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Preface

PMATH333 is offered as a course that attempts to bridge the gap for students who have
taken the regular math courses instead of the advanced math courses, in particular for
MATH147, MATH148 and MATH247 in UW. This set of notes is taken from the W2017
term.
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Theorem B.2.6 Cantor-Schröder-Bernstein Theorem . . . . . . . . . . . . . . . 98



Chapter 1

The Real Number System

1.1 Ordered Field Axioms

Please review Appendix A. We shall use all of the set notations that are introduced in
Appendix A. We will also introduce one more notation.

Definition 1.1.1 (Removal)
Let A and B be sets. The set A remove B, denoted as A \B, is the set

A \B = {x|x ∈ A ∧ x /∈ B}

Definition 1.1.2 (Disjoint)
Let A and B be sets. We say that A and B are disjoint when A ∩B = ∅

Theorem 1.1.1 (Properties of Sets)
Let A,B,C ⊆ X. Then

1. (Idempotence) A ∪A = A,A ∩A = A

2. (Identity) A ∪ ∅ = A,A ∩ ∅ = ∅, A ∪X = X,A ∩X = A

3. (Associativity) (A ∪B) ∪ C = A ∪ (B ∪ C) and (A ∩B) ∩ C = A ∩ (B ∩ C)

4. (Commutativity) A ∪B = B ∪A and A ∩B = B ∩A

5. (Distributivity) A∩ (B∪C) = (A∩B)∪ (A∩C) and A∪ (B∩C) = (A∪B)∩ (A∪C)

6. (De Morgan’s Laws) X\(A∪B) = (X\A)∩(X\B) and X\(A∩B) = (X\A)∪(X\B)

Definition 1.1.3 (Intervals)
For a, b ∈ R with a ≤ b we write

15
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(a, b) = {x ∈ R|a < x < b}, [a, b] = {x ∈ R|a ≤ x ≤ b},
(a, b] = {x ∈ R|a < x ≤ b}, [a, b) = {x ∈ R|a ≤ x < b},
(a,∞) = {x ∈ R|a < x}, [a,∞) = {x ∈ R|a ≤ x},

(−∞, b) = {x ∈ R|x ≤ b}, (−∞, b] = {x ∈ R|x < b},
(−∞,∞) = R

An interval in R is any set of one of the above forms. In the case that a = b, we have
(a, b) = [a, b) = (a, b] = ∅ and [a, b] = {a}, and these intervals are called denegerate
intervals. The intervals ∅, (a, b), (a,∞), (−∞, b) and (∞,∞) are called open intervals. The
intervals ∅, [a, b], [a,∞), (−∞, b] and (−∞,∞) are called closed intervals.

Remark
Note on how the intervals ∅ and (−∞,∞) are both open and closed intervals.

Definition 1.1.4 (Ring)
A ring is a set F with two distinct elements 0, 1 ∈ F and two binary operations + and ·
such that

1. (Additive Associativity) For all x, y, z ∈ F we have (x + y) = z = x + (y + z),

2. (Additive Commutativity) For all x, y ∈ F we have x + y = y + x,

3. (Additive Identity) For all x ∈ F we have 0 + x = x.

4. (Additive Inverse) ∀x ∈ F ∃!y ∈ F x+ y = 0

5. (Multiplicative Associativity) ∀x, y, z ∈ F we have (x · y) · z = x · (y · z),

6. (Multiplicative Identity) ∀x ∈ F we have 1 · x = x = x · 1,

7. (Distributivity) ∀x, y, z ∈ F we have x · (y + z) = (x · y) + (x · z)

Definition 1.1.5 (Commutative Ring)
A ring F is a commutative ring if it has the following (additional) property:
(Multiplicative Commutativity) ∀x, y ∈ F we have x · y = y · x.

Definition 1.1.6 (Field)
A commutative ring F is a field if it has the following (additional) property:
(Multiplicative Inverse) ∀x 6= 0 ∈ F ∃!y ∈ F such that x · y = 1.

Remark
For the sake of simplicity, we will write x · y = xy for any x and y.

Theorem 1.1.2 (Q and R as Fields)
Q and R are fields.
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Remark
Note that Z and N are not fields since their elements do have have a multiplicative inverse.
They are, however, commutative rings.

Remark (Some shorthand notations)
Let F be a friend and let a, b ∈ F . We denote the unique additive inverse of a by -a and
we write a - b = a + (-b). When a 6= −, we denote the unique multiplicatie inverse of a
by a−1 and we write b÷ a = b

a = ba−1.

Theorem 1.1.3 (Cancellations & Identities)
Lt F be a field. Then ∀x, yz ∈ F we have

1. (Additive Cancellation) x+ y = x+ z =⇒ x = z

2. (Uniqueness of Additive Identity) x+ y = x =⇒ y = 0

3. (Multiplicative Cancellation) xy = xz =⇒ (x = 0 ∨ y = z)

4. (Uniqueness of Multiplicative Identity) xy = x =⇒ y = 1

5. (No Zero Divisors) xy = 0 =⇒ (x = 0 ∨ y = 0)

Theorem 1.1.4 (Properties of Fields)
Let F be a field. Then for all x, y ∈ F we have

0 · x = 0 -(-x) = x -(x + y) = -x - y (-1)x = x
(-x)y = -(xy) (-x)(-y) = xy (a−1)−1 = a (ab)−1 = a−1b−1

(−a)−1 = −a−1

Definition 1.1.7 (Order)
An order on a set X is a binary relation ≤ on X such that

1. (Totality) ∀x, y ∈ X(x ≤ y ∨ y ≤ x)

2. (Antisymmetry) ∀x, y ∈ X (x ≤ y ∧ y ≤ x) =⇒ x = y

3. (Transitivity) ∀x, y, z ∈ X (x ≤ y ∧ y ≤ z) =⇒ x ≤ z

Remark (Order defined using the < operator)
Note that we may also make a definition of the above using ¡ instead of ≤. Then the
properties that will define an order will be:

1. (Trichotomy Property) ∀x, y ∈ X(x < y ∨ y < x ∨ x = y)

2. (Transitive Property) ∀x, y, z ∈ X(x < y ∧ y < z) =⇒ x < z

3. (Additive Property) ∀x, y, z ∈ X x < y =⇒ x+ z < y + z
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4. (Multiplicative Property) ∀a, b, c ∈ X we have

(a) a < b ∧ c > 0 =⇒ ac < bc

(b) a < b ∧ c < 0 =⇒ bc < ac

Remark (Non-negative and Non-positive)
Let a ∈ R. We say that a is non-negative when 0 ≤ a and that a is non-positive a ≤ 0.

Remark
Some ways of writing the order symbol. Let a, b, c ∈ R

• b ¿ a is equivalent to b ¡ a

• b ≤ a is equivalent to b < a ∨ b = a

• If a ¡ b and b ¡ c, we can write a ¡ b ¡ c.

Theorem 1.1.5 (N,Z,Q and R are ordered)
Each of N,Z,Q and R is an ordered set using the standard order ≤. Under the inclusions
N ⊆ Z ⊆ Q ⊆ R the orders coincide (e.g. when a, b ∈ N we have a ≤ b in N if and only if
a ≤ b in R)

Definition 1.1.8 (Ordered Field)
An ordered field is a field F with an order ≤ such that for all x, y, z ∈ F

1. x ≤ y =⇒ x+ z ≤ y + z, and

2. 0 ≤ x ∧ 0 ≤ y =⇒ 0 ≤ xy.

