G and G is abelian.
group G/< ) which is, therefore, a nontrivial p-group, since |(y )| = p.
By Cauchy’s Theorem, we know that 3z € G/ (y) such that o(z) = p 2. *Note that we have G/< y)isap-
In particular, we have that z # 1 3. Consider the coset map group <= ‘G/< y >‘ = p* for

some k € IN U {0}. The existence of
our chosen z follows from there by
Cauchy’s Theorem.

31f z = 1, then its order would not be p.
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m:G— G/( y >
Let x € G such that 7(x) = z 4. Since
n(xp) = n(x)p =zP = 1,

we have that xP gets mapped to 1 by 7t,i.e. xP € (y ).
= dm € Z such that xP = y™. We shall consider two cases:
Case 1: p { m.

"+ ptm, we have that ged(m, |(y )|) = 1, and hence by & Proposition 18

5, we have that o (y™) = o(y). Because y has maximal order, we have

(") € o) < o(y) = o(y"™) = o(x")

where note that (1) is true because x would need to take more powers of p
than xP to get back to 1. We observe that we have arrived at a contradic-
tion.
Case 2: p | m.

plm = IKE€Z m=pk = xP =y"=ybk

. G is abelian, we have that (xy k)P = 1.

By assumption, there is only one subgroup of G of order p, call it H.
Thus xy* € H. On the other hand, by the Fundamental Theorem of Finite

Cyclic Groups ©, ( y ) has only one subgroup of of order p, which must
be H. Therefore, in particular, we have xy™* € ( y ) which implies

x € (y ). It follows that z = 7t(x) = 1since ( y ) is the identity in the
quotient group G/< ) which contradicts our choice of z # 1.

Therefore, by combining the two cases, we have that G = (y ). O

8 Proposition 55

Let G # {1} be a finite abelian p-group that contains one subgroup

of order p. Let C be the cyclic subgroup of G of maximal order. Then

3B < G such that G = CB and CN B = {1}. By = Corollary 33, we
have G = C x B.

& Proof
We shall prove this result by induction. If |G| = p, then C = G by
definition and we can choose B = {1}. The result follows from there.

4 Recall that 77 is surjective by

8 Proposition 35.

8 Proposition (Proposition 18)
Let G = (g )witho(g) =n € N. We
have

G={(g") <= ged(k,n) =1

¥ Theorem (Theorem 19)

Let G= (g )witho(g) =n € N.

1. Hisasubgroup of G — 3d €
Ndln H=(g") = |H||n

2. kln = (gé ) is the unique
subgroup of G of order k.
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Suppose that the result holds for all groups of order p"~! with n € N and
n > 2. Consider the case for |G| = p". There are two cases to consider
from here.

Case 1: If C = G, then we can pick B = {1} so that the result follows.

Case 2: If C # G, then G is not cyclic. By 8 Proposition 54, there exists
at least 2 subgroups of G that are of order p. Since C is cyclic, by the
Fundamental Theorem for Finite Cyclic Groups, we have that C contains
exactly one subgroup of order p. Then 3D < G such that |D| = p and
D ¢ C, and consequently CN' D = {1}. Now since G is abelian, D < G

and hence we may consider its coset map:
m:G— G/D

If we consider 7t [¢, called the restriction of won C7, then ker it [c= 7 The restriction of 77 on C simply

. . means that we restrict the domain of 7
CN D = {1}. Then by the First Isomorphism Theorem, we have o work solely for the subset C. In plain

C words, we are only considering the case
C= /ker i ~imr [c= 7(C). where 7t is applied onto elements of C.

Now let y be the generator of the cyclic group C. Then since t(C) = C,
we have 7(C) = ( m(y) ). By assumption on C, rt(C) is the cyclic

subgroup of G/D of maximal order 8. Since ’G/D’ =p" by ¥Since C = 71(C), this is a clear result.
. ) e Otherwise, if there is some other 77(K)

Lagrange's Theorem, and by the induction hypothesis, =/ has a sub- that has a larger order than 7(C),

group E such that 7t(C)E = G/D and (C)NE = {1}. then by 7! (K), we will get some

cyclic subgroup that has an order
that is larger than C, which is a clear
contradiction to our assumption.

Therefore, choose B = t~1(E), i.e. ©(B) = E.

Claim1: G = CB
ote that - fxe G, 7T =TT = , we 9 Note that E is a subgroup of %/, so
Note that D € B®. Ifx € G, m(C)n(B) = n(C)E = & group of G/
have that 3u € C, v € B such that the identity of &7, D must be in E.

Therefore, we clearly have D C B.

By homomorphicity, we have t(xu= v=1) = 1 which implies xu='vo~! €

D C B. Then because v € B, we have that xu~! € B since B is a group.

Then since G is abelian, we have

x=uxu"! € CB.

Claim 2: CNB = {1}.

Let x € CNB. Then rt(x) € m(C)Nm(B) = n(C)NE = {1}. Then,
() =1¢€ C/D, we have that x € D. Therefore, x € CND = {1}
which then x = 1.
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Since Claims 1 & 2 hold, the result follows by induction.
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I /- Groups (Continued 2)
Recall that we had the following subgroup of a group G.
G ={geG:g"=1}.

We discussed about the Primary Decomposition, ® Theorem 52,

and then arrived at & Proposition 55. With these, we can have the

following theorem:

¥ Theorem 56 (Finite Abelian Groups are Isomorphic to a Di-

rect Product of Cyclic Groups)

Let G # {1} be a finite abelian p-group. Then G is isomorpic to a direct
product of cylic groups.

# Proof

By & Proposition 55, there is a cyclic group Cy and a subgroup By of

G, such that G = Cy x By. Since By < G, we have that |B;| ‘ |G|,
and so by ® Theorem 23, By is also a p-group. If By # {1}, then by

8 Proposition 55, there exists a cyclic group Cp and a By < By such that
B1 = C, X Bs.

By continuing this line of arqument, we can get Cy,Cy, ... until we get
to some Cy with By = {1}, for some k € IN. Then

G§C1XC2><...XCk



120 Lecture 20 Jun 18th 2018 - Finite Abelian Groups (Continued 2)

as required. O

Remark
We can verify that the decomposition of a finite abelian p-group into a direct
product of cyclic groups is in fact unique up to their orders.*

Combining the above remark, ® Theorem 52 and ® Theorem 56,

we have the following theorem.

If G is a finite abelian group, then
G=Cn X...xC
P1 Pr

where Cpf'i is a cyclic group of order p', where 1 < i < k. The numbers

p?i are uniquely determined up to their order.?

Remark

Note that if py and py are distinct primes, then

CnmxCn=C
P P P

the cyclic group of order py* p5?. Thus, by combining suitable prime factors
together, for a finite abelian group G, we can also write

G=Zy XLy X ... X Ly,
wherem; € N, 1 <1<r,m >1and
my | my | ... | m,
Example 20.1.1

Conder an abelian group G with order 48. Since 48 = 2* - 3, an abelian
group of order 48 is isomorphic to H x Z3, where H is an abelian group of
order 2*. The options for H are:

224 223 X 2oy Zzz X Zzz
Zzzx,ZzXZz ZzXZzXZzXZQ

* This is the bonus question on A4. It
will be included once the assignment is
over.

> Note that the p;’s do not have to be
unique.



Therefore, we have the following possible decompositions of G:

G = Zoy X 23 = Zyg

G =2 Zogs X Loy x L3 = Lo X Loy

G=2Zyp X Zyp xZ3 =24y X Z1p

G=Zyp XLy XLy XxZ3=2LyXZoyxZ1

G=EZy XDy XDy XLy XDy =2y X2y XL X g

I Rings

20.2.1

& Definition 31 (Ring)

Aset RisaringifVa,b,c € R,

1.

2.

9.

a+beR

a+b=0b+a

a4+ (b+c)=(a+b)+c

H0Ve€eRa+0=a=0+a
I(—a)eR a+(—a)=0=(—a)+a
ab e R

a(bc) = (ab)c
J1leRla=a=a-1

a(b+c) =ab+acand (b+ c)a =ba+ ca

We call 1 as the Unity of R, 0 as the Zero of R, and —a as the negative
of a.

The ring R is called a Commutative Ring if it also satisfies the fol-

lowing:

10.

ab = ba.

Example 20.2.1
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As daunting as this definition seems, it
is much easier to remember if we think
of R being an abelian group under
addition, “almost” a group under
multiplication, save the fact that the
multiplicative inverse of an element
does not necessarily exist, and with the
distributive law.
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Z,Q,R and C are commutative rings with the zero being 0, and unity
being 1.

Example 20.2.2

Forn € N, n > 2, Z, is a commutative ring with the zero being [0], and
unity being [1].

Example 20.2.3

The set My, (R) is a ring using matrix addition and matrix multiplication,
with zero being the zero matrix 0, and unity being the identity matrix 1. We
also know that M, (R) is not commutative.

¥¥ Warning

Note that since (R, -) is not a group, we no longer have the liberty of
using & Proposition 6, i.e. we do not have left or right cancellation. For
example,in Z,0-x =0-y =~ x =y.
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B  Rings (Continued)

66 Note (Notation)
Given a ring R, to distinguish the difference between multiples in addi-
tion and in multiplication, forn € N A a € R, we write

ni=a+a+...+a
—_————
n times
and
a'=a-a-...-a
——

n times

respectively. Also, we will define

(—n)a=(—a)+(—a)+...+ (—az

n times

= ()’

and

if a1 exists.

66 Note
Recall that for a group G and g € G, we have §° = 1, ¢' = g, and

-1 ..
(§7Y) " = g Thus for addition, we have* *Note that the first 0 is an integer while
the second 0 is a zero in R.
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Also, by & Proposition 5, if n,m € Z, we have

m-a+n-a=(m+n)-a
n(ma) = (nm)a

n(a+b) =na+nb

8 Proposition 58 (More Properties of Rings)

Let R be aringand r,s € R. This is a problem in A4.

1. IfOis the zero of R, then0-r =0=r-0; 2 2j.e. all the 0’s are zeros of R.
2. —r(s) = —(rs) =r(—s);

3. (=7)(=s) =7s;

4. Ym,n € Z, (mr)(ns) = (mn)(rs).

& Definition 32 (Trivial Ring)

A trivial ring is a ring of only one element. In this case, we have 1 = 0,
i.e. the unity is the zero and vice versa.

Remark
If R is a ring with R # {0}, sincer = r-1forall v € R, we have 1 # 0.
Otherwise, if 1 =0, thenr =r-1=r-0=0,ie. R = {0}.

Example 21.1.1

Let Ry, Ry, ..., Ry, be rings. We define component-wise operation on the
product
Ry X Ry x ... xRy
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as follows:

(11,72, s Tn) + (81,82, s Sn) = (r1+ 51,72 + 82, e ' + Sn)

(r1,72, s 1) (51,52, s Sn) = (7151, 7252, --s T'nSn)

We can check that Ry X Ry X ... x Ry, is a ring with the zro being (0,0, ...,0)
and the unity being (1,1, ...,1). This set

Ry X Ry x...x Ry

is called the direct product of Ry, Ro, ..., Ry.

& Definition 33 (Characteristic of a Ring)

If R is a ring, we define the characteristic of R, denoted by ch(R), in
terms of the order of 1 in the additive group (R, +), by

ch(R) = {n ifo(lg) =n € Nin (R, +)
0 ifo(lg) = coin (R, +)

For k € Z, we write kR = 0 to mean that Vr € R, kr = 0.

By & Proposition 58, we have

kr =k(1g-r) = (klg) - r

and so kR = 0 if and only if k1g = 0. Then, since (R, +) is a group,
by 8 Proposition 13 and 8 Proposition 14, it follows that:

8 Proposition 59 (Implications of the Characteristic)
Let R be a ring and k € Z.3 3 This is why we defined ch(R) = 0 if
o(1g) = o0

1. ch(R)=neN = (kR=0 < n|k)

2. ch(R)=0 = (kR=0 <= k=0)

Example 21.1.2

Each of Z,Q, R and C has characteristic 0. For n € IN with n > 2, the ring
Z.,, has characteristic n.
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21.1.2

& Definition 34 (Subring)

A subset S of a ring R is a subring if S is a ring itself (under the same
operations: addition and multiplication).

Note that properties (2), (3), (7) and (9) from & Definition 31 are
automatically satisfied. Thus, to show that S is a subring, it suffices to
show the following;:

Subring Test
1. 0,1 €S+
2. 5,t€S = (s—t),steS
Example 21.1.3
We have the following chain of commutative rings:
Z<,Q<,R<C
Example 21.1.4
If R is a ring, the center Z(R) of R is defined as
Z(R)={z€R:zr=rz,r € R}.
Note taht 0,1 € Z(R). Also, if s,t € Z(R), then Vr € R,
(s—tr=sr—tr=rs—rt=r(s—t)
and so (s — t) € Z(R). Also,
(st)r =s(tr) = s(rt) = (sr)t = (rs)t = r(st)
and so st € Z(R). By the ,Z(R) <; R.
Example 21.1.5

Let
Z[c)={a+bi:abecZ i’=-1} CC.