Theorem 1.1.6 (Q and R as Ordered Fields)
Q and R are ordered fields.

Theorem 1.1.7 (Properties of Ordered Fields)
Let F be an ordered field. Then ∀x, y, z ∈ F we have

1. x > 0 =⇒ −x < 0 and x < 0 =⇒ −x > 0

2. x 6= 0 =⇒ x2 > 0 and in particular 1 ¿ 0

3. 0 < x < y =⇒ 0 < 1
y <

1
x
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Definition 1.1.9 (Absolute Value)
Let F be an ordered field. For a ∈ F we define the absolute value of a to be

|a| =

{
a if a ≥ 0,

−a if a ≤ 0.

Theorem 1.1.8 (Properties of Absolute Values)
Let F be an ordered field. Then for all x, y, z ∈ F we have

1. (Positive Definiteness) |x| ≥ 0 and |x| = 0 ⇐⇒ x = 0

2. (Symmetry) |x− y| = |y − x|

3. (Multiplicativeness) |xy| = |x||y|

4. (Triangle Inequality) |x+ y| ≤ |x|+ |y|

5. (Approximation) |x− y| ≤ z =⇒ y − z ≤ x ≤ y + z

Theorem 1.1.9 (Basic Order Properties in Z)
1. ∀n ∈ Z(n ∈ N ⇐⇒ n ≥ 0)

2. ∀k, n ∈ Z(k ≤ n ⇐⇒ k < n+ 1)

1.2 Completeness Axiom

Definition 1.2.1 (Upper and Lower Bounds)
Let X be an ordered set and let A ⊆ X

1. We say that A is bounded above (in X) when ∃b ∈ X ∀a ∈ A a ≤ b, in which case we
call b the upper bound of A.

2. We say that A is bounded below (in X) when ∃c ∈ X ∀a ∈ A c ≤ a, in which case we
call c the lower bound of A.

We say that A is bounded when it is bounded above and below.

Definition 1.2.2 (Supremum and Infimum)
Let X be an ordered set and let A ⊆ X.

1. We say that A has a supremum (or the least upper bound) when

∃b ∈ X(∀a ∈ A a ≤ b) ∀c ∈ X(∀a ∈ A a ≤ c) b < c.
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We write b = sup A.
Now if b = sup A and b ∈ A, we call b the maximum of A, and denote it as b = max A.

2. We say that A has an infimum (or the greatest lower bound) when

∃d ∈ X(∀a ∈ A d ≤ a) ∀c ∈ X(∀a ∈ A c ≤ a) c < d.

We write d = inf A.
Now if d = inf A and d ∈ A, we call d the minimum of A, and denote it as d = min
A.

Theorem 1.2.1 (Approximation Property of Supremum and Infimum)
Let ∅ 6= A ⊆ R.

1. b = supA =⇒ ∀0 < ε ∈ R ∃x ∈ A (b− ε < x ≤ b)

2. c = inf A =⇒ ∀0 < ε ∈ R ∃x ∈ A (c ≤ x < c+ ε)

Theorem 1.2.2 (Completeness Properties of R)
1. ∀∅ 6= A ⊆ R, if A is bounded above, then A has a supremum in R

2. ∀∅ 6= A ⊆ R, if A is bounded below, then A has an infimum in R

Theorem 1.2.3 (Well-Ordering Properties of Z in R)
1. Every nonempty subset of Z which is bounded above in R has a maximum.

2. Every nonempty subset of Z which is bounded below in R has a minimum. In partic-
ular, every nonempty subset of N has a minimum.

Theorem 1.2.4 (Floor and Ceiling Properties of Z in R)
1. (Floor Properties) ∀x ∈ R ∃!n ∈ Z (x− 1 < n ≤ x)

2. (Ceiling Properties) ∀x ∈ R ∃!n ∈ Z (x ≤ n < x+ 1)

Definition 1.2.3 (Floor and Ceiling Functions)
Given x ∈ R we define the floor of x to be the unique n ∈ Z with x − 1 < n ≤ x and
denote the floor of x by bxc. The function f : R → Z given by f(x) = bxc is called the
floor function.

Similarly, we define the ceiling of x to be the unique n ∈ Z with x ≤ n < x+ 1 and denote
the ceiling of x by dxe. The function f : R → Z given by f(x) = dxe is called the ceiling
function.

Theorem 1.2.5 (Archimedean Properties of Z in R)
1. ∀x ∈ R ∃n ∈ Z (n > x)
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2. ∀x ∈ R ∃m ∈ Z (m < x)

Theorem 1.2.6 (Density of Q)

∀a, b ∈ R(a < b) ∃q ∈ Q(a < q < b)



Chapter 2

Sequences

2.1 Limits of Sequences

Definition 2.1.1 (Sequence)
For p ∈ Z, let Z≥p = {k ∈ Z|k ≥ p}. A sequence in a set A is a function of the form
x : Z≥p → A for some p ∈ Z. Given a sequence x : Z≥p → A, the k-th term of the sequence
is the element xk = x(k) ∈ A, and we denote the sequence x by

〈xk〉k≥p = {xk|k ≥ p} = {xp, xp+1, xp+2, ...}

Note that the range of the sequence 〈xk〉k≥p is the set {xk}k≥p = {xk|k ≥ p}.

Remark
While the notation {xk}k≥p is more commonly used, since this set of notes works a lot
between sequences and sets, we shall use the notation 〈xk〉k≥p to denote a sequence instead
to make a clear distinction between the two.

Definition 2.1.2 (Subsequence)
Let 〈xk〉k≥p be a sequence. A subsequence of 〈xk〉k≥p is a sequence of the form 〈xkn〉n∈N
such that k1 < k2 < k3 < . . . and xk1 < xk2 < xk3 < . . ., where xkl = xm for all n ≥ l ∈ N
and a unique k ≥ m ∈ Z≥p.

Remark
In other words, a subsequence 〈xkn〉n∈N is constructed from 〈xk〉k≥p by ”removing” from
xp, xp+1, xp+2, ... all the xm’s except for those such that m = kl for some l.

Definition 2.1.3 (Extended Ordered Field)
Let F be an ordered field. We can define the extended ordered field F̂ to be the set F̂ =

22
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F ∪ {−∞,∞}, such that ∀a ∈ F,−∞ < a <∞.

We also define, ∀a ∈ F :

• a+∞ =∞,

• a−∞ = −∞,

• if a > 0, then a · ∞ =∞, and

• if a < 0, then a · ∞ = −∞.

We define some indeterminant forms:

∞−∞, ∞ · 0, ∞
∞
,
∞
0
,

0

∞

We extend the order relation ¡ on F such that −∞ <∞.

Definition 2.1.4 (Convergence, Divergence and Limits of a Sequence)
Let F be an extended ordered field. and 〈xk〉k≥p be a sequence in F. For a ∈ F , we say that
the sequence 〈xk〉k≥p converseges to a (or that the limit of 〈xk〉k≥p is equal to a), and we
write xk → a(as k →∞), or we write limk→∞ = a, when

∀0 < ε ∈ F ∃m ∈ Z ∀k ∈ Z≥p (k ≥ m =⇒ |xk − a| ≤ ε).

We say that the sequence 〈xk〉k≥p diverges (in F) when it does not converge (to any a ∈ F ).
We say that 〈xk〉k≥p diverges to infinity, or that the limit of 〈xk〉k≥p is equal to infinity,
and we write xk →∞(as k →∞, or we write limk→∞ xk =∞, when

∀r ∈ F ∃m ∈ Z ∀k ∈ Z≥p (k ≥ m =⇒ xk ≥ r)

Similarly, we say that 〈xk〉k≥p diverges to −∞, or that the limit of 〈xk〉k≥p is equal to
negative infinity, and we write xk → −∞(as k →∞), or we write limk→∞ xk = −∞, when

∀r ∈ F ∃m ∈ Z ∀k ∈ Z≥p (k ≥ m =⇒ xk ≤ r)

Theorem 2.1.1 (Independence of Limit from Initial Terms)
Let 〈xk〉k≥p be a sequence in a subfield F of R.

1. If q ≥ p and yk = xk for all k ≥ q, then 〈xk〉k≥p converges iff 〈yk〉k≥q converges, and
in this case limk→∞ xk = limk→∞ yk.

(Note that in this statement, 〈yk〉k≥q is a subsequence of 〈xk〉k≥p, such that it takes
on all the elements of the sequence after some q ≥ p.)
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2. If l ≥ 0 and yk = xk+l for all k ≥ p, then 〈xk〉k≥p converges iff 〈yk〉k≥p converges,
and in this case limk→∞ xk = limk→∞ yk.

(Note that in this statement, 〈xk〉k≥p is a subsequence of 〈yk〉k≥p instead, such that
〈xk〉k≥p takes on all the values of 〈yk〉k≥p from k + l.)

Remark
Because of the above theorem, we often simply denote 〈xk〉k≥p as 〈xk〉

Theorem 2.1.2 (Uniqueness of Limit)
Let 〈xk〉 be a sequence in an ordered field F. If 〈xk〉 has a limit (finite or infinite) then its
limit is unique.

2.2 Limit Theorems

Theorem 2.2.1 (Basic Limits)
In any ordered field F, for a ∈ F we have

lim
k→infty

a = a, lim
k→∞

k =∞, lim
k→∞

1

k
= 0

Theorem 2.2.2 (Operations on Limits)
Let 〈xk〉 and 〈yk〉 be sequnces in an ordefred field F and let c ∈ F . SPS that 〈xk〉 and 〈yk〉
both converge with xk → a and yk → b. Then

1. cxk → ca

2. (xk + yk)→ a+ b

3. (xk − yk)→ a− b

4. xkyk → ab

5. If b 6= 0, then xk
yk
→ a

b

Theorem 2.2.3 (Extended Operations on Limits)
Let 〈xk〉 and 〈yk〉 be sequences in F. SPS that limk→∞ xk = u and limk→∞ yk = v, where

u, v ∈ F̂ .

1. If u + v is defined in F̂ , then limk→∞(xk + yk) = u+ v.

2. If u - v is defined in F̂ , then limk→∞(xk − yk) = u− v.

3. If uv is defined in F̂ , then limk→∞ xkyk = uv.
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4. If u
v is defined in F̂ , then limk→∞

xk
yk

= u
v

Theorem 2.2.4 (Monotonic Surjective Functions)
Let I and J be intervals in a subfield F ⊆ R. SPS f : I → J is increasing and surjective.
Let 〈xk〉 be a sequence in I. Then

1. If xK → a ∈ I, then f(xk)→ f(a) ∈ J .

2. If xk → u ∈ F ∪ {∞} is the right endpoint of I, then f(xk) → v ∈ F ∪ {∞} is the
right endpoint in J.

3. If xk → u ∈ F ∪ {−∞} is the left endpoint of I, then f(xk)→ v ∈ F ∪ {−∞} is the
left endpoint in J.

Theorem 2.2.5 (Basic Elementary functions Acting on Limits)
Let 〈xk〉 be a sequence in R ad let b ∈ R. Then

1. xk → a > 0 =⇒ xbk → ab and

xk →∞ =⇒ lim
k→∞

xbk =


∞ b > 0

1 b = 0

0 b < 0

2. (xk → a ∧ b > 0) =⇒ bxk → ba and

(xk →∞∧ b > 0) =⇒ lim
k→∞

bxk =


∞ b > 1

1 b = 1

0 0 < b < 1

3. (xk → a > 0 ∧ b > 0) =⇒ logb xk → logb a and

(xk →∞∧ b > 0) =⇒ lim
k→∞

logb xk =


∞ b > 1

0 b = 1

−∞ 0 < b < 1

4. xk → a =⇒ (sinxk → sin a ∧ cosxk → cos a) and
(xk → a(∀t ∈ Z a 6= π

2 + 2πt)) =⇒ tanxk → tan a

5. xk → a ∈ [−1, 1] =⇒ (arcsinxk = arcsin a ∧ arccosxk = arccos a),
xk → a =⇒ arctanxk → arctan a,
xk →∞ =⇒ arctanxk → π

2 , and
xk → −∞ =⇒ arctanxk → −π

2
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Theorem 2.2.6 (Comparison Theorem for Sequences)
Let 〈xk〉 and 〈yk〉 be sequences in a subfield F ⊆ R. SPS that xk ≤ yk for all k. Then

1. (xk → a ∧ yk → b) =⇒ a ≤ b

2. xk →∞ =⇒ yk →∞

3. yk → −∞ =⇒ xk → −∞

Theorem 2.2.7 (Squeeze Theorem for Sequences)
Let 〈xk〉, 〈yk〉 and 〈zk〉 be sequences in a subfield F ⊆ R.

1. (∀k ∈ N xk ≤ yk ≤ xk ∧ xk → a ∧ zk → a) =⇒ yk → a

2. (∀k ∈ N |xk| ≤ yk ∧ yk → 0) =⇒ xk → 0

Definition 2.2.1 (Bounds)
Let 〈xk〉 be a sequence in an ordered set X. We say that

1. 〈xk〉 is bounded above iff the set {xk|n ∈ N} is bounded above;

2. 〈xk〉 is bounded below iff the set {xk|n ∈ N} is bounded below.

2.3 Bolzano-Weierstrass Theorem

Definition 2.3.1 (Increasing, Decreasing, and Monotonic Sequences)
Let 〈xk〉 be a sequence in a subfiend F ⊆ R. We say that

1. 〈xk〉 is increasing iff ∀k, l ∈ Z≥p (k ≤ l =⇒ xk ≤ xl)

2. 〈xk〉 is strictly increasing iff ∀k, l ∈ Z≥p (k < l =⇒ xk < xl)

3. 〈xk〉 is decreasing iff ∀k, l ∈ Z≥p (k ≤ l =⇒ xk ≥ xl)

4. 〈xk〉 is strictly decreasing iff ∀k, l ∈ Z≥p (k < l =⇒ xk > xl)

We say that 〈xk〉 is monotonic when it is either increasing or decreasing only.

Theorem 2.3.1 (Monotone Convergence Theorem)
Let 〈xk〉 be a sequence in R.