Unlike subgroups, since there is no
proper suggestion of a symbolic repre-
sentation, I shall use S <, R to denote
that S is a subring of R, in compari-

son to < for subgroups, which has no
subscript. Note that this is purely for
keeping my writing succinct, and so the
subscript r is used simply to indicate
that the < symbol is for denoting a sub-
ring and should not be confused with
other 7’s that may be used in a proof.
This notation is also not used in class,
and should be avoided during materials
outside of this set of notes.

4The 0 € S is certainly not necessary to
be shown, since from part (2) we would
haves €S = 0€ (s—s) €S.
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It can be shown that Z[i] <, C, and is called the ring of Gaussian inte-

gers.> 5 Proof that the Gaussian integers is
a subring is in A4, which shall be
included after the assignment is over.
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Let R be a ring and A an additive subgroup of R. Since (R, +) is
abelian, we have that A < R. Thus, we can talk about the additive

quotient group
R/A ={r+a:r € R} with

r+A={r+a:ae€ A}

Using the properties that we know about cosets and quotient

groups, we have the following proposition.

8 Proposition 60 (Properties of the Additive Quotient Group)
Let R be a ring and A an additive subgroup of R. For r,s € R, we have
1. r+A=s+A < (r—s)€ A

2. r+A)+(s+A)=(r+s)+A

3. 0+ A = A s the additive identity of R, ‘A

4. —(r+ A) = (—r) + A is the additive inverse of r + A

5.VkeZ k(r+A)=kr+A

Since R is a ring, it is natural to ask if we could make R, 4 into a

ring’. A natural way to define “multiplication” in R, A is

This is just a translation of the proper-
ties of cosets and quotient groups, that
we are familiar with, into the language
of addition. You can (read: should)
prove this as an exercise for yourself
(read: myself).

* Ideally (see what I did there?), we
would want R/ ‘A as aring, just as we
had R/ ‘A as a group.
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(r+A)(s+A)=rs+A VrseR (1)
Note, however, that we would have
r+A=r+A s+A=s5+A

with 7 # ry and s # s1. In order for Equation (1) to make sense, it is

necessary that
r+A=rn+AANs+A=51+A = rs+A=nrs1+A

so that this “multiplication” is well-defined.

8 Proposition 61

Let A be an additive subgroup of a ring R. Then Va € A, define
Ra={ra:re R} aR={ar:r e R}.

The following are equivalent (TFAE):
1. Ra C Aand aR C A, Va € A;

2. Vr,s €R, (r+A)(s+ A) = rs + A is well-defined in R/A.

# Proof
(1) = @) Ifr+A=rn+Aands+A=s+A, forr,r,s,s; €R,
we need to show that

rs+ A =r151 + A.

By & Proposition 6o, we have that (r —r1), (s —s1) € A, and so by (1),
we have

S —11S] = 1S — 1S + 1S — 1151
=(r—ry)s+r(s—s1)

€(r—r)R+R(s—s1)CA

Therefore, by & Proposition 60 again, we have rs + A = rys; + A.
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(2) = (1): Letr € Rand a € A. We have that

ra+A=(r+A)(a+A) - (2)
=(r+A)0+A) ~a0cA
(r-0)+A (2

0+ A -0 Proposition 58
A

"0 Proposition 60

Thus ra € A and so Ra C A. Similarly, we can show that aR C A. O

& Definition 35 (Ideal)

An additive subgroup A of a ring R is called an ideal of R if Ra,aR C
A,Va € A.

Example 22.1.1

If R is a ring, {0} and R are both ideals of R.

8 Proposition 62 (The Only Ideal with the Multiplicative Iden-
tity is the Ring Itself)

Let A be an ideal Ofﬂ 7 ing R. If 1€ A, then A =R. This also shows that if we want a non-
trivial ideal, then the ideal should not
have 1.

& Proof

Vre R, Aisanideal and 1 € A, we haver =r -1 € A. It follows that

RCACRandso R = A. O

8 Proposition 63 (Construction of the Quotient Ring)

Let A be an ideal of a ring R. Then the additive quotient group R, ‘pisa
ring with the multiplication (r + A)(s + A) = rs+ A, Vr,s € R. The
unity ofR/A is 1+ A.
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# Proof

" A is an additive subgroup of a ring R, R, ' s an additive abelian
group. By & Proposition 61, the multiplication on R, ‘4 is well-defined.
The multiplication is associative, since V'r,s,q € R,

(r+A)((s+A)(g+A) =F+A)(sg+A) = (rsq+ A)
=(rs+A)(g+A)
= ((r+A)(s+ A)(g+ A).

We also have
r+A)1+A)=r+A=(1+A)(r+A)

and so the unity of R, ‘A is 1+ A. The distributive property is inherited
from R. 0

& Definition 36 (Quotient Ring)

Let A be an ideal of a ring R. Then the ring R, ‘4 18 called the quotient
ring of R by A.

& Definition 37 (Principal Ideal)

Let R be a commutative ring and A an ideal of R. If A = aR = {ar : r €
R} = Ra for some a € A, we say that A is a principal ideal generated
by a, and denote A = (a ).

Example 22.1.2

Ifn € Z, then { n ) = nZis a(n) (principal) ideal of Z., since Z. is
commutative.

8 Proposition (Ideals of Z are Principal Ideals)
All ideals of Z are of the form ( a ) for some n € Z.
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We shall prove this in the next lecture.
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8 Proposition 64 (Ideals of Z are Principal Ideals)

All ideals of Z are of the form ( n ) for some n € Z.

# Proof

Let A be an ideal of Z. If A = {0}, then A = (0 ). Otherwise, let a € A
with a # 0, and |a| be the minimum. Clearly, ( a ) = aZ C A. To prove
the other inclusion, let b € A. By the Division Algorithm, 3g,t € Z
with 0 < r < |a| such that b = qa + r. Because A is an ideal, we have

r =b—qa € A. Since |r| < |a| which is the minimal case, it must be
that r = 0. Thereforeb =qa € (a)andso A C (a). O

_ Isomorphism Theorems for Rings

& Definition 38 (Ring Homomorphism)

Let R and S be rings. A mapping
®:R—S

is a ring homomorphism if Va, b € R, we have
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1. ©(a+b) =0(a)+O(b)
2. O(ab) = O(a)O(b)

3. O(1g) =15

(2) =% (3) because ©(1g) € S does not necessarily have a multiplica-

tive inverse, since S is a ring.

Example 23.1.1
The mapping k — [k] from Z — Z.,, is a surjective ring homomorphism.
Example 23.1.2 (Direct Product of Rings)
If Ry, Ry are rings, the projection
7 : Ry X Ry — Ry defined by 111 (r1,12) = 11

is a surjective ring homomorphism, since

1. my(r 42, q1 4 42) = i+ 2= m(r,g1) + mi(r2,42);
2. m1(rire, q1q2) = rirp = my(r1, q1)1(r2, 42); and

3. 7(1,1) =1

We can a similar 7t : Ry X Ry — Ry such that (r1,12) v 1o, and we will
get that 715 is also a surjective ring homomorphism.

Let © : R — S be a ring homomorphism and let r € R. Then
1. ©®(0g) = 0g

2. O(—r) =-0(r)

3. O(kr) = kO(r)

4. Vn e NU{0} O(r") =0O(r)"

5. UERY = VkeZ O(uk) =0(u)



& Proof
1. Note that
O(r) = O(0r +7) = O(0g) + O(r).

Therefore,
©(0r) = 0s

as required.
2. Note that
0s =O(0g) =0O(r—r) =0(r) + O(—r),
S0
O(—r) = —-0(r).
3. Observe that

Okr) =0(r+r+...4+1)=0(r)+0O(r) +...+ O(r) = kO(r)

k times k times

Item 4 follows by induction on the definition of a ring homomorphism,
and Item 5 follows as a result from Item 4 because if u € R*, then u=! €
R* such that uu=1 = 15. O

& Definition 39 (Ring Isomorphism)

A mapping of rings © : R — S is a ring isomorphism if © is a bijective
ring homomorphism. In this case, we say that R and S are isomorphic
and denote that by R = S.

& Definition 40 (Kernel and Image)
Let ©® : R — S be a ring homomorphism. The lernel of © is defined by

ker@ ={re R:O(r) =05}
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and the image of © is defined by

im®:=0(R) ={O(r) : r € R}.

8 Proposition 66
Let ©® : R — S be a ring homomorphism. Then
1. im® <, S

2. ker® is an ideal of R

# Proof
1. O(1r) = 1g by definition of a homomorphism so (1) € im®.
Suppose s1 = O(r1) and s; = O(ry), then

s1—52=0(r1) — O(r2) = O(ry —12)
$152 = O(r1)O(r2) = O(r172)
are both in im @. By the Subring Test, im® <, S.

2. Since ker © is an additive subgroup of R, it suffices to show that
ra,ar € ker® forallr € Rand a € ker®. Let r € Rand a € ker ©.
Then

O(ra) =0(r)O(a) =0O(r)-0=0

So ra € ker ®. Similarly so,
Oar) =0(a)O(r) =0-O(r) =0

and so ar € ker ©. Therefore, ker ® is an ideal of R.

¥ Theorem 67 (First Isomorphism Theorem for Rings)

Let ©® : R — S be a ring homomorphism. Then

R er@ = imo.
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& Proof
Let A = ker®. Since A is an ideal of R, we have that R, 4 is a ring.
Define
0: Ry = imOby (r+ A) — 0(a).
Note that

r+A=s+A < (r—s)€ A < O(r—s)=0 < O(r) = 0O(s).

Therefore © is well-defined and injective. Also, it is clear that © is sur-
jective. To show that Oisa homomorphism, note that Vr,s € R, we

have

O(r+A+s+A)=0(r+s+A)=0(r+s)
O(r) +0(s) =O(r+ A) + O(s + A).

It follows that © is a ring isomorphism and so
2% ker@ = Im®

as required. O

Exercise 23.1.1
Let A, B <, R, where R is a ring. Prove that
1. AN B is the largest subring of R contained in both A and B.

2. If either A or B is an ideal of R, the sum
A+B={a+b:ac A beB}

is a subring of R, and is the smallest subring of R that contains both A
and B.

% Theorem 68 (Second Isomorphism Theorem for Rings)
Let A be a subring and B an ideal of a ring R. Then
1. A+ B<, R;

2. Bisanideal of A+ B;
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3. AN Bisan ideal of A; and

4.

(A+B)/BEA/(AHB)

¥ Theorem 69 (Third Isomorphism Theorem for Rings)

Let A and B be ideals of R with A C B, then B/ ‘A is an ideal of R/ ‘4 and

(%a) [ (Va) =%
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% Theorem 70 (Chinese Remainder Theorem)
Let A and B be ideals of R.
1. A+B=R = R/(AHB) =R/ x R4

2. A+B=RAANB={0} = R=R/ xRy

¢ Proof
It suffices to prove (1) since if (1) is true and AN B = {0}, then (2)
immediately follows.

Define
©:R—=RyxRp v (r+Ar+B)

Then © is a ring homomorphism *.

& Proof (O is a ring homomorphism)

Vr,s € R, we have

O(rs) = (rs+ A,rs+ B)

“ (r+ Ar+B)s+As+B)

= 0(r)0(s)

1

Exercise 24.1.1
Prove that © is a ring homomorphism.
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where (*) is by & Proposition 63. Also by the same proposition, we
have
O(1) =(1+A,1+B).

Then,

O(r+s)=(r+s+Ar+s+B)

—
—

= (r+A,r+B)+(s+A,s+B)
=0(r) +O(s)

where (1) is by & Proposition 6o.

Note that ker® = A N B, since
kerO@O={reR:0O(r)=(A,B)} ={re AANreB}=ANB.

To show that © is surjective, let (s + A,t + B) € R/A X R/B with
s,t € R.SinctcA+B =R,Ja € A, 3b € Bsuch that a+b = 1. Let
r = sb+ ta. Then

s—r=s—sb—ta=s(l1—-b)—ta=sa—ta=(s—thac A
t—r=t—sb—ta=t(1—a)—sb=tb—sb=(t—s)b B

and so by & Proposition 6o,
s+A=r+Aandt+B=r+B.

Therefore
O(r)=(r+Ar+B)=(s+At+B),

and so © is surjecive. Then by the ® Theorem 67,

Rians =2¥ax%p

WHY 15 ® Theorem 70 called the Chinese Remainder Theorem?

Let m,n € IN with ged(m, n) = 1. Then we know that

mZ N\ nZ. = mnZ.



Also, mZ + nZ = Z since 1 = ma + nb for some a,b € Z by Bezout’s

Lemma. And so:

& Corollary 71

1. If m,n € N with ged(m,n) =1, then

Z/ng = Z/mZ x Z/nZ

Loy = Ly X Zoyy
2. Ifm,n € N withm,n > 2 and ged(m,n) = 1, then

¢(mn) = p(m)p(n)

where ¢p(m) = |Z;,| is Euler’s p-function.