1. SPS 〈xk〉 is increasing. If 〈xk〉 is bounded above, then xk → sup{xk}. If 〈xk〉 is not
bounded above, then xk →∞.

2. SPS 〈xk〉 is decreasing. If 〈xk〉 is bounded below, then xk → inf{xk}. If 〈xk〉 is not
bounded below, then xk → −∞.
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Proof (Proof of Part(1))
WTP 〈xk〉 is increasing and bounded above =⇒ xk → sup{xk}.

By assumption

∃b ∈ R ∀k ∈ N xk ≤ b
A := {xk | k ∈ N}

∵ A 6= ∅ and ∀c ∈ A c ≤ b

By Completeness Property of R,

a := supA

∀ε > 0

By the Approximation Property for the Supremum,

∃m ∈ N xm ∈ A a− ε < xm ≤ a ≤ b (since a = supA)

∵ 〈xk〉 is increasing

∀k ∈ N xm ≤ xk
=⇒ a− ε < xm ≤ xk ≤ a < a+ ε =⇒ |xk − a| < ε

WTP 〈xk〉 is increasing and not bounded above =⇒ xk →∞.

Let r > 0. Since the sequence is unbounded, choose m ∈ Z≥p such that xm ≥ r. Then
∀l ∈ Z≥p, if l ≥ m, then r ≤ xm ≤ xl.

Part(2) follows a similar argument as in the proof of Part(1).

Theorem 2.3.2 (Nested Interval Theorem)
Let I0, I1, I2, ... be nonempty, closed, and bounded intervals in R. SPS I0 ⊇ I1 ⊇ I2 ⊇ . . .,
then

⋂∞
k=0 Ik 6= ∅. Moreover, if the lengths of these intervals satisfy |Ik| → 0 as k → ∞,

then
⋂∞
k=0 Ik is a single point.
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Proof

∀k ∈ N ak, bk ∈ R ak < bk Ik := [ak, bk]

Ik ⊇ Ik+1 =⇒ ak ≤ ak+1 < bk+1 ≤ bk

〈ak〉 := {ak | k ∈ N} 〈bk〉 := {bk | k ∈ N}
ak ≤ ak+1 =⇒ 〈ak〉 is increasing

bk+1 ≤ bk =⇒ 〈bk〉 is decreasing

∵ a0 ≤ a1 ≤ . . . ≤ ak−1 ≤ ak < bk ≤ bk−1 ≤ . . . ≤ b0
∀k ∈ N ak < b0 ∧ a0 ≤ bk

∴ 〈ak〉 is increasing and bounded above (by b0)

〈bk〉 is decreasing and bounded below (by a0)

By the Monotone Convergence Theorem

a := sup{ak} = lim
k→∞

ak b := inf{bk} = lim
k→∞

bk

∵ ∀k ∈ N a0 ≤ a1 ≤ . . . ≤ ak−1 ≤ ak < bk ≤ bk−1 ≤ . . . ≤ b0
ak ≤ bk

By the Comparison Theorem

a ≤ b =⇒ [a, b] 6= ∅
∵ a = sup{ak} and b = inf{bk}
∀k ∈ N ak ≤ a and b ≤ bk

∴ [a, b] ⊆ [ak, bk] = Ik =⇒ [a, b] ⊆
∞⋂
k=1

Ik =⇒
∞⋂
k=1

Ik 6= ∅

Furthermore,

a = b =⇒ [a, b] = {a} =⇒
∞⋂
k=1

Ik = {a}

Indeed,
|Ik| → 0 (as k →∞) =⇒ bk − ak → 0

By Operations on Limits

a = b
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Definition 2.3.2 (Rearrangement of a Sequence)
Let 〈xk〉k≥p be a sequence in a set X. Given a bijective function F : Z≥q → Z≥p such that
f(l) = kl and let yl = xkl for l ≥ q. Then the sequence 〈yl〉l≥q is called a rearrangement of
the sequence 〈xk〉k≥p.

Theorem 2.3.3 (Convergence of Subsequences and Rearrangements)
Let 〈xk〉 be a sequence in a subfield F ⊆ R. SPS that xk → a. Then

1. every subsequence of 〈xk〉 converges to a; and

2. every rearrangement of 〈xk〉 converges to a.

Theorem 2.3.4 (Bolzano-Weierstrass Theorem)
Every bounded sequence of R has a convergent subsequence.

2.4 Cauchy Sequences

Definition 2.4.1 (Cauchy)
Let 〈xk〉k≥p be a sequence in a subfield F ⊆ R. We say that 〈xk〉 is Cauchy when

∀ε > 0 ∃m ∈ Z ∀k, l ∈ Zk≥p (k, l ≥ m =⇒ |xk − xl| ≤ ε)

Theorem 2.4.1 (Cauchy Criterion for Convergence)
Let 〈xk〉 be a sequence of R. Then 〈xk〉 is Cauchy iff 〈xk〉 converges (to some point a ∈ R).



Chapter 3

Functions on R

3.1 Two-Sided Limits

Definition 3.1.1 (Limit Point)
Let U ⊆ F where F is an ordered field. Let f : U → F . For a ∈ F we say that a is a limit
point of U when

∀ε > 0 ∃x ∈ U 0 < |x− a| < ε

When a is a limit point of A, we make the following definitions.

1. For b ∈ F we say that the limit of f(x) as x tends to a is equal to b, and write
lim
x→a

f(x) = b when

∀ε > 0 ∃δ > 0 ∀x ∈ U (0 < |x− a| ≤ δ =⇒ |f(x)− b| ≤ ε).

2. We say that the limit of f(x) as x tends to a is equal to infinity, and write lim
x→a

f(x) =

∞ when
∀r ∈ F ∃δ > 0 ∀x ∈ U (0 < |x− a| ≤ δ =⇒ f(x) ≥ r).

3. We say that the limit of f(x) as x tends to a is equal to negative infinity, and write
lim
x→a

f(x) = −∞ when

∀r ∈ F ∃δ > 0 ∀x ∈ U (0 < |x− a| ≤ δ =⇒ f(x) ≤ r).

Definition 3.1.2 (Limit Point from Above and Below)
Let U ⊆ F where F is an ordered field. Let f : U → F .

30



CHAPTER 3. FUNCTIONS ON R 31

For a ∈ F , we say that a is a limit point from below when

∀δ > 0 ∃x ∈ U a− δ <≤ x < a

When a is a limit point of U from below and b ∈ F , we define:

1. lim
x→a−

f(x) = b ⇐⇒ ∀ε > 0 ∃δ > 0 ∀x ∈ U (a− δ ≤ x < a =⇒ |f(x)− b| ≤ ε).

2. lim
x→a−

f(x) =∞ ⇐⇒ ∀r ∈ F ∃δ > 0 ∀x ∈ U (a− δ ≤ x < a =⇒ f(x) ≥ r).

3. lim
x→a−

f(x) = −∞ ⇐⇒ ∀r ∈ F ∃δ > 0 ∀x ∈ U (a− δ ≤ x < a =⇒ f(x) ≤ r).

For a ∈ F , we say that a is a limit point from above when

∀δ > 0 ∃x ∈ U a < x ≤ a+ δ

When a is a limit point of U from above and b ∈ F , we define:

1. lim
x→a+

f(x) = b ⇐⇒ ∀ε > 0 ∃δ > 0 ∀x ∈ U (a < x ≤ a+ δ =⇒ |f(x)− b| ≤ ε).

2. lim
x→a+

f(x) =∞ ⇐⇒ ∀r ∈ F ∃δ > 0 ∀x ∈ U (a < x ≤ a+ δ =⇒ f(x) ≥ r).

3. lim
x→a+

f(x) = −∞ ⇐⇒ ∀r ∈ F ∃δ > 0 ∀x ∈ U (a < x ≤ a+ δ =⇒ f(x) ≤ r)

Definition 3.1.3 (Infinity As A Limit Point)
Let U ⊆ F where F is an ordered field. Let f : U → F .

We say that infinity is a limit point (from below) when U is not bounded above, i.e ∀m ∈
F ∃x ∈ U x ≥ m. When U is not bounded above and b ∈ F , we make the following
definitions:

1. lim
x→∞

f(x) = b ⇐⇒ ∀ε > 0 ∃m ∈ F ∀x ∈ U (x ≥ m =⇒ |f(x)− b| ≤ ε).

2. lim
x→∞

f(x) =∞ ⇐⇒ ∀r ∈ F ∃m ∈ F ∀x ∈ U (x ≥ m =⇒ f(x) ≥ r).

3. lim
x→∞

f(x) = −∞ ⇐⇒ ∀r ∈ F ∃m ∈ F ∀x ∈ U (x ≥ m =⇒ f(x) ≤ r).

We say that negative infinity is a limit point (from above) when U is not bounded below,
i.e. ∀m ∈ F ∃x ∈ U x ≤ m. When U is not bounded below and b ∈ F , we make the
following definitions:

1. lim
x→−∞

f(x) = b ⇐⇒ ∀ε > 0 ∃m ∈ F ∀x ∈ U (x ≤ m =⇒ |f(x)− b| ≤ ε).

2. lim
x→−∞

f(x) =∞ ⇐⇒ ∀r ∈ F ∃m ∈ F ∀x ∈ U (x ≤ m =⇒ f(x) ≥ r).

3. lim
x→−∞

f(x) = −∞ ⇐⇒ ∀r ∈ F ∃m ∈ F ∀x ∈ U (x ≤ m =⇒ f(x) ≤ r).
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Theorem 3.1.1 (Two-sided Limits)
Let F be a subfield of R. Let A ⊆ F . Let f : A→ F . Let a ∈ F . SPS that a is a limit point
of A both from above and below. Then ∀u ∈ F , we have lim

x→a
f(x) = u ⇐⇒ lim

x→a−
f(x) =

u = lim
x→a+

f(x).

Theorem 3.1.2 (Sequential Characterization of Limits of Functions)
Let F be a subfield of R, let A ⊆ F , let f : A→ F and u ∈ F .

1. When a ∈ F is a limit point of A, lim
x→a

f(x) = u iff for every sequence 〈xk〉 in A\{a}
with xk → a we have f(xk)→ u.

2. When a is a limit point of A from below, lim
x→a−

f(x) = u iff for every sequence 〈xk〉
in {x ∈ A|x < a} with xk → a we have f(xk)→ u.

3. When a is a limit point of A from above, lim
x→a+

f(x) = u iff for every sequence 〈xk〉
in {x ∈ A|x > a} with xk → a we have f(xk)→ u.

4. When A is not bounded above, lim
x→∞

f(x) = u iff for every sequence 〈xk〉 in A with

xk →∞ we have f(xk)→ u.

5. When A is not bounded below, lim
x→−∞

f(x) = u iff for every sequence 〈xk〉 in A with

xk → −∞ we have f(xk)→ u.

Remark
It follows form the Sequential Characterization of Limits of Functions that all the theorems
about limits of sequences (see Chapter 2) imply analogous theorems in the more general
setting of limits of functions. We will state those theorems for easier reference.

Theorem 3.1.3 (Local Determination of Limits)
Let F be a subfield of R, let A,B ⊆ F , let f : A → F and g : B → F . SPS that a ∈ F
is a limit point of both sets A and B, and that for some δ > 0 we have C = {x ∈ A | 0 <
|x − a| ≤ δ} ⊆ {x ∈ B | 0 < |x − a| ≤ δ} and that f(x) = g(x) for all x ∈ C. Then for
u ∈ F̂

lim
x→a

g(x) = u ⇐⇒ lim
x→a

f(x) = u

Analogous results hold for limits x→ a± and x→ ±∞.

Theorem 3.1.4 (Uniqueness of Limits)
Let F be a subfield of R, let A ⊆ F , let f : A→ F and let a ∈ F be a limit point of A. For

u, vF̂ ,
lim
x→a

f(x) = u ∧ lim
x→a

f(x) = v =⇒ u = v
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Analogous result holds for limits x ∈ a± and x→ ±∞.

Theorem 3.1.5 (Extended Operations on Limits)
Let F be a subfield of R, let A ⊆ F , let f, g : A → F , and let a ∈ F be a limit point of A.
Let u, v ∈ ∩F , and SPS that limx→a f(x) = u and limx→a g(x) = v. Then

1. u± v ∈ F̂ =⇒ limx→a(f ± g)(x) = u± v

2. uv ∈ F̂ =⇒ limx→a(f · g)(x) = uv

3. u
v ∈ F̂ =⇒ limx→a(

f
g )(x) = u

v

Analogous results hold for limits x→ a± and x→ ±∞.

Theorem 3.1.6 (Basic Elementary Functions Acting on Limits)
For A ⊆ R, let f : A→ R and a, b ∈ R with a as a limit point of A. We have

1. limx→a f(x) = b > 0 =⇒ limx→a f(x)c = bc

limx→a f(x) =∞ =⇒ limx→a f(x)c =


∞ c > 0

1 c = 0

0 c < 0

∀x ∈ A (f(x) > 0 ∧ limx→a f(x) = 0) =⇒ limx→a f(x)c =


0 c > 0

1 c = 0

∞ c < 0

2. limx→a f(x) =∞∧ c > 0 =⇒ limx→a c
f(x) =


∞ c > 1

1 c = 1

0 c < 1

limx→a f(x) = b ∧ c > 0 =⇒ limx→a c
f(x) = cb

limx→a f(x) = −∞∧ c > 0 =⇒ limx→a c
f(x) =


∞ c < 1

1 c = 1

0 c > 1

3. limx→a f(x) = b > 0 ∧ c > 0 =⇒ limx→a logc f(x) = logc b

limx→a f(x) =∞∧ c > 0 =⇒ limx→a logc f(x) =


∞ c > 1

0 c = 1

−∞ c < 1

∀x ∈ A (f(x) > 0 ∧ lim
x→a

f(x) = 0 ∧ 1 6= c > 0) =⇒ lim
x→a

logc f(x) =

{
−∞ c > 1

∞ c < 1

4. limx→a f(x) = b =⇒ (limx→a sin f(x) = sin b ∧ limx→a cos f(x) = cos b)
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The limits limx→±∞ sinx, limx→±∞ cosx, and limx→±∞ tanx do not exists.

5. ∀x ∈ A (f(x) ∈ [−1, 1] ∧ limx→a f(x) = b) =⇒ limx→a arcsin f(x) = arcsin b.
limx→a f(x) = b ∈ R =⇒ limx→a arctan f(x) = arctan b
limx→a f(x) =∞ =⇒ limx→a arctan f(x) = π

2 and
limx→a f(x) = −∞ =⇒ limx→a arctan f(x) = −π

2 .