LET p be a prime. Recall that one consequence of Lagrange’s Theo-

rem is that every group G of order p is cyclic, i.e. G = C).

An analogous notion in rings is the following:

8 Proposition 72 (Ring With Prime Order Is Isomorphic to Inte-
ger Modulo Prime)

If R is a non-trivial ring with |R| = p where p is prime, then R = Z,,.

# Proof
Define
©:Z,—~R [k] — k- 1g.

Note that since R is an additive group with |R| = p, by Lagrange’s

Theorem, o(1g) = 1 or p. Since R is non-trivial, we have that 1g # 0
by the remark on the definition of a trivial ring, and so o(1g) # 1. Thus
o(1r) = p. Then, by & Proposition 59, we have

k] = [m| < p|(k—m) <= (k—m)lg =0 <= k-1g =m-1g
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in R. Thus, © is well-defined and injective. © is also a ring homomor-
phism 2.

# Proof (O is a ring homomorphism)
V[a], [b] € Z, we have

©([a][b]) = ©([ab]) = ab-1g
= (a-1g)(b-1r) = ©([a])O([0]).
O([1]) =1-1r = 1g

and

O([a] +[b]) = O([a+b]) = (a+b) - 1g
=a-1g+b-1g = @([a]) +®([b])

So © is a ring homomorphism.

Now because |Z,| = p = |R| and © is injective, ® must be surjective.

Therefore © is a ring isomorphism and hence R = Z,, as required.

O

I Cornmutative Rings

_ Integral Domain and Fields

& Definition 41 (Units)

Let R be a ring. We say that u € R is a unit if u has a multiplicative
inverse in R, and denote it by u~L. We have

2

Exercise 24.1.2
Prove that © is a ring homomorphism.



If uis aunitin R, and r,s € R, we have

Ur =us — r=s:s

U =SU = T =S8

Let R* denote the set of all units in R. We know that the definition of a
ring is that R is “almost” a group under multiplication except that its
elements do not necessarily have multiplicative inverses. Since R* C R

is the set that contains all units, i.e. all elements with multiplicative
inverses in R, we have that (R*,-) is a group. This is called the Group of
Units of R.

Example 24.2.1

Note that 2 is a unit in Q, but it is not a unit in Z.. We have that
Q' =Q\ {0} and Z* = {+1}

Example 24.2.2

Consider the ring of Gaussian Integers,

Zli)={a+Vbi:abcZ i*=-1} <C.

Then
Z[i]* = {£1,+i} < C.
& Proof
Zli|<C:

Note that 1 =1+0-i € Z[i]. Vx,y € Z[i], write
x=a+bi y=c+di
for some a,b,c,d € Z. Observe that
xy = (a+bi)(c+di) = (ac — bd) 4+ i(bc + ad) € Z]i] (24.1)
since (ab — bd), (bc + ad) € Z. Also, with a similar reason

x—y=a+bi—c—di=(a—c)+i(b—d) e Z]i].
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Therefore, by the Subring Test, Z[i] is a subring of C.

Z[i|* = {+£1, +i}:

In order for x € Z[i]*, x # 0, to have an inverse, we must have that
(ac —bd) +i(bc+ad) =1
from Equation (24.1), where we shall note that a*> 4+ b> # 0. Observe that

(ac — bd) +i(bc+ad) =1
(ac — bd) (1)
— =
be +ad 0
)6 )
P =
b a d 0
c\ 1 1 a b\ 1 a
T \a) T o)\ o) T

— c+id= "2 ( b >

2 T\ Ere
Since ¢, d € Z, we must have that

a —b

a2 +b2" a2 +p? €z

Also, since a*> + b* > a, b, we have that

a —b

2 2 _

Since a, b € Z, we have that the only integer solutions to a> + b* = 1 are

(1,0), (0,1), (=1,0), (0, =1),

which corresponds to
x = +1, £i.

Since we began with x begin an arbitrary element in Z[i|*, we have that
Z[i]* = {£1, +i}

as required. O

& Definition 42 (Division Ring and Field)
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A non-trivial ring R is a division ring if
R* =R\ {0}.

A commutative division ring is a field.

Example 24.2.3

Q, R, C are fields but Z is not.

Example 24.2.4

Zy is a field <= n is prime.
n ﬁ P This remark is not as useful or spectac-

ular within this course, but it will be
once we go into PMATH348 contents.

Remark

If R is a division ring or a field, then its only ideals are {0} or R, since if
A # {0} is an ideal of R, then 3a € A, a # 0, such that 1 = aa~l € A,
which implies that A = R by 8 Proposition 62.

Remark
It can be shown that every finite division ring is a field, and this is known as
Wedderburn’s Theorem.

NOTE THAT if n = ab for some integer n with 0 < a,b < n, then in Z

we have

but [a] # [0] # [b] by our definition of a, b.

& Definition 43 (Zero Divisor)

Let R be a non-trivial ring. If 0 # a € R, then a is called a zero divisor
if 30 # b € R such that ab = 0.



https://en.wikipedia.org/wiki/Wedderburn_Theorem
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_ Integral Domain and Fields (Continued)

Recall the definition of a zero divisor.

& Definition (Zero Divisor)
Let R be a non-trivial ring. If 0 # a € R, then a is called a zero divisor
if 30 # b € R such that ab = 0.

Example 25.1.1

2], [3], [6] in Zg are all zero divisors since

Example 25.1.2

1 0
The matrix lo 0] is a zero divisor in M, (R) since

BIERH

8 Proposition 73 (Ring Cancellations and Zeros)
Let R be a ring. TFAE:

1. Vab=0€ R a=0Vvb=0;
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2. Vab=ace RANa#0 = b=c;

3. Vba=cae RANa#0 = b=c

¢ Proof
It suffices to prove (1) <= (2), since (1) <= (3) would have a
similar argument.

(1) = (2): Let ab = ac witha # 0. Then a(b —c) = 0. Then by (1),
sincea#0,(b—c)=0 < b=c

(2) = (1): Let ab = 0 € R. We now have 2 cases:
Case 1 If a = 0, we are done.

Case2 Ifa # 0, then ab=0=a-0, and so by (2), b = 0.

With that, we can make the following definition.

& Definition 44 (Integral Domain)

A commutative ring R # {0} (i.e. non-trivial ring) is called an integral
domain if it has no zero divisor, i.e. ifab =0 € R thena = 0or b = 0.

Example 25.1.3

Z. is an integral domain since ab =0 = a =0o0r b = 0.

Example 25.1.4

Note that if p is prime, then p|ab = pla V p|b, ie. [a][b] = [0] in
Zy, = [a] =0o0r[b] =0. So Zy is an integral domain.

Howeuver, for n not prime, with n = ab, if we have n = ab such that
1<ab<mn,then
[a][b] = [0] in Z,

but neither [a] nor [b] is [0].

With that, we have that Z,, is an integral domain if and onoly if n is
prime.



8 Proposition 74 (Fields are Integral Domains)

Every field is an integral domain.

& Proof
Va,b € R, where R is a field, such that ab = 0, we want to show that
a=0o0rb=0. We have 2 cases:

Case 1: a = 0. There is nothing to do since the proof is complete.

Case 2: a # 0. Sincea # 0 € R, we know that 3a~! € R since R is a
field. And so
b=alab=a1-1=0

Therefore, by definition, the field R is an integral domain. O

66 Note
Using the proof from above, we can show that every subring of a field is
an integral domain®.

66 Note
The converse of & Proposition 74 is not true. As shown in Example 25.1.3,

Z is an integral domain but not a field.

However, we have the following partial converse:

8 Proposition 75 (Finite Integral Domains are Fields)

Every finite integral domain is a field.
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¢ Proof
Let R be a finite integral domain, say |[R| = n € IN. Let

R=A{ry,r, .. tn}
Then for some a € R such that a # 0, by & Proposition 73, the set
{ary,ary, ..., ary }

have distinct elements. Since R is finite and so |aR| = n, and aR C R,
we have that aR = R. In particular, 31 € aR such that 1 = ab for some
b € R 2. It follows that ab = 1 = ba since R is commutative, which then

implies that a is a unit. Therefore, R is a field. O

Recall that the characteristic of a ring R, denoted by ch(R), is the
order of the unity, 1g, in (R, +), and write

0 0(1R) = 0
n o(lg) =ne€N

ch(R) =

8 Proposition 76 (Integral Domains have Zero or Prime Charac-

teristics)

The characteristic of any integral domain is 0 or a prime p.

¢ Proof
Let R be an integral domain. We have 2 cases:

Case 1: ch(R) = 0. Our job is done.

Case 2: ch(R) = n € IN. Suppose n # p a prime, and say n = ab for
some a,b € Rsuchthat1 < a,b < n.If1is the unity of R, then by

8 Proposition 58, we have
ab=(a-1)(b-1) = (ab)(1) =n(1) = 0.
Since R is an integral domain, we have that either

a-1=0o0rb-1=0.

> We can prove for a more general case
by not assuming that R is a commuta-
tive ring: We can find ¢ € R such that
1 = ca. Then

b= (ca)b = c(ab) =c.
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This contradicts that fact that n is the characteristic. Therefore, n must be

prime. O

Let R be an integral domain with ch(R) = p a prime. For a,b € R, by

the , we have

wror =y (V)ar
i=1 \!
Since p is prime, we have p |(}) = Wfor 1<i<p-1

Therefore, since ch(R) = p, we have that This is known as the Freshman’s
Dream.

(a+b)P =al +bP
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I Cornmmutative Rings (Continued 2)

_ Prime Ideals and Maximal Ideals

& Definition 45 (Prime Ideals)

Let R be a commutative ring. An ideal P # R is a prime ideal of R if
1,5 € Rsatisfy: rs € P = r e Pors € P.

Example 26.1.1

Forn € N\ {1}, nZ = ( n ) is a prime ideal if and only if n is prime.

8 Proposition 77 (Ideal is Prime <—> Quotient of Ring by Ideal

is an Integral Domain)

If R is a commutative ring, then an ideal P # R of R is a prime ideal if
and only if R/P is an integral domain.

& Proof
Since R is commutative, so is R/p. Since P # R, we know that 1 ¢ P *, *See & Proposition 62.
ie. 0+ P=P=#1+P, andso R/p is a non-trivial ring.

To prove ( =), let (r + P)(s + P) = 0+ P = P. Since P is an ideal?, 2See & Proposition 61.
we have that s + P = P and so rs € P. WLOG, since P is a prime ideal,
ifr € P, thenr+ P = P. And so R/p is an integral domain.
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To prove ( <= ), let rs € P. Then since P is an ideal,
(r+P)(s+P)=rs+P=P.
Since R/ p is an integral domain, either
r+P=Pors+P=P

sor € Pors e P, which implies that P is a prime ideal. O

& Definition 46 (Maximal Ideals)

Let R be a (commutative) ring. An ideal M # R or R is a maximal ideal
if YA that is an ideal of R, we have that

MCACR =— A=MorA+R.

8 Proposition 78 (Ideal is Maximal <= Quotient of Ring by
Ideal is a Field)

If R is a commutative ring, then an ideal M # R is a maximal ideal if and
only ifR/M is a field.

# Proof
Similar to the proof of & Proposition 77, R, M 18 a nontrivial commuta-
tive ring. Let r € R.

( = ) Suppose M is a maximal ideal. Since R, ‘M s non-trivial, let
r+M #0+M € R/M. Let ( r ) = rR Note that r ¢ M and
re(r)+ M. Thus, M C ( r )+ M. Since M is maximal and M is a
proper subset of ( v ) + M, we have that ( v ) + M = R. In particular, we
havel € (r )+ Mandso3s € Rand m € M such that 1 = rs + m.
Thus

1+M=rs+ M= (r+ M)(s+ M).

Therefore s + M is the multiplicative inverse of r + M, and so R/ Misa
field.

( <= ) Since R, ‘M is a non-trivial field, we know 0 + M # 1+ M.
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Therefore M # R. Suppose A is an ideal such that M C A C R. Choose

re A\ M. Sincer ¢ Mandsor+ M #O+MandR/Misaﬁeld,we

have that 3s + M € R/M such that (r + M) (s + M) = 1+ M. Since M
is an ideal, we have

rs+M=1+M — dmeM 1=rs+m.

Sincer,m € A and A is an ideal, we have that 1 € Aandso A = R,
implying that M is maximal. 0

Combining 8 Proposition 74, & Proposition 77, and 8 Proposition 78,
we get the following corollary.

Every maximal ideal of a commutative ring is a prime ideal.

The converse of = Corollary 79 is not true.

Example 26.1.2

InZ, {0} is a prime ideal, but is clearly not maximal.