Similar results hold for limits x → a± and x → ±∞ (unless stated otherwise in the above
statements).

Theorem 3.1.7 (Comparison Theorem for Functions)
Let F be a subfield of R, let A ⊆ F , let f, g : A → F and let a ∈ F be a limit point of A.
SPS that ∀x ∈ A f(x) ≤ g(x). Then

1. ∃u, v ∈ F̂ ( lim
x→a

f(x) = u ∧ lim
x→a

g(x) = v) =⇒ u ≤ v.

2. lim
x→a

f(x) =∞ =⇒ lim
x→a

g(x) =∞, and

3. lim
x→a

g(x) = −∞ =⇒ lim
x→a

f(x) = −∞.

Similar results hold for when x→ a± and x→ ±∞.

Theorem 3.1.8 (Squeeze Theorem for Functions)
Let F be a subfield of R, let A ⊆ F , let f, g, h : A→ F , let b ∈ F and let a be a limit point
of A. We have that

1. ∀x ∈ A
(
f(x) ≤ g(x) ≤ h(x) ∧ lim

x→a
f(x) = b = lim

x→a
h(x)

)
=⇒ lim

x→a
g(x) = b.

2. ∀x ∈ A
(
|f(x)| ≤ g(x) ∧ lim

x→a
g(x) = 0

)
=⇒ lim

x→a
f(x) = 0

3.2 Continuity

Definition 3.2.1 (Continuity)
Let F be a subfield of R, let A ∈ F , and let f : A → F . For all a ∈ A, we say that f is
continuous at a iff

∀a ∈ A ∀ε > 0 ∃δ > 0 ∀x ∈ A (|x− a| ≤ δ =⇒ |f(x)− f(a)| ≤ ε)

(Note that δ depends on a, f, and, especially, ε in general).

f is said to be continuous (in A) when f is continuous at every point a ∈ A.

Definition 3.2.2 (Limit Point and Continuity)
Let F be a subfield of R, let A ⊆ F , let f : A→ F and let a ∈ A. Then



CHAPTER 3. FUNCTIONS ON R 35

1. if a is not a limit point of A then f is continuous on a; and

2. if a is a limit point of A, then f is continuous on a iff limx→a f(x) = f(a).

Theorem 3.2.1 (Sequential Characterization of Continuity)
Let F be a subfield of R, let A ⊆ F , let f : A→ F and let a ∈ A. Then f is continuous at
a iff for every sequence 〈xk〉 in A with xk → a we have f(xk)→ f(a).

Theorem 3.2.2 (Operations on Continuous Functions)
Let F be a subfield of R, let A ⊆ F , let f, g : A → F , let a ∈ A and let c ∈ F . SPS that
f and g are continuous at a. Then the functions cf, f ± g and fg are call continuous at a,
and if g(a) 6= 0, then the function f

g is continuous at a.

Theorem 3.2.3 (Composition of Continuous Functions)
Let F be a subfield of R, let A, b ⊆ R, and let f : A → R and g : B → R. Let h = g ◦ f :
C → R where C = A ∩ f−1(B)

1. If f is continuous at a ∈ C and g is continuous at f(a), then h is continuous at a.

2. If f is continuous (in A) and g is continuous (in B), then h is continuous (in C).

Corollary 3.2.3.1 (Continuity of Elementary Functions)
Every elementary function is continuous (in their respective domain).

Theorem 3.2.4 (Functions Acting on Limits)
Let F be a subfield of R, let A,B ⊆ F , let f : A → F and g : B → F , and let h = g ◦ f :
C → F where C = A ∩ f−1(B). Let s be a limit point of C (hence also of A) and let b
be a limit point of B. Let c ∈ F . SPS that lim

x→a
f(x) = a ∧ lim

y→b
g(y) = c. SPS either that

∀x ∈ C \ {a} f(x) 6= b or g is continuous at b. Then lim
x→a

h(x) = c.

Theorem 3.2.5 (Intermediate Value Theorem)
Let I be an interval in R and let f : I → R be continuus (in I). Let a, b ∈ I with a ≤ b and
let y ∈ R.

min{f(a), f(b)} ≤ y ≤ max{f(a), f(b)} =⇒ ∃x ∈ [a, b] (f(x) = y)

Proof
WLOG SPS f(a) ≤ y ≤ f(b). f(a) = y =⇒ x = a and f(b) = y =⇒ x = b.
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Thus STP for f(a) < y < f(b)

A := {t ∈ (a, b) | f(t) < y}
∵ f(a) < y a ∈ A =⇒ A 6= ∅

∵ ∀t ∈ A t ≤ b =⇒ A is bounded above

By the Completeness Property of R,

x := supA

WTP f(x) = y

Suppose, for contradiction, that f(x) 6= y.

SPS f(x) < y

∴ x ∈ A
∵ x 6= b ∃δ1 > 0 [x, x+ δ1] ⊆ [a, b]

∵ f is continuous

fix ε = y − f(x) > 0 ∃δ2 > 0 ∀t ∈ [a, b]

|t− x| < δ2 =⇒ |f(t)− f(x)| < ε =⇒ f(t) < y

δ := min{δ1, δ2} [x, x+ δ] ⊆ [a, b]

∀t ∈ [x, x+ δ] |t− x| < δ =⇒ f(t) < y

=⇒ f(x+ δ) < y =⇒ x < x+ δ ∈ A =⇒ x 6= supA

which is a contradiction.

SPS f(x) > y

∵ x 6= a ∃δ1 > 0 [x− δ1, x] ⊆ [a, b]

∵ f is continuous

fix ε = y − f(x) > 0 ∃δ2 > 0 ∀t ∈ [a, b]

|t− x| < δ2 =⇒ |f(t)− f(x)| < ε =⇒ f(t) > y

δ := min{δ1, δ2} [x− δ, x] ⊆ [a, b]

By the Approximation Property for the Supremum, we can have

x− δ < t ≤ x =⇒ t ∈ A =⇒ f(t) < y
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But

∀t ∈ [x− δ, x] |t− x| < δ =⇒ f(t) > y

which is, hence, our desired contradiction. Thus f(x) = y for some x ∈ [a, b].

Definition 3.2.3 (Maximum, Minimum and Extreme Values)
Let F be a subfield of R, let A ⊆ F , and let f : A→ F . For a ∈ A, fi f(x) ≥ f(x) for every
x ∈ A, then we say that f(a) is the maximum value of f or that f attains its maximum value
at a. Similarly for b ∈ A, if f(b) ≤ f(x) for every x ∈ A, we say that f(b) is the minimum
value of f, or that f attains its minimum at b.

We say that f attains its extreme values in A when f attains its maximum value at some
point a ∈ A and f attains its minimum value at some point b ∈ A.

Theorem 3.2.6 (Extreme Value Theorem)
Let , b ∈ R with a < b, and let f : [a, b] → R be continuous. Then f attains its extreme
values in [a, b].

Definition 3.2.4 (Uniform Continuity)
Let F be a subfield of R, let A ⊆ F , and let f : A → F . We say that f is uniformly
continuous in A when

∀ε > 0 ∃δ > 0 ∀a ∈ A ∀x ∈ A (|x− a| ≤ δ =⇒ |f(x)− f(a)| ≤ ε)

Theorem 3.2.7 (Closed Bounded Intervals and Uniform Continuity)
Let a, b ∈ R with a < b and let f : [a, b] → R. If f is continuous (on [a, b]) then f is
uniformly continuous (on [a, b]).

Proof
SPS, for contradiction, that f is continous but not uniformly continuous.

∵ f is not uniformly continuous

∃ε > 0 ∀δ > 0 ∀x, t ∈ [a, b]

|t− x| < δ ∧ |f(x)− f(t)| > ε

∀k ∈ N ∃xk, tk ∈ [a, b]

|xk − tk| <
1

k
∧ |f(xk)− f(tk)| > ε

By the Bolzano-Weierstass Theorem,

〈tkj 〉 := {tk | ∀j ∈ N, kj = k} c := lim
j→∞

tkj



CHAPTER 3. FUNCTIONS ON R 38

Also, construct (without using Bolzano-Weierstass),

〈xkj 〉 := {xk | ∀j ∈ N, kj = k}

∴ ∀j ∈ N |xkj − tkj | <
1

kj
∧ |f(xkj )− f(tkj )| > ε

|xkj − tkj | <
1

kj
=⇒ tkj −

1

kj
< xkj < tkj +

1

kj

∵ tkj → c ∧ 1

kj
→ 0 =⇒ tkj ±

1

kj
→ c

By the Squeeze theorem,
xkj → c

Since f is continuous, by the Sequential Characterization of Continuity,

f(tkj )→ f(c) ∧ f(xkj )→ f(c)

=⇒ f(xkj )− f(tkj )→ 0

=⇒ ∃j ∈ N |f(xkj )− f(tkj )| < ε

which is a contradiction.



Chapter 4

Differentiability on R

4.1 The Derivative

Definition 4.1.1 (Differentiable on a Point)
Let F be a subfield of R, let A ⊆ F , and let a ∈ A be a limit point of A. We say that f is
differentiable at a when the limit

lim
x→a

f(x)− f(a)

x− a
exists in F. In this case we call the limit the derivative of f at a, and we denote that by
f ′(a), so we have

f ′(a) = lim
x→a

f(x)− f(a)

x− a
.

When a ∈ A is a limit point of A from the right, we sya that f is differentiable from the
right at a and that f ′+(a) is the derivative from the right of f at a, when

f ′+(a) = lim
x→a+

f(x)− f(a)

x− a
.

Similarly, when a ∈ A is a limit point of A from the left, we say that f is differentiable
from the left at a and that f ′−(a) is the derivative from the left of f at a when

f ′−(a) = lim
x→a−

f(x)− f(a)

x− a
.

Definition 4.1.2 (Differentiable in a Domain)
We say that f is differentiable (in A) when f is differentiable at every point a ∈ A, or that
f is in C1. In this case, the derivative of f is the function f ′ : A→ F defined by

f ′(x) = lim
u→x

f(u)− f(x)

u− x
.

39
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Definition 4.1.3 (Differentiable n-times & n-th Derivative)
When f ′ is differentiable at a, we denote the derivative of f ′ at a by f ′′(a), and we call
f ′′(a) the second derivative of f at a. When f ′′(a) exists for every a in A, we say that f
is twice differentiable (in A), or that it is in C2, and we call the function f ′′ : A → F is
called the second derivative of f. Similarly, f ′′′(a) is he derivative of f ′′ at a, and so on.

More generally, for any function f : A → F , we define its derivative to be the function
f ′ : B → F where B = {a ∈ A|f is differentaible at a}, and we define its second derivative
to be the function f ′′ : C → F where C = {a ∈ B|f ′ is differentiable at a}, and so on.

Remark
Note that

lim
x→a

f(x)− f(a)

x− a
= lim

h→0

f(a+ h)− f(a)

h
.

To be precise, the limit on the left exists in F iff the limit on the right exists in F, and in
this case the two limits are equal.

Theorem 4.1.1 (Definition of Differentiablity in ε-δ)
Let F be a subfield of R, let A ⊆ F , let f : A → F , and let a ∈ A be a limit point of A.
Then f is differentiable at a with derivative f ′(a) ⇐⇒

∀ε > 0 ∃δ > 0 ∀x ∈ A (|x− a| ≤ δ =⇒ |f(x)− f(a)− f ′(a)(x− a)| ≤ ε)

Definition 4.1.4 (Linearization & Tangent Line)
When f : A→ F is differentiable at a with derivative f ′(a), the function

l(x) = f(a) + f ′(a)(x− a)

is called the linearization of f at a.

Note that the graph y = l(x) of the linearization is the line through the point (a, f(a)) with
slope f ′(a). This line is called the tangent line to the graph y = f(x) at the point (a, f(a)).

Theorem 4.1.2 (Differentiablility =⇒ Continuity)
Let F be a subfield of R, let A ⊆ F , let f : A→ F and let a ∈ A be a limit point of A.

f is differentiable at a =⇒ f is continuous at a.

4.2 Differentiability Theorems

Theorem 4.2.1 (Local Determination of the Derivative)
Let F be a subfield of R, let A,B ⊆ F , let f : A→ F and g : B → F , and let a ∈ A∩B be
a limit point of both A and B. SPS that for some δ > 0 we have {x ∈ A | |x − a| ≤ δ} ⊂
{x ∈ B | |x− a| ≤ δ}. If g is differentiable at a then so is f, and we have f ′(a) = g′(a).
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Theorem 4.2.2 (Operations on Derivatives)
Let F be a subfield of R, let A ⊆ F , let f, g : A → F , let a ∈ A be a limit point of A, and
let c ∈ F . SPS that f and g are differentiable at a. Then

1. (Linearity) the functions cf and f ± g are differentiable at a with

(cf)′(a) = cf ′(a), (f ± g)′(a) = f ′(a)± g′(a)

2. (Product Rule) the function fg is differentiable at a with

(fg)′(a) = f ′(a)g(a) + f(a)g′(a)

3. (Reciprocal Rule) if g(a) 6= 0 then the function 1/g is differentiable at a with

(
1

g
)′(a) = − g

′(a)

g(a)2

4. (Quotient Rule) if g(a) 6= 0 then the function f/g is differentiable at a with

(
f

g
)′(a) =

f ′(a)g(a)− f(a)g′(a)

g(a)2

Theorem 4.2.3 (Chain Rule)
Let F be a subfield of R, let A,B ⊆ F , let f : A → F , let g : B → F and let h = g ◦ f :
C → F where C = A ∩ f−1(B). Let a ∈ C be a limit point of C (hence also for A) and
let b = f(a) ∈ B. SPS that f is differentiable at a and g is differentiable at b. Then h is
differentiable at a with

h′(a) = g′
(
f(a)

)
f ′(a)

4.3 Inverse Function Theorems

Theorem 4.3.1 (Monotonic Functions)
Let F be a subfield of R, let A ⊆ F and let f : A → F . Then f is monotonic iff f has the
property that for all a, b, c ∈ A, if b lies between a and c, then f(b) lies between f(a) and
f(c).

Theorem 4.3.2 (Continuity and Strictly Monotonous Functions)
Let I be an interval in R, let f : I → R and let J = f(I).

1. If f is continuous then its range J = f(I) is an interval in R.

2. If f is injective and continuous, then f is strictly monotonic.
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3. If f : I → J is strictly monotonic, then so is its inverse g : J → I.

Theorem 4.3.3 (Inverse Function Theorem)
Let I be an interval in R, let f : I → R and let J = f(I).