26.1.2

Recall that every subring of a field is an integral domain. The con-

verse is actually true3, i.e. every integral domain R is isomorphic to a 3 This is in comparison with

subring of a field F. 8 Proposition 74.

Let R be an integral domain and D = R\ {0}. Consider
X=RxD=A{(r,s):r€R,s€ D}

We say that
(r,s) =(r,51) € X < rs1 =118 (26.1)
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Example 26.1.3
Show that Equation (26.1) is an equivalence relation.
1. (r,5) = (r,9)
2. (r,s5) = (r1,51) <= (r1,51) = (1,5)
3. (r,8) = (r1,51) A (r1,51) = (r2,820) == (r,5) = (r2,52)
Note that using the above idea, we can construct the smallest field

that contains Z, and that field is Q. Motivated by this idea, we make

the following definition.

& Definition 47 (Fraction)

Let R be an integral domain, D = R\ {0}, and X = R x D. The
, L to be the equivalent class [(r,s)] of the pair (r,s) € X.

LET F denote the set of all these fractions, i.e.
F={[(r,s)]:r€RseD} = {g :r € R,s € R\ {0}}.

The addition and multiplication of F are defined by

roor rs1 +srp
+ — - =

S S1 551
rorn _rm
S 51 §51

where we note that ss; # 0 since s,s; € R\ {0} and R is an integral

domain.
It can be shown that F is a field4. Also, we have R = R’ = % T e 4 Prove this as an easy exercise to ease
R} CF yourself with the concept.

Exercise 26.1.1
Prove that F is a field.

Let R be an integral domain. Then there is a field F containing fractions %
with r,s € Rand s # 0. By identifying that r = 1, for any r € R, we
have that R is a subring of F. The field F is called the

of R.
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66 Note
We can generalize D = R\ {0} to any subset D C R satisfying

1. 1e D
2. 0¢ D

3.abeD = abeD
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I olynomial Ring
_ Polynomials

& Definition 48 (Polynomials)

Let R be a ring and x a variable. Let

i=0

R[x] = {f(x):iaixi:me]NU{O},aieR,ng’gm}.

Each element in R[x]| is called a polynomial in x over R. If a,, # 0, we
say that f(x) has degree m, denoted by deg f = m, and we say that ay,
is the leading coefficient of f(x).

Ifdegf = O, then f(x) = ag € R. In this case, we call f(x)a
constant polynomial. Note if

f(x)=0 <= agy=a1=..=a, =0,

we define deg0 = —oo, and f(x) is called a zero polynomial.

For

f(x) =ap+a1x+ ...+ ayx™
g(x) =bo+byx+...4+byx"

in R[x]. If m < n, we can define a; = 0 for m + 1 < i < n. Then the
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addition and multiplication on R[x] can be defined as

f(x) +g(x) = (ao+bo) + (a1 + by)x + ... + (an + by)x"
f(x)g(x) = (ap +arx + ...+ amx™)(bo + byx + ...+ byx")
= agby + (ayby + abo)x + (axbo + a1by + aghy)x® + ...
+ (b )™

=co+corx+ ... Fopgx™

where ¢; = agb; +a1b;_1 + ...+ a;_1b1 + a;by.

8 Proposition 81 (Ring is a Subring of Its Polynomial Ring)
Let R be a ring and x a variable.

1. Rx]is a ring

2. Ris a subring of R[x]

3. If Z = Z(R) denote the center of R, then the center of R[x| is Z[x]. In
particular, x is in the center of R[x|.

# Proof
1. Checking all 9 properties: Let

f(x) =ap+ax+ ...+ aux™
g(x) =by+byx+...4+ byx"
h(x) =do+dix + ...+ dxt

be in R[x].

* (Closed under addition and multiplication) Suppose, WLOG,
that m < n. Let a; =0 form +1 <i < n. Then

f(x)+g(x) = (ag+bo)+ (a1 +by)x+ ...+ (an + by)x"

and we observe that a; + b; € R for 0 < i < n since R is a ring.
And so f(x) + g(x) € R[x]. Also, we have

f(x)g(x) =co+ec1x+ ...+ cpppx™ "

where ¢; = agb; +a1b;_1 + ... +a;_1by +a;byp € Rfor1 <i <
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m+n. And so f(x)g(x) € R[x].

* (Commutativity of Addition) Suppose, WLOG, that m < n. Let
a; =0form+1<i<n. Then

f(x)+g(x) = (ag+bg)+ (a1 +by)x+ ...+ (an + by)x"
( 0+tl0) (bl—l—al)x—l—...—i-(bn—l—an)x”
=g(x) + f(x)

® (Zero and Unity) It is clear that the zero and unity of R are the
zero and unity of R[x] respectively, since only

f(x) +0=f(x) =0+ f(x)

and

* (Associativity) Suppose, WLOG, that m < n < k. Let a; = bj =
Oform+1<i<kandn+1<j<k Then

f(x) +[8(x) + h(x)]

)+

F(x)+ [(bo +do) + (by +dy)x + ... + (bedy)x"]

= (ag+bo +do) + (a1 + by +dy)x + ...+ (ag + by + dy)x*
(ag +bo) + (a1 + b1)x + ... + (a5 + b)x¥] + d(x)
f(x) +8(x)] + h(x)

=
=

and if we use the summation notation for f(x),g(x) and h(x), we
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have

n ) k
f(x)[g(x)d(x)] = f(x) l(;]bjx]> (lzodleﬂ
j= =
[l
i=0 j=01=0
i Xn: i ﬂibjdlxi+j+k

i=0j=01=0

l iab'x”j] Liodlxl}

i=0j=0

() G

= [f(x)g(x)]n(x)

* (Inverse) Since R is a ring, and in particular an additive ring, for
eacha; € R,0 < i < m, we have that 3(—a;) € R such that
a; + (—a;) = 0. Particularly, we have that

—f(x) = (—ag) + (—ay)x + (—a2)x® + ... + (—ap)x™
is the inverse of f(x) € Rx].

* (Distributivity) Again, using the summation notation, since R is a
ring, we have

P
=

(x) + h(x)]

[beWZdlx]

6’

—— —
m

=2

=

T

i
o

aixi] [Xk:(bj +d]~)xj]
j=0

. . m k . .
ai (b + d)x T = Y Y (aib; + agd;)

i=0j=0

a;b; xl+]+z Zad Xt
i=0j=0

m k
bxl+]+22adxl+]
i=07=0

|
™=
M»

Il
<}
=
Il
S

I
™=
M»

Il
<)
=
Il
o

|
™=
M:

i
o
=
i
<}

=
= f(x)g(x) + f(x)d(x).

Proof for the other side is similar.
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With that, we have that R[x] is a ring.

2. We already have that R is a ring, and so it suffices to prove that R C
R{x]. This is, however, rather simple, since V'r € R, we have that r is a
constant polynomial, and so r € R|x], and therefore R C R|x].

3. Let
f(x) =ag+mx +ax®+ ...+ aux™ € Z[x]
g(x) = bg + b1x + box* + ...+ byx" € Rlx].
We have that

fOg(x) =YY abxtH.

i=0j=0
Since a; € Z for 0 < i < n, we have
m n L n m Lo
flog(x) =Y ) bjapx™ =Y Y bjaix T = g(x)f(x)
i=0j=0 j=0i=0
for any g(x) € R[x]. And so Z|x] = Z(R][x]).

For D, f(x) € Z(R[x]) == Vb € R C R[x] we have f(x)b =
bf(x). It follows that

VOSZSTI aib:bai

and so a; € Z(R), which implies that Z(R|[x]) C Z|[x]. Therefore,
Z(R[]) = Z[x].

¥¥ Warning

Althought f(x) € R[x] can be used to define a function from R — R,
the polynomial is not the same as the function it defines. For example,

if R = Zy, then Zy|x] is an infinite set, but there are only 4 different

functions from Zy — Zy

4 Proposition 82 (Polynomial Ring is an Integral Domain)
Let R be an integral domain. Then

1. R[x]| is an integral domain.
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2. If f(x) # 0and g(x) # 0 in R[x]|, then*

deg(fg) =deg f +degg

3. The units in R[x] are R*, the units in R.

& Proof
We shall prove (1) and (2) together.

1 & 2. Suppose f(x) # 0 # g(x) € R[x], say

fx)=ap+amx+...+amx™ ay #0
g(x)=bo+byx+...+byx" by, #0.
Then
f(x)g(x) = ambyx™*" + ... agby.

Now since R is an integral domain, we have that a,,b, # 0 and so
f(x)g(x) # 0. Thus R[x] is an integral domain. Moreover, we see that

deg(fg) = m+n = deg f + degg.

3. Suppose that u(x) € R[x] is a unit of R[x] with inverse u='(x) which
we shall write as v(x). Since u(x)v(x) =1, by (2), we have that

degu + degv = deg1 = 0. (27.1)

Now by (1), R[x] is an integral domain, and so since u(x)v(x) = 1,
we have that u(x) # 0 # v(x). Therefore, degu,degv > 0, which
implies that we must have degu = 0 = degv from Equation (27.1).
Therefore, units in R[x] are from R*.

Recall that Z,, is an integral domain if and only if n = p a prime. If
n # p, then, e.g., for Z4[x], we have

2x-2x =4x2 =0

" In order to preserve this for when we
have the case of deg 0, we have to define
deg0 = —oo. Otherwise, say if we
define deg0 = —1, then if deg f = —1,
then deg(fg) = deg f + degg would
imply that degg = —2, which is
undefined.



and so
deg(2x) 4 deg(2x) # deg(4x?) = deg(2x - 2x).

Factorization of Polynomials

& Definition 49 (Division of Polynomials)

[x]. We say that f(x)
[x] such that

Let R be a commutative ring and f(x),g(x)

€R
divides ¢(x), denoted as f(x) | g(x) if 3g(x) € R

8(x) =q(x)f(x)

& Definition 50 (Monic Polynomial)

Let R be a commutative ring and f(x) € R[x|. f(x) is monic if its
leading coefficient is 1.

We shall prove the following proposition next class.

8 Proposition
Let R be an integral domain, and f(x), g(x) € R[x] be monic polynomi-

als. If f(x) | g(x) and g(x) | f(x), then f(x) = g(x).
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I olynomial Ring (Continued 1)

I [ociorization of Polynomials (Continued)

Since the actual focus of our study right now is really fields instead
of just integral domains, we shall use fields in place of integral do-
mains or commutative rings from here on unless explicitly stated

otherwise. So we redefine & Definition 49 as follows:

& Definition (Division of Polynomials)
Let F be a field and consider F(x|. For f(x),g(x) € F[x], we say that
f(x)|g(x)if 3q(x) € F[x] such that

and restate the last stated proposition as follows:

& Proposition 83 (f(x) | g(x) A g(x) | f(x) => f(x) = g(x))

Let F be a field and f(x),g(x) € F[x] be monic polynomials®. If
f(x)18(x) and g(x) | f(x), then f(x) = g(x).

# Proof
Since f(x)|g(x) and g(x) | f(x), Ir(x),s(x) € F[x] such that

8(x) = r(x)f(x) and f(x) = s(x)g(x)-

* Note that polynomials being monic

is analogous to integers being positive.
For example, you (read: I) should try to
reiterate the proof below by replacing
the monic property with positive
integers.
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Then

By & Proposition 82, we have that
deg f = degs + degr + deg f
and so
degs +degr =0 = degs =degr =0 ‘. degs, degr > 0.

And so 3t € F such that f(x) = tg(x). Since f(x) and g(x) are monic,
we must have t = 1 and so f(x) = g(x). O

8 Proposition 84 (Division Algorithm for Polynomials)

Let F be a field, and f(x), g(x) € F[x] with f(x) # 0. Then Jq(x), r(x) €
F[x] such that
8(x) = q(x)f(x) +r(x)

with degr < deg f 2 * Note that this includes the case for
r = 0, and this is yet another reason
why we defined deg0 = —co.

& Proof
We shall first prove the existence of such a q(x) and r(x). For simplicity,
write

deg f = m and degg = n.

If n < m, then
g(x) =0f(x) +g(x)

and we are done. Suppose that n > m and proceed by induction of n.
Write

flx) =ap+ax+...+aux™
g(x) =by+byx+...4+byx".

Consider3 3 We are implicitly using the fact that
x € Z[x].



g1(x) = g(x) = buay, ' x" " f ()
= (bpx™ 4 ...+ by) — bpay, X" ™ (apx™ + ... ag)

= 0x" 4 (by_1 — bpa ay_1)x" 14 ...,

thus either g1(x) = 0 or g1(x) # 0, but in any case, deg g1 < n.

Case 1: ¢1(x) = 0. In this case, we have

g(x) = buay'x" " f(x)

and so we can pick

and the result follows.

Case 2: g1(x) # 0. By induction, we can find some q1(x),r1(x) € F|x]
such that

§1(x) = q(x)f(x) +r1(x)
with degry < deg f. It follows that

§(x) = g1(x) + buay, %" " f(x)
= q1(x)f(x) +11(x) + by, X" 7" f ().

So pick

q(x) = q1(x) + buay, %"
r(x) =r1(x) < degf,

and so the result follows.

To prove uniqueness, suppose we have
q1(x)f(x) +r1(x) = q2(x) f(x) + r2(x)
with degry, degry < deg f. Then
ra(x) = r1(x) = [q1(x) — q2(x)]f (x).
If g1(x) = q2(x) # O, then

deg(ry —r1) = deg(q1 — q2) +deg f > deg f
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which is a contradiction since deg(r, —r1) < deg f. Thus we must have
q1(x) = qa(x) and so r1(x) = rp(x). O

8 Proposition 85 (Properties of the Greatest Common Divisor)

Let F be a field and f(x), g(x) € F[x] with f(x) # 0 # g(x). Then
3ld(x) € F[x] such that

1. d(x) is monic;

2. d(x) | f(x) and d(x) | g(x);

3. e(x) [ f(x) Ae(x)[g(x) = e(x)|d(x);

4. Fu(x),v(x) € Flx] d(x) = u(x)f(x) +v(x)g(x)

In this case, we say that d(x) is the greatest common divisor of f(x)
and g(x), and denote this by d(x) = ged[f(x), g(x)].

& Proof
Consider the set

X = {u(x)f(x) +o(x)g(x) : u(x), v(x) € Flx]}.

Since f(x) = 1- f(x) +0-g(x) € X, the set X contains non-zero
polynomial and thus contains monic polynomials (since F is a field4). 4 This is cause if we have
Among all of the monic polynomials, choose f(x) =amx™+... 4+ a9
Then
d(x) = u(x)f(x) +o(x)g(x) ) = 2" 4+ a o

is a moic polynomial in F[x].

to have minimal degree. Then we get (1) and (4) in the bag automatically

so. (3) also follows almost immediately, since

e(x) [ f(x

— d(x) = u(x)f(x) +o(x) = [u(x)a(x) +0(x)b(x)]e(x)
= e(x)|d(x).

It remains to prove (2). By & Proposition 84, we have that 3q(x),r(x) €
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F[x] with degr < deg f such that

Then
r(x) - f(x) N q(x)d(x) - f(x) N q(x) [u(x)f(x) + v(x)g(x)] I]i:;f;zizst: ;zi;l;.olrooffor integers, by remov-
=[1—qg(x)u(x)]f(x) —g(x)v(x)g(x). ing the ‘(x)" and replacing instances of

monic polynomials with positive integers.

Note that if r(x) # 0, then write k # 0 € F as the leading coefficient
of r(x). Since F is a field, we have that 3k~' € F, and so k~'r(x) is a
monic polynomial of X with deg(k~'r) < degd, which contradicts the
fact that the degree of d(x) is minimal. Thus r(x) = 0and d(x) | f(x).
Using a similar argument, we can show that d(x) | g(x). Therefore, (2)

ollows. O
f
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I olynomial Ring (Continued 2)

_ Factorization of Polynomials (Continued 2)

66 Note
If d(x) and dy(x) satisfies & Proposition 85, then in particular (3) is
satisfied, i.e.

d(x) [ dy(x) and dy(x) | d(x),

then since dq(x) = d(x) by & Proposition 83. Thus d(x) is unique and is
therefore called the greatest common divisor of f(x) and g(x), denoted by

ged (f(x), g(x)) = d(x).

NOTE THAT in integers, p € Z is prime if p > 2 and whenever
p = ab,thena = £1orb = %1, where a, b € Z. We can have an
“analogous” notion with polynomials.

& Definition 51 (Irreducible Polynomials)

Let F be a field. A non-zero polynomial 1(x) € F[x] is irreducible if
deg! > 1 and if
1(x) = L(x)l2(x)
for I(x), Ip(x) € F[x], then degl; = 0 or degly =0 ™. * Note that polynomials of degree 0 are
the units of F[x].
Polynomials that are not irreducible are called reducible polynomi-

als.
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8 Proposition 86 (Euclid’s Lemma for Polynomials)

Let F be a field and a(x),b(x) € F[x]. IfI(x) € F[x] is irreducible and
I(x)|a(x)b(x), then I(x) | a(x) or I(x) | b(x).

& Proof

Suppose 1(x) | f(x)g(x) and 1(x) /| f(x). Since I(x) /f(x), we have
ged[l(x), f(x)] = 1. Then by & Proposition 85, 3s(x), t(x) € F[x| such
that

I(x)s(x) + f(x)t(x) = 1.

Multiplying the equation by g(x), and since F[x] is a field, we have

1(x)s(x)g(x) + f(x)g(x)t(x) = g(x).

Since I(x) | f(x)g(x) by assumption, we have that 1(x) divides the right

hand side, and so it must also divide the left hand side, i.e. I(x) | g(x). O

® Theorem 87 (Unique Factorization Theorem for Polynomials)

Let F be a field and f(x) € F[x] with deg f > 1. Then we can write

f(x) =cli(x)la(x)...Ln(x)

where ¢ € F* is a unit, and for 1 < i < m, l;(x) is a irreducible monic
polynomial. This factorization is unique up to the order of I;.

# Proof

We shall only prove for when f(x) is a monic polynomial, for if f(x) is

not monic, then it has some leading coefficient a # 1 € F. Then since F
is a field, we have that a=' f(x) is a monic polynomial for which we can
continue our consideration.

Suppose f(x) is a monic polynomial that has the least degree such
that it cannot be expressed as a product of irreducible monic polynomi-
als. Clearly, f(x) cannot be irreducible itself, or it would trivially be

This is a good proof for an exercise.

Exercise 29.1.1

Prove & Proposition 86.

This is, yet again, a good proof for an
exercise.

Exercise 29.1.2
Proof ® Theorem 87.
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expressible as a product of irreducible monic polynomials. Therefore,
Js(x), t(x) € F[x] such that

where 1 < degs, degt < deg f. Since f(x) is the polynomial of the
least degree that cannot be expressed as a product of irreducible monic
polnomials, r(x) and t(x) must be expressible as a product of irreducible
monic polynomials. But this would contradict the fact that f(x) is not
expressible as a product of irreducible monic polynomials, and so f(x)
must be

f(x) =L(x)lp(x)...Lu(x)

where 1;(x) is an irreducible monic polynomial, for 1 < i < m. For the
case where f(x) is not monic, say with a as its leading coefficient, we
would have

f(x) =aly(x)l(x) ... Lu(x).

For uniqueness, suppose

f(x) =cli(x)la(x)...In(x) = dky(x)ka(x) ... kn(x)

for units c,d € F* and irreducible monic polynomials l;, kj for 1 <i <m
and 1 < j < n. Since I (x) | f(x), by & Proposition 86, Iy (x) | k;(x)
for some 1 < j < n. Relabelling the indices for the k;’s if necessary, we
can have that 1y (x) | k1(x). Since kq(x) is irreducible and monic, we must
have that I (x) = kq1(x).

Now if we continue this line of arqument for i = 2,3, ..., m, and end up
with I (x) = ka(x), I3(x) = k3(x), ..., Ln(x) = ky(x), where, WLOG,
we suppose that m < n. However, we must have that n = m, otherwise
we would have some k;, where m < j < n that cannot divide any of the
Ii’s. O

FOR THE SAKE OF COMPARISON WITH Z, observe the table below:
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V4 F[x]
elements m f(x)
size |m| deg f
units {1} F*
(Z\{0}) /{1y = N | (Fx]\{0}) /F* = {J : It is monic }
unique m=£1plt ... py" F(x) =cly(x)® .. Ly (x)%
factorization pi prime deg f > 1 and I; are irreducible
ideals (n)y:neNN (h(x) ) : h monic
Z/< n) is a field P[x]/< h(x)) is a field
iff n prime iff h(x) is irreducible

In the next section, we will be investigating if the analogy given in
the last row for polynomials holds.

29.1.2

If F is a field. Then all ideas of F|x| are of the form
(h(x)) =h(x)F[x] forany h(x) € F[x].

If ( h(x) ) # {0} and h(x) is monic, then it is uniquely determined.

# Proof
Let A be an ideal of F[x]. If A = {0}, then A = ( 0 ). If A # {0},
then it contains a non-zero polynomial. Since A is an ideal, it has a monic

polynomial®. Amongst all monic polynomials in A, choose h(x) € A that 2If f(x) € A has aleading coefficient
. , th know that a~! € F, and
has the minimal degree. Clearly, ( h(x) ) C A. To prove for 2O, note that Zﬂfe(l;)w: F?(();\; gaAais monic.an 50

for f(x) € A, by & Proposition 84,
Jq(x),r(x) € Flx] f(x) =q(x)h(x)+r(x) degr < degh.

If r(x) # O, then let u # 0 be the leading coefficient of r(x). Then since
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A is an ideal and f(x),h(x) € A, we have

wlr(x) = umt (f(x) = q(x)h(x))
=ulf(x) —utg(x)h(x) € A.

Then we have that degu~'r = degr < degh is a monic polynomial
in A, contradicting the minimality of degh. Thus r(x) = 0and so
f(x) = q(x)h(x) € ( h(x) ). Therefore A C ( h(x) ) and so
A= (h(x) ).
Now suppose that A = ( h(x) ) = ( k(x) ). Then we must have
h(x) | k(x) and k(x) | h(x). Since h(x) and k(x) are both monic, by
& Proposition 83, we have that h(x) = k(x). O







30

I Polynomial Ring (Continued 3)

30.1.1

Let A be a non-zero ideal in F[x]. By & Proposition 88, we know that
A is a principal ideal and can be written as A = ( h(x) ), for a unique
polynomial h(x) € F[x].

Suppose that degh = m > 1. Consider the quotient ring R =

F [x]/A, and so we have

R={F@): f(x)+ A f(x) € Flx]}.
Write t = X = x + A. Then by the 1 we have
R={a+ait+...+amqt" ' :a; € F}.

The map 0 : F — R, given by a + a, is an injective homomorphism,
since 6 is not a zero map and ker 6 is an ideal of F . Since we have

F = 0(F) by the First Isomorphism Theorem for Rings, by identifying
F with 6(F), we can write

R = {LZ() +agt+. ..am_ltm_l 1a; € P}.

It is clear that, in R, we have

ag+at+... 4 au 1"V =by+ byt +... 4+ by qt" !
<
VieZ 0<i<m-—1 a;=1

Finally, in the ring R, we have h(t) = 0.

* This entire part until Proposition 89
might need to be rewritten since I am
a little lost as to some of the details
regarding the discussion.

> Note that a field F has only 2 ideals:
{0} and F itself. Since ker6 # F,
we have that ker§ = {0} and so 6 is
injective.
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The following proposition follows from the above discussion.

8 Proposition 89

Let F be a field and let h(x), f(x) € F[x| be monic with (degh, deg f >
1). Then the quotient ring R = F[x]/ A is given by

R = {ao—f—alt—l—...—i—am,lt”‘_l ta; € F, h(t) = 0}

in which each element of R can be uniquely represented in the above form.

66 Note
In Z, we have that Z/{ n ) = Z, = {[0], (1], ..., [n — 1]} which is
analogous to our statement in & Proposition 89 for the case of integers.

Example 30.1.1

Consider R[x] and let h(x) = x> + 1 € R|x]. Then

R[x] = {a+bt:a,beR, *+1=0} = {a+bi:abeR,i*=-1}=C

66 Note
Recall that Z,, is a field (or an integral domain) if and only if n is prime.

8 Proposition 9o

Let F be a field nad h(x) € F[x]| be a monic polynomial with degh > 1.
TFAE:

1. Flx]/{ h(x) ) is a field;
2. F[x]/( h(x) ) is an integral domain;

3. h(x) is irreducible in F[x].
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& Proof
(1) = (2) since a field is an integral domain (see & Proposition 74).

(2)

=
F[x], then

(3): Write A = ( h(x) ), If h(x) = f(x)g(x) for f(x), g(x) €

[f(x)+ Allg(x) + A] = f(x)g(x) + A - Aisan ideal
—h(x)+A=0€ Flx]/A.

Then by (2), either f(x) + A =0or g(x) + A =0, i.e. either f(x) € A
org(x) € A. Butif f(x) € A = ( h(x) ), then f(x) = g(x)h(x)
for some q(x) € F[x|. Then h(x) = f(x)g(x) = g(x)h(x)g(x), which
then implies that 0 = h(x)[1 — gq(x)g(x)] = q(x)g(x) = 1 since
F[x] is an integral domain. Then we have that deg g = 0. Similarly, if
g(x) € A, then we have deg f = 0. Therefore, h(x) is irreducible in F|x]
by definition.

(3) = (1): Note that F[x]/{ h(x) ) is a commutative ring. To
show that it is a field, it suffices to show that every non-zero element of
Flx]/( h(x) ) has an inverse. Let f(x) + A # 0 € F[x]/{ h(x) )
with f(x) € Flx]. Then f(x) ¢ A, and so h(x) / f(x). Since h(x) is
irreducible by (3), we have that

d(x) = ged[f (x), h(x)] = 1.
Then by & Proposition 85, Ju(x),v(x) € F[x] such that
1= u(x)h(x) +o(x) f(x).
Since h(x)u(x) € A, we have that
[v(x) + Allf(x)+ Al =1+ A.

It follows that f(x) + A has an inverse in F[x] /{ h(x) ) and thus
Flx]/( h(x) ) is a field. O

I [ octorizations in Integral Domains
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_ Irreducibles and Primes

We have discussed much about the similarities between Z and F[x],
and in this chapter, we wish to abstract these similarties and study
them in a more general manner to see if other sets that share the
same kind of properties. For example, if a set has a unique factoriza-
tion for elements and the principal ideal being the only ideal of the
set, then do we still see the same analogy playing out?

& Definition 52 (Division)

Let R be an integral domain and a, b € R. We say that a | b if b = ca for
some ¢ € R.

66 Note
Recall that in Z, if n | m and m | n, then n = £m, and the ideal generated
by them are the same, i.e. (n ) = (m ).

Similarly so in F[x|<if f(x)|g(x) and g(x) | f(x), then f(x) =
cg(x) for some x € F[x]* = F*, and { f(x) ) = (g(x) ).

8 Proposition 91 (Division in an Integral Domain)
Let R be an integral domain. Then Va,b € R, TFAE:
1. alband b|a;

2. a = ub for some unit u € R;

5. (a)=(b).

& Definition 53 (Association)

Let R be an integral domain. Va, b € R, we say that a is associated to b,
denoted by a ~ b, ifa|band b|a.

This should be an easy exercise.

Exercise 30.2.1

Prove & Proposition 91.
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By & Proposition 91, we have that a ~ a for any a € R.
Also,a ~b <= b~a.
We also havea ~b ANb~c = a~c.

In other words, ~ is an equivalence relation in R. Also, it can be

shown that3 3 More exercise is always good.

1. a~ad ANb~b = ab~adl. Exercise 30.2.2
Prove that the two statements following this
is true.

2.a~d Nb~V = (a|lb < b|a)

Example 30.2.1

Let R = Z[/3] = {m+n\/3 : m,n € Z}. Note that this is an integral

domain*. Observe that 4+For (a+ bv/3), (c +dv/3) € R such
that
(2+V3)(2—V3) =1 = 2+ /3 isaunit in R. (a+bv3)(c +dv3) =0
we would have that
Then we would have (a4 V) (a— bV3)(e + dv3)(c — dv3) = 0
3+2V3=(2+V3)V3 (a% — 3b2)(c? — 3d%) = 0.
and so by 4 Proposition 91, we have Since Z is an integral domain, suppose

a?> —3b> = 0.1fb = 0, thena = 0
and we are done. If b # 0, then we

3+2V3~V3¢ Z[\@] have 3 = (%)2, and we notice that

V/3 is irrational. Thus it can only be
that b = 0. Therefore, a + b\/3 = 0,
implying that there are no zero divisors
in R = Z[\3].
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B [octorizations in Integral Domains (Continued)

_ Irreducibles and Primes (Continued)

66 Note
Recall that if R is an integral domain and a,b € R, we say that a | b if
Je € R such that b = ca.

Also, recall the definition of associativity.

& Definition (Associativity)
Ifa|band b|a, then we say that a is associative to b, and denote a ~ b
if and only if 3u € R, which is a unit, such that a = ub, and we have

(a)={(b)

& Definition 54 (Irreducible)

Let R be an integral domain. We say p € R is irreducible if p # 0 is not
a unit, and p = ab € R, then either a or b is a unit. An element that is

not irreducible is reducible.

Example 31.1.1

Let R = Z[V/—5| = {m+ny/-5:m,n € Z}and p = 1+ +/—5. We
want to show that p is an irreducible in R. Note that for z = m + ny/ =5 €
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R, the norm of z is defined to be

N(z) = <m+n\/—_5) (m—n\/—_5> =m?+5n> € NU{0}

Note that* :
N(xy) = N(x)N(y)- # Proof
Letx = m+ny/~5andy = a+
Now suppose that p = ab € R. Then b\/=5. Note that

6 = N(p) = N(a)N(b). N(x) = m* +5n”.

Then
However, since N(z) = m? + 5n? for some m, n € Z, we must have that N(x)N(b)
N(z) # 2, 3. Thus, we have either N(a) = 1or N(b) = 1, which in = m2a® + 25120 + 5(na® + m2b?).
turn implies that a = +1 and b = +1, which implies that a or b is a unit. and since
Therefore, p is irreducible. xy = ma — 5nb + /=5(na + mb),
we have
N(xy)

= (ma — 5nb)* + 5(na + mb)?

8 Proposition 92 (Properties of Irreducibles)
= m*a® + 25n%b? + 5(n*a® + m*b*)

Let R be an integral domain. Let 0 # p € R. TFAE:

1. p is irreducible;

2.d|lp = d~1Vd~yp;

3. p~abeR = p~aVp~b;
4. p=abeR = p~aVp~b

Consequently, if p ~ q, we have p is irreducible if and only if q is irre-
ducible.

# Proof
(1) = (2): d|p = 3c€R dc=p.
disaunit — d~10;
d is not a unit = cis a unit -’ p is irreducible
= Jc'eR ccl=1=d=pc! = d~p.

<2) = (3) p~ab = ElC/C_lER ccl=1 p = cab
Suppose p # a.
(2)

alcab = alp = a~1 = caisaunit = p~b.

(3) = (4): 1lisaunitandsop =ab = p ~ ab, and the result

follows from (3).
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4) = (1): (4 p=ab = p~a¥Yp~b
WLOGp~a = dc,c'€Rcecc =1 p=ac = ac=ab
Notea #0"-p#0 A p~a.
Then by 8 Proposition 73,¢ = b = bisaunit = pis
irreducible.

By (3) and (1), p ~ q <= p, q are irreducibles. O

& Definition 55 (Prime)

Let R be an integral domain and p € R. We say p is prime in Rif p # 0
is not a unit, and if p|ab € R = pla¥Yp|b.

66 Note

If p ~ q, then p is prime <= q is prime. This is a clear result, since
p~q = plqgAgql|p andif pisprime, then q|p|lab =
qlpla ¥ qlp|b.

Also, by induction, if p is prime and

p|aiaz..., an,

then p | a; for some 1 <i < n.

8 Proposition 93 (Primes are Irreducible)

Let R be an integral domain and p € R. p is prime = p is irreducible.

# Proof
cpisprime p=ab = pla¥ p|b.
WLOG pla = Jde€R dp=a
= a=dp =dab=adb - Riscommutative
"+ a # 0and R is an integral domain, by & Proposition 73,1 =
db = b is a unit (with d being its multiplicative inverse).
.. p is irreducible. O

189
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The converse of & Proposition 93 is false.

Example 31.1.2

Recall from Example 31.1.1 that 1 + /=5 is irredubile in Z[+/—5]. Recall
that for d = m + n\/—5 € Z[\/—5], we defined the norm as

N(d) = m? +5n* € NU{0}.
Before proceeding further, note that
2:3=6=(1+v=5)(1-V=5)=p(1-V-5).

Suppose p is prime, which then p |2 -3 = p|2 ¥ p|3. Suppose
p|2 = 3q € Z[\/—5] 2= pq. It follows that

4=N(2) = N(p)N(q) = 6N(q)
which is impossible. Similarly, p|3 = Ir€ R 3 =rp =
9= N(3) = N(r)N(p) = 6N(r)

is also impossible. Therefore, p is not prime.

31.1.2

& Definition 56 (Ascending Chain Condition on Principal Ideals
(ACCP))

An integral domain R is said to satisfy the ascending chain condition
on principal ideals (ACCP) if for any ascending chain

<a1)§<a2)g<a3>g...
of principal ideals in R, 3n € IN such that

(an)=(an1)=....

Example 31.1.3

Z satisfies ACCP.
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If(a1)C(ap)C(az)C...inZ, then
ap|ay, azlay, ... .
Taking the absolute value of each of the a;’s, we have that
la1| > |ag| > |as| > ... .
Since each of the |a;| > 0 is an integer, there must be some n € IN where
lay| = |ap| = .. .
This implies that a; 1 = =*a; for i > n. Therefore, we have that
(ai)=(ai1) forizn,

thus showing that the ACCP is satisfied.

Let R be an integral domain that satisfies ACCP. Let 0 # a € Rbea
non-unit. Then a is a product of irreducible elements of R.

# Proof
Suppose to the contrary that a is not a product of irreducible elements of
R. Then a itself must not be irreducible. By & Proposition 92, 3x; € R
such that

a=x1a; a#x3 Aadda.

Note that at least one of x1 or aq is not a product of irreducible elements,
for otherwise a would be a product of irreducible elements. WLOG, sup-
pose ay is not a product of irreducible elements. Then & Proposition 92
= dxp €R

a1 = Xoay aq # X A a5t ap.

We can continue this argument infinitely so, in which we will then get an

ascending chain of principal ideals

(a)C (a1 )C(ap)C....

191
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Howeuver, since

afayfayt...,
8 Proposition 91 implies that
(a)S(am)S(m)C...,

which contradicts the assumption that R satisfies ACCP. Therefore, all
non-unit 0 # a € R is a product of irreducible elements of R. O
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I Foctorizations in Integral Domains (Continued 2)

_ Ascending Chain Condition (Continued)

¥ Theorem 95 (Integral Domain that Satisfies ACCP has a Poly-
nomial Ring that Satisfies ACCP)

If R is an integral domain satisfying ACCP, so does R|x].

¢ Proof
Suppose not, i.e. R[x] does not satisfy ACCP. Then there exists a chain of

principal ideals such that

(A)S(fa)S(fs)S... inR[x] (32.1)

Let a; be the leading coefficient of f;. Note that a; € R. From Equa-
tion (32.1), we have that fi 1 | f;, and so we must have a; 1 | a;. Then

(a1) Clraay C(az) C....
Since R satisfies ACCP, 3n € IN such that

(an)=(aps1)=...,

ie. ay ~ Ay~ .... Form >mn,let f, = gfp+1 for some g(x) € Rx].
Ifb € Ris the leading coefficient of g(x), then a,, = bay,1. Since

Ay ~ Ayy1. bis a unit in R. However, g(x) is not a unit in R[x| since

( fm ) € ( fms1 ). Thus g(x) # b, which implies deg g > 1. Then by
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& Proposition 82,
deg fm > deg fu11,

which is true for m > n. By the same arqument, we have that

deg f, > deg fy41 > deg fui2 > ...,

which leads to a contradiction since deg f; > 0 for all i € N. Thus R[x]
must satisfy ACCP. O

Example 32.1.1

Since Z satisfies ACCP, by ® Theorem 95, Z x| also satisfies ACCP.

32.1.2

& Definition 57 (Unique Factorization Domain (UFD))

An integral domain R is called a unique factorization domain (UFD)

if it satisfies the following conditions:

1. If0 # a € R is a non-unit, then a is a product of irreducible elements
in R.

2. If pipa...pr ~ 9192 - .. qs where p; and q; are irreducibles, then r = s
and (possibly after relabelling) p; ~ q; foreach1 <i <r =s.

Example 32.1.2

Both Z and F|[x], where F is a field, are UFDs.

Example 32.1.3

Any field is a UFD since all elements in a field are either O or units.

Recall & Proposition 93: If p is a prime, then p is irreducible. In

comparison, we have the following;:

8 Proposition 96 (Irreducibles are Primes in a UFD)

Let R be a UFD and p € R. If p is irreducible, then p is a prime. This also means that in a UFD, primes
and irreducibles are the same.
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& Proof
Let p € R bean irreducible. If p|ab € R, then 3d € R such that
ab = pd. Since R is a UFD, we can factor a, b, and d into irreducible

elements, say

a=pip2...pPk
b=mqmq2...4

d=rry...1y.
where k,1,m € NU{0}. Then
ab=pd <= p1...pxq1---q = pri...'m.

Since p is irreducible, by 8 Proposition 92, p ~ pj or p ~ q;. Therefore
p|aor p|b, which is the definition of a prime. O

Example 32.1.4

Consider R = Z[/—5] and p = 1+ \/—5. We proved that p is irreducible
but p is not prime. Then by & Proposition 96, we have that Z[\/—5] is not
a UFD.

& Definition 58 (Greatest Common Divisor)

Let R be an integral domain, and a,b € R. We say d € R is the greatest
common divisor of a, b, denoted as ged(a,b) = d, if it satisfies the

following conditions:
1. dlaand d|b;

2. ¢e€RelaNe|lb = e]|d

8 Proposition 97
Let Rbea UFD and a, b € R. If py, ..., py are the non-associated primes
dividing a and b, say

Exercise 32.1.1
Prove & Proposition 97.
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a Ay
a~py...p
by bi
b~p'... by

with a;, b; € N, then

ged(a, b) ~ prlnin(m,h) o p;(m'n(ak,bk)

# Proof
Let d = ged(a, b). It suffices to show that

d | pll’nin(ﬂl,bl) ) mi-n(akrbk)

P ,

min(agbr) pkmin(”k’bk) divides a and b and so it must also divide

since p,
d.

Suppose that d { prlnin(”l’bl) ...p;:ﬁn(”"’b"). Then d p?ﬁn('li’bi) for
1 < i < k. But that implies that d = 1, otherwise d { a and d { b.
However,
flmn(ﬂllhl) o pkmln(ﬂk,hk) 11

which contradicts the choice of d as the greatest common divisor. O

66 Note
IfRisa UFD with d,aq, ...,a, € R, then

ged(day, day, ..., day,) ~ dged(ay, ..., an).

® Theorem 98 (UFD and ACCP)

Let R be an integral domain. TFAE:

1. Risa UFD;

2. R satisfies ACCP and ¥a, b € R, 3d = gcd(a,b) € R;

3. R satsifies ACCP and every irreducible element in R is a prime.




# Proof
(1) = (2): By & Proposition 97,¥a, b € R 3d = ged(a,b) € R.
Suppose there exists

0+# (a1 ) C (ay) C (ag) subsetneq... in R.

Since (a1 ) # R, aq is not a unit* Since R is a UFD, let ay ~ p]l(1 ...plf’,
where the p;’s are non-associated primes and k; € N, for 1 < i < r. Since
a; | ay for 2 <i <r, we have that

diy d; diy
a; ~ pl’lpz'z .. .pr'
where 0 < d;; < k; for 1 < j <'r. This implies that there are only finitely
many non-associated choices for a;, which implies that there exists m # n
such that ay, ~ a, = (an ) = ( a, ), a contradiction. Therefore, R
must satisfy ACCP.

(2) = (3): Let p € R be an irreducible, and suppose p | ab. By (2),
let d = ged(a,p). Then d | p, and by & Proposition 92, we have either
p ~ lord ~ psince p is an irreducible. If d ~ p, since d | 1, we have
that p | 1. If d ~ 1, note that we have that

ged(ab, pb) ~ bged(a, p) ~ b.

Since p | ab and p | pb, we have p | ged(ab, pb) and so p | b.

:(8) = (1): R satisfies ACCP implies, by & Proposition 96, every
non-unit non-zero a € R is a product of irreducible elements in R. It

sufficies to prove that the factorization is unique®. Suppose we have

pip2---Pr~q1q2.---4s

where p; and q; are irreducibles, for 1 < i < rand1 < j < s. Now
p1| pip2...pr and so p1 | 192 - - . qs. By & Proposition 92 and since p;
is an irreducible, py ~ q; for some 1 < j <'s. We may relabel this q; to be
g1. Now since p1 ~ q1 and p1p2...pr ~ q192 ~ Gs, 3a, b € R that are
units suchthat

apy =qp and pip2...pr =bq192...9s = bapiqz ... qs
= po...pr="bagy...qs = p2...pPr ~4q2...4s.

By repeating the same argument, we have that v = s and p; ~ q; for
1 < i < r. Therefore the factorization is unique. O
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" Otherwise, 1 € (a1 ) = (a1 ) =R.

> This would ssatisfy the definition of a
UFD.
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& Definition 59 (Principal Ideal Domain (PID))

An integral domain R is a principal ideal domain (PID) if every ideal

is principal.

Example 32.1.5

A field F is a PID since its only ideals are {0} = (0 ) and F = (1).

Example 32.1.6

Z and F[x] are PIDs.
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B Foctorizations in Integral Domains (Continued 3)

_ Unique Factorization Domains and Principal Ideal Domains (Contin-
ued)

66 Note
Recall the definition of a gcd: d = ged(a, b) if

1. dland|b

2. Ve€eRelaNe|b = e|d

8 Proposition 99 (Bezout’s Lemma in PIDs)

Let R be a PID and let ay, ..., a, be non-zero elements of R. Then d ~
ged(ay, ..., a,) exists and 3rq, ..., vy € R such that

ged(ay, ..., ay) = r1a1 + ...+ ruay.

& Proof
Consider
A={ra1+...+rua,:r; € R}

Note that A is an ideal of R, since Va € A Vr € R, we have

akR s ar =rray + ... +rrpa, € A.
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Since R is a PID, 3d € R such that A = (d ). Thus
dri,..,tn E R d=ria1+...1ra,.

It remains to prove that d ~ ged(ay, ..., a,). Since A = (d ) and a; € R,
clearlysod | a;, forall1 <i<mn. Also, r € R1<i<nr|a; = r|
(ria1 + ...+ rnay) = r | d. Then by the definition of a gcd, we have

d ~ ged(ay, ..., an). O

¥ Theorem 100 (PIDs are UFDs)

Every PID is a UFD.

# Proof
If R is a PID, by ® Theorem 98 and & Proposition 99, it suffices to show
that R satisfies ACCP. If (a1 ) € (ap ) C...in R, let

A= (m)U(ap)U....

Note that A is an ideal, since Ya € A, a € ( a; ) for some i, and so
Vr € R, we have ar € ( a; ) € A. Now since R is a PID, 3a € R such
that A= (a). Then a € ( a, ) for some n € N. Then

() C(an)C (1) C... CA=(a).

which implies that ( a, ) = (ay41 ) = ...in R, i.e. R satisfies ACCP.
Therefore R is a UFD. 0

66 Note
We have the following chain of definitions:

field C PID C UFD C ACCP C commutative ring C ring.

I¥ F 15 A FIELD, then we have shown that both F and F|x] are PIDs.



And so we have the following consequence from ® Theorem 100:

= Corollary 101 (Polynomial Rings over a Field is a UFD)

If F is a field, then F and F[x| are UFDs.

Example 33.1.1
Z[x] is not a PID.

Consider
A={2n+xf(x):n€Z, f(x) € Z[x]}.

Note that A is indeed an ideal, since Va € A and ¢(x) € Z[x], let g(x) =
bo+ bix + ... byx™, and we have

ag(x) = 21+ xf())g(%)
=2nby +2n (b1x + ... byx™) + xf(x)g(x)
= 2nby + x(2nby + ... + 2nbyx™ ) + xf(x)g(x)
= 2nby + x[h(x) + f(x)g(x)] € A

where h(x) = 2nby + 2nbyx + ... + 2bnby, x™ 1. Suppose for contradiction
that A = ( g(x) ) for some g(x) € Z[x|. Since2 € A, we must have
g(x) | 2. It follows that g(x) = £1or £2*. Thus A = Z[x] or A = (2),
respectively for g(x) = £1 or £2. However, A = Z|x] means that A is not
a principal ideal, and if A = ( 2 ), then there must be no xf(x) in A, i.e.

this is an impossible case. Therefore Z|[x) is not a PID.

¥ Theorem 102 (Quotient over a PID)

Let R be a PID and 0 # p € R a non-unit. TFAE:
1. p is prime;

2. R/( p) is a field;

3. R/( p) is an integral domain.
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* We must have deg ¢ = 0, otherwise
there is no way that g(x) | 2. And as
deg g = 0, we have that [g(x)| < 2in Z,
and hence the result.
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# Proof
(1) = (2): Consider a non-zero element a+ ( p ) € R/{ p ). Clearly
then,a & ( p ) and so p 1 a. Consider

A={ra+sp:rseR},

which is (quite clearly so) an ideal in R. Since R is a PID, 3d € R such

that A = ( d ). Sincep € A2, we haved | p. Since p is prime, p is >Since R is a PID, it is a integral
domain and so 0 € R. Then
0O-a+1-p=peA
(p)=1(d)=A = p|a, which contradicts the fact that p { a. 3By 8 Proposition 93.

irreducible3, and so d ~ p or d ~ 1 by & Proposition 92. If d ~ p, then

And so we are left with d ~ 1. It follows that A = (1 ) = R. In
particular, we have 1 € A, and say then ba + cp =1 for some b,c € R. It
so follows that

(b+(p)at(p))=bat(p)=1+(p)eR/(p).
Therefore a + ( p ) is a unit and so R /( p ) is a field.
(2) = (3): By & Proposition 74, every field is an integral domain.
(3) = (1): Suppose p | ab € R. Then
@+ (pN+(p))=ab+{p)=0+(p)

Since R/{ p ) is an integral domain, WLOG, say we have that a +
(p)=0+(p). Thena e (p) = p | a. Otherwise, we would have
p|b. O

Conseugently, alongside with 8 Proposition 77 and 8 Proposition 78,
we have:

Every non-zero prime ideal of a PID is maximal 4 4In other words, in a PID, maximal
ideals are prime ideals and vice versa
(see = Corollary 79.)

The results of ® Theorem 102 may fail if we are simply in a UFD.

Example 33.1.2
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R = Z][x] is a UFD. Consider the principal ideal { x ) C R. Then
R/( x) = Z, which we know is an integral domain but not a field. . ( x )
is a prime ideal in Z|x] but not maximal.

_ Gauss’ Lemma

& Definition 60 (Content)

If Risa UFD and if 0 # f(x) € R[x], the greatest common divisor of the
non-zero coefficients of f(x) is called the content of f(x), and denoted by

c(f)-

& Definition 61 (Primitive Polynomials)

IfRisa UFD and if 0 # f(x) € R[x], then if c(f) ~ 1, we say that f(x)

is a primitive polynomial, or simply say that f(x) is primitive.

Example 33.1.3

In Z|x], we have

(primitive) : ¢(6 + 10x> + 15x%) ~ 1;
(non-primitive) : ¢(6 + 9x* 4+ 15x°) ~ 3.
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I [octorizations in Integral Domains (Continued 4)

_ Gauss’ Lemma (Continued)

4 Lemma 104 (Role of the Content)
Let R be a UFD and let 0 # f(x) € R[x].
1. f(x) can be written as
f(x) = c(f)fi(x)
where f1(x) is primitive.

2. If0# b € R, then c(bf) = be(f).

& Proof
1. Let ¢ = c(f) ~ ged(ag, ay, ..., am), where we let f(x) = ayx™ + ...+
ag. Since c is the gcd, for 0 < i < m, write

a; = cb.
Then f(x) = cf1(x) where
f1(x) = bpx™ + ...+ by.
Then by & Proposition 97, we have

c ~ ged(ag, ay, ..., am) ~ ged(cby, ..., cby) ~ cged(by, ..., by).
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It follows that ged(by, ..., bwm) ~ 1 and so f1(x) is primitive.

2. This is an immediate result from & Proposition 97.

4 Lemma 105 (Non-Trivial Irreducible Polynomials are Primi-

tive)

Let R be a UFD and I(x) € R[x] be irreducible with degl > 1. Then
c(l) ~ 1.

& Proof
By Lemma 104, we can write

I(x) = c(Dh(x)

for some Iy (x) € R[x]. Since I(x) is irreducible, by & Proposition 92, we
have either c(1) ~ 1 or t(x) ~ 1. However, since deg! = degly > 1, we
have that 11 (x) # 1 and so c(l) ~ 1. O

Example 34.1.1

The polynomial 2x + 4 € Qx| is irreducible®. However, the polynomial ' Any factorization of 2x + 4 in Q[x] will

2x + 4 € Z|x] is not irreducible. For instance,
2x+4=2(x+2)

but both 2 and (x + 2) are not units of Z[x].

¥ Theorem 106 (Gauss’ Lemma)

Let R be a UFD. For any non-zero f(x), g(x) € R[x], we have

c(fg) ~c(f)e(g)

always result in one of the factors being
a unit.
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¢ Proof
By Lemma 104, let

where f1(x) and g1(x) are primitive. Then by part (2) of Lemma 104, we

have
c(fg) =cle(f)fic(g)g1) = c(f) c(g) c(fi81)-

From here, if c(f1g1) ~ 1, our proof is complete. Thus, it suffices to
show that f(x)g(x) is primitive when f(x) and g(x) are primitive, i.e.

c(f) ~ Te(g)-

Suppose that we have that f(x) and g(x) are primitive but f(x)g(x)
is not primitive. Since R is a UFD, by ® Theorem 98, Ip € R such that
p divides each coefficient of f(x)g(x). Write

f(x) =ap+a1x+...aux™

g(x) =by+byx+...byx".

Since f(x) and g(x) are primitive, p does not divide each a; or each b; 2. 2 Otherwise, f(x) and g(x) would not

be primitives since if p does divide all
Then Jk,s € N'U {0} such that of the coefficients, then c(f) # 1or

c(g) # 1, i.e. they are not primitives.
® ptagbutp]a;for0<i<kand

® p{bsbutp|bjfor0<j<s.
Note that the coefficient of x5 in f(x)g(x) is

Ckts = Z aibj.
i+j=k+s
From the two bullet points, we have that p divides all a; and b; with
i+j = k+ s except arbs. It follows that p { cy. s, which contradicts
the fact that p divides all coefficient of f(x)g(x). Therefore, f(x)g(x) is

primitive. O
The contrapositive of this theorem is
rather interesting: If f(x) € F[x]is
Let R be a UFD whose field of fractions is F 3. If 1(x) € R[x] is irre- reducible, then f(x) is also reducible in

ducible in R[x|, then I(x) is irreducible in F|x|. R[]t

3 Note that we regard R C Fasa
subring of F, as per usual.
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¢ Proof
Let I(x) € R[x]| be irreducible. Suppose 1(x) = g(x)h(x) € F[x] for some
g(x), h(x) € F[x]. If a and b # are the products of the denominators of 4 They are both in F.

the coefficients of ¢(x) and h(x), respectively, then

Then abl(x) = g1(x)hy(x) is a factorization in R[x]. Since I(x) is
irreducible in R|x|, we have that c(I) ~ 1 by Lemma 105. Then by

® Theorem 106, we have

ab ~ abe(l) ~ c(abl) ~ c(g1h1) ~ c(g1) c(h1). (34.1)

By Lemma 104, write

c(g1)82(x)
c(hy)ha(x)

g1(x)
hy(x)

where go(x), ha(x) € R[x] are primitive. Then we have
abl(x) = g1(x)h1(x) = c(g1) e(h1)g2(x)h2(x).
Then by Equation (34.1), we have
1(x) ~ g2 (x)l(x).

Since 1(x) is irreducible in R[x], it follows, WLOG, that g»(x) ~ 1,
which then

ag(x) = g1(x) = c(g1)g2(x) = c(g1)v

for some unit v € R. And so

is also a unit. Therefore, we have that
I(x) = g(x)h(x) € Fx]

implies that either g(x) or h(x) is a unit, i.e. 1(x) is irreducible in F[x].0]
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I [octorizations in Integral Domains (Continued 5)

_ Gauss’ Lemma (Continued 2)

We have shown in Example 33.1.1 that Z[x] is not a PID. Our goal
now is the show that, in spite of that, Z[x] is a UFD.

66 Note

Recall the following results from the recent lectures: Let R be a UFD with
F being its field of fractions. We have

e [(x) € R(x] is irreducible = c(I) ~ 1 (Lemma 105);
* c(fg) ~ c(f)c(g) (Lemma 104);

e [(x) is irreducible in R[x] == [(x) is irreducible in F|[x]
® Theorem 107).

66 Note

Recall that the contrapositive of ® Theorem 107 is: if 1(x) is reducible in
F[x], then 1(x) is reducible in R[x].

In other words, for f(x) € R[x], if f(x) = g(x)h(x) € F[x], then
3g(x), h(x) € R[x] such that

f(x) = g(x)h(x) € R[x].

Example 35.1.1
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2x2 + 7x + 3 € Z|[x], which we observe that

2x% 4 7x 43 = (x-l—%) (2x +6)
= (2x+1)(x+3).
We want to take advantage of the fact that Q[x] is a UFD to show

that Z[x] is also a UFD.

Recall from Example 34.1.1 that 2x + 4 € Q[x] is irreducible,
but is reducible in Z[x]. Therefore, we have that the converse of

2 Theorem 107 is not true.

8 Proposition 108
Let R be a UFD with field of fractions F. TFAE:
1. f(x) is irreducible in R[x];

2. f(x) is primitive and irreducible in F|x].

& Proof
(1) = (2) follows from Lemma 105, ® Theorem 106 and

% Theorem 107.

(2) = (1): Suppose that f(x) is primitive and irreducibile in F|x] but
reducible in R[x|. Then a non-trivial factorization of f(x) € R[x| must

take the form f(x) = dg(x) withd € Randd # 17*. Sinced | f(x), * Note that we cannot have both factors
.. . . . . to have degree > 1, otherwise this
d 1 must then divide each of the coefficients of f(x), which contradicts would be a non-trivial factorization in
the assumption that f(x) is primitive. O F[x], contradicting the irreducibility of
f(x) in Flx].

% Theorem 109 (Polynomial Ring of a UFD is also a UFD)

If R is a UFD, then the polynomial ring R|x] is also a UFD.

# Proof
By ® Theorem 95, since R is a UFD and hence satisfies ACCP 2, we *See note on page 200.
have R|[x] also satisfies ACCP. Then by ® Theorem 98, to complete the



proof, it suffices to show that every irreducible element 1(x) € R[x] is
prime. To show that an irreducible element 1(x) € R[x] is prime, we need
to show that if 1(x) | f(x)g(x) in R[x], then I1(x) | f(x) or I(x) | g(x).

Claim: It suffices to show that

1) [ i(x)g1(x) = 1(x) | fi(x) V I(x) | g1(x)

where f1(x) and g1(x) are primitive, then given any non-primitive f(x)
and g(x) such that 1(x) | f(x)g(x), we can reduce it to the primitive
case, which then 1(x) | f(x) or I(x) | g(x).

Suppose 1(x) | f(x)g(x), which then 3h(x) € R[x| such that
I(x)h(x) = f(x)g(x). Note that at this point, it is not necessary that
f(x) and g(x) are primitive. Then by Lemma 104, we may write

for some primitive polynomials f1(x), g1(x) and hy(x) in R[x|. Since
I(x) is irreducible, by Lemma 105, we have c(1) ~ 1. It thus follows that
c(h) ~ c(f)c(g). Since

c(h)hi(x) = c(f) c(g) f1(x)g1(x),
we have that
By (x)1(x) ~ f1(x)g1(x).

(
Then we have that 1(x) | f1(x)g1(x), and so by the assumption, we
have that 1(x) | fi(x)orl(x) | &1

1(x) [ g(x).

91(x), and so we have I(x) | f(x) or

We may now assume that 1(x) | f(x)g(x) where f(x), g(x) are
primitive in R[x]. Let F denote the field of fractions of R, and consider
R C F is a subring of F. Then by extension, we have that 1(x) | f(x)g(x)
in F[x]. Since I(x) is irreducible in R[x], we also have that 1(x) is irre-
ducible in F|x|, by ® Theorem 107. Then by & Proposition 86, since
F(x] is a field, we have I(x) | f(x) or I(x) | g(x).

Suppose that 1(x) | f(x) in F[x], say 3k(x) € F[x] such that

PMATH347518 - Groups & Rings 211



212 Lecture 35 Jul 25th 2018 - Factorizations in Integral Domains (Continued 5)

If d € R is the product of all denominators of the non-zero coefficients of
k(x), then ko(x) = dk(x) € R[x], and so we have

df(x) = dl(x)k(x) = 1(x)ko(x).

Since f(x) is primitive and 1(x) is irreducible, by Lemma 105 and

B Theorem 106, we have
d ~c(df) ~ c(lko) ~ (1) c(ko) ~ c(ko)- (35.1)

Now if we write ko(x) = c(ko)ky(x) using Lemma 104, for some primi-
tive k1(x) € R[x], then

df (x) = 1(x)ko(x) = c(ko)I(x)ki ().

Then from Equation (35.1), we have

f(x) ~ l(x)ka (x).

Thus we have 1(x) | f(x) in R[x|. Similarly so, if [(x) | g(x) in F|x]|, we
can show that 1(x) | g(x) in R[x]. It follows that I(x) is therefore prime
and so R[x] is a UFD. O

LET R BE A UFD, and xy, ..., x, be n commuting variables, i.e. Vi, j €
{1,...,n} we have

xl-xj = xjxi.

We may then inductively define the ring R[x, ..., x,,| of polynomials
in n variables by

R[x1, .., xn] = (R[x1, ooy Xp—1]) [Xn]

for n > 1. Then, as a direct corollary of ® Theorem 109, we have:

If R is a UFD, then ¥n € N, R[x1, ..., x| is also a UFD.
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Now since Z is a UFD, we have, therefore:

= Corollary 111 (Polynomial Ring over Integers is a UFD)

Zlx) and Z[xy, ..., x| are UFDs.

Another application of Gauss’ Lemma is:

® Theorem 112 (Eisenstein’s Criterion of Z[x])

Let f(x) = ayx" 4+ ...+ a9 € Z[x] and p a prime. Suppose that
pta, ptajfor0<i<n—1 and p*ta,.

Then f(x) is irreducible in Q[x]. In particular, if f(x) is primitive, then

f(x) is irreducible in Z[x].3 Je.g. f(x)is monic = f(x)is
primitive.

& Proof

Take PMATH348!4 + And so we have a teaser right at the

end!!
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set of n X n matrices over R

set of integers modulo 1; each element has its multiplicative inverse
symmetry group of degree n

dihedral group of degree 1; a subset of S,

Klein n-group

alternating group of degree 1; a subset of S,

polynomial ring over a field F

order of the dihedral group; the size of the dihedral group

An n-cycle

determinant of matrix A

general linear group of degree #;

the set that contains elements of M, (IR) with non-zero determinant
special linear group of order ;

the set that contains elements of GL,(IR) with determinant of 1
center of group G

cyclic group with generator g; principal ideal with generator g
principal ideal with generator h(x) € F|x]

n divides d

H is a subgroup of G (used sparsely in this notebook)

H is a normal subgroup of G

quotient group of G by H< G

kernel of w

image of w

group of elements of G with order m

characteristic of the ring R

the greatest common divisor of a and b

the content of the polynomial f(x)






Abelian Group, 33

ACCP, 190

acts on, 101

additive identity, 22

Alternating Group, 53, 79

Ascending Chain Condition on Prin-
cipal Ideals, 190

associated to, 184

Association, 184

associativity, 21

Bijectivity, 25

Cauchy’s Theorem, 109

Cayley Table, 40

Cayley’s Theorem, 99, 103

Center of a Group, 48

Center of a Ring, 126

centralizer, 108

Characteristic, 125

Chinese Remainder Theorem, 141
Class Equation, 108

closure, 21

Commutative Ring, 121
conjugacy class, 107

conjugation, 104

constant polynomial, 161
Content, 203

Coset, 69

Coset Map, 88

Cycle Decomposition Theorem, 29
Cyclic Group, 41, 55, 60

degree, 161
Dihedral Group, 65, 79

direct product, 36, 125
Division, 184

Division Algorithm, 170
Division of Polynomials, 167
Division Ring, 146

Eisenstein’s Criterion of Z[x], 213
Equivalence Relation, 68, 185
Euler’s ¢-function, 74, 143
Euler’s Theorem, 74

Euler’s Totient Function, 74, 143
Even Permutations, 53

Extended Cayley’s Theorem, 100

factors through, 94

faithful group action, 103

Fermat’s Little Theorem, 74

Field, 146

Field of Fractions, 158

Finite Abelian Group Structure, 120
Finite Subgroup Test, 49

First Isomorphism Theorem, 9o, 138
Fraction, 158

Gauss’ Lemma, 206

Gaussian Integers, 145
Gaussian integers, 127
General Linear Group, 35, 78
generator, 55, 60, 132
Greatest Common Divisor, 195
Greatest common divisor, 172
Group Action, 101, 103
Group Homomorphism, 66
Group of Units, 145

Groups, 33

Homomorphism, 66, 135

Ideal, 131

Image, 137

Image of a Homomorphism, 88
Index, 71

Injectivity, 25

Integral Domain, 150
inverse permutation, 277
Irreducible, 187

Irreducible Polynomials, 175
isomorphic, 67

isomorphic to, 67
Isomorphism, 67

Kernel, 88, 137
Klein n-group, 41

Lagrange’s Theorem, 73
leading coefficient, 161

Maximal Ideals, 156
Monic Polynomial, 167
mutiplicative identity, 22

norm, 188

Normal Subgroup, 75
Normality Test, 77
Normalizer, 81

Odd Permutations, 53

one-to-one, 25

onto, 25

Orbit, 104

Orbit Decomposition Theorem, 105



Order, 26
Order of an Element, 57

p-Group, 113

p-Groups are Finite, 113
Parity Theorem, 51
Permutations, 25

PID, 198

polynomial, 161

Primary Decomposition, 113
Prime, 189

Prime Ideals, 155

primitive, 203

Primitive Polynomials, 203
Principal Ideal, 132, 178, 181
Principal Ideal Domain, 198
Product of Groups, 80

Quotient Group, 88

Quotient Map, 88
Quotient Ring, 132

reducible, 187

reducible polynomials, 175
restriction, 117

Ring, 121

Ring Homomorphism, 135
Ring Isomorphism, 137

Second Isomorphism Theorem, 95,
139

sign of a permutation, 9o

Special Linear Group, 48, 78

Stabilizer, 104

Subgroup, 45

Subgroup Test, 47

Subring, 126

Subring Test, 126

Surjectivity, 25
symmetry group, 36

Third Isomorphism Theorem, 96, 140

Transposition, 51
Trivial Ring, 124

UFD, 194

Unique Factorization Domain, 194

Unique Factorization Theorem for
Polynomials, 176

Units, 144

Unity, 121

Zero Divisor, 147
Zero of a Ring, 121
zero polynomial, 161
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