1. If f is bijective and continuous, then its inverse g is continuous.

2. If f is bijective and continuous, and f is differentiable at a with f ′(a) 6= 0, then its
inverse g is differentiable a b = f(a) with g′(b) = 1

f ′(a) .

Theorem 4.3.4 (Derivatives of the Basic Elementary Functions)
The basic elementary functions have the following derivatives.

1. (xa)′ = axa−1 where a, x ∈ R and xa−1 is defined.

2. (ax)′ = (ln a) · ax where a > 0 and x ∈ R and
(loga x)′ = 1

ln a ·
1
x where 0 < a 6= 1 and x > 0, and in particular

(ex)′ = ex for all x ∈ R and (lnx)′ = 1
x for all x > 0.

3. (sinx)′ = cosx and (cosx)′ = − sinx for all x ∈ R, and
(tanx)′ = sec2 x and (secx)′ = secx tanx for all x ∈ R with x 6= π

2 + kπ, k ∈ Z,
(cotx)′ = − csc2 x and (cscx)′ = − cotx cscx for all x ∈ R with x 6= π + kπ, k ∈ Z.

4. (arcsinx)′ = 1√
1−x2 and (arccosx)′ = −1√

1−x2 for |x| < 1,

(sec−1 x)′′ = 1
x
√
x2−1 and (csc−1 x)′ = −1

x
√
x2−1 for |x| > 1, and

(arctanx)′ = 1
1+x2

and (cot−1 x)′ = − 1
1+x2

for all x ∈ R.

4.4 Mean Value Theorem

Definition 4.4.1 (Local Maximum and Minimum)
Let F be a subfield of R, let A ⊆ F , let f : A→ F and let a ∈ A. We say that f has a local
maximum value at a when

∃δ > 0 ∀x ∈ A
(
|x− a| ≤ δ =⇒ f(x) ≤ f(a)

)
Similarly, we say that f has a local minimum value at a when

∃δ > 0 ∀x ∈ A
(
|x− a| ≤ δ =⇒ f(x) ≥ f(a)

)
Theorem 4.4.1 (Fermat’s Theorem)
Let F be a subfield of R, let A ⊆ F , let f : A → F . SPS that a ∈ A is a limit point of
A, both from above and from below. SPS that f is differentiable at a and that f has a local
maximum or minimum value at a. Then f ′(a) = 0.
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Theorem 4.4.2 (Rolle’s Theorem)
SPS that a, b ∈ R with a ¡ b. If f : [a, b]→ R is continuous on [a, b] and differentiable on
(a, b), with f(a) = 0 = f(b), then there exists a point c ∈ (a, b) such that f ′(c) = 0.

Remark
The continuity hypothesis and differentiability hypothesis in Rolle’s Theorem cannot be
relaxed at even one point in [a, b].

Theorem 4.4.3 (Mean Value Theorem)
Let a, b ∈ R with a ¡ b. If f : [a, b] → R is differentiable on (a, b) and continuous on [a,
b], then there exists a point c ∈ (a, b) with

f ′(c) =
f(b)− f(a)

b− a

Theorem 4.4.4 (Cauchy/Generalized Mean Value Theorem)
Let a, b ∈ R with a ¡ b. If f, g : [a, b] → R are differentiable on (a, b) and continuous on
[a, b], then there exists a point c ∈ (a, b) such that

g′(c)
(
f(b)− f(a)

)
= f ′(c)

(
g(b)− g(a)

)
Corollary 4.4.4.1 (Trichotomy of The Derivative)
Let a, b ∈ R with a ¡ b. Let f : [a, b] → R. SPS that f is differentiable in (a, b) and
continuous at a and b.

1. ∀x ∈ (a, b) f ′(x) ≥ 0 =⇒ f is increasing on [a, b].

2. ∀x ∈ (a, b) f ′(x) > 0 =⇒ f is strictly increasing on [a, b].

3. ∀x ∈ (a, b) f ′(x) ≤ 0 =⇒ f is decreasing on [a, b].

4. ∀x ∈ (a, b) f ′(x) < 0 =⇒ f is strictly decreasing on [a, b].

5. ∀x ∈ (a, b) f ′(x) = 0 =⇒ f is constant on [a,b].

6. If g : [a, b]→ R is continuous at a and b and differentiable in 9a, b) with g′(x) = f ′(x)
for all x ∈ (a, b), then for some c ∈ R we have g(x) = f(x) + c for all x ∈ (a, b).

Corollary 4.4.4.2 (The Second Derivative Test)
Let I be an interval in R, let f : I → R and let a ∈ I. SPS that f is differentiable in I with
f ′(a) = 0.

1. If f ′′(a) > 0 then f has a local minimum at a.

2. If f ′′(a) < 0 then f has a local maximum at a.
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4.5 l’Hôpital’s Rule

Theorem 4.5.1 (l’Hôpital’s Rule)
Let I be a non degenerate interval in R. Let a ∈ I, or let a be an endpoint of I. Let
f, g : I \ {a} → R. SPS that f and g are differentiable in I \ {a} with g′(x) 6= 0 for
all x ∈ I \ {a}. SPS further that lim

x→a
f(x) = lim

x→a
g(x) = 0 or ± ∞, and suppose that

lim
x→a

f ′(x)
g′(x) ∈ R̂. Then

lim
x→a

f(x)

g(x)
= lim

x→a

f ′(x)

g′(x)



Chapter 5

Integrability on R

5.1 The Riemann Integral

Definition 5.1.1 (Partition & Subintervals)
A partition of the closed interval [a, b] is a set X = {x0, x1, ..., xn} with

a = x0 < x1 < x2 < . . . < xn = b.

The intervals [xi−1, xi] are called the subintervals of [a, b], and we write

∆ix = xi − xi−1

for the size of the ith subinterval. Note that

n∑
i=1

∆ix = b− a

The size (or norm) of the partition X, denoted by ∆X is

∆X = max{∆ix|1 ≤ i ≤ n}

i.e. ∆X is the largest subinterval in X.

Definition 5.1.2 (The Riemann Sum)
Let X be a partition of [a, b], and let f : [a, b] → R be bounded. A Riemann sum for f on
X is a sum of the form

S =
n∑
i=1

f(ti)∆ix for some ti ∈ [xi−1, xi].

The points ti are called sample points.

45
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Definition 5.1.3 ((Riemann) Integrable)
Let f : [a, b]→ R be bounded. We say that f is (Riemann) integrable on [a, b] when

∃I ∈ R ∀ε > 0 ∃δ > 0 ∀X = {x0, x1, ..., xn}

∆X < δ =⇒
(
∀ti ∈ [xi−1, xi]

∣∣∣∣∣
n∑
i=1

f(ti)∆ix− I

∣∣∣∣∣ < ε

)
where X = {x0, x1, ..., xn} is a partition on [a, b].

The number I is unique, and it is called the (Riemann) integral of f on [a, b], and we write

I =

∫ b

a
f, or I =

∫ b

a
f(x) dx

5.2 Upper and Lower Riemann Sums

Definition 5.2.1 (Upper and Lower Riemann Sums)
Let X be a partition for [a, b] and let f : [a, b] → R be bounded. The upper Riemann sum
for f on X, denoted by U(f, X), is

U(f,X) =

n∑
i=1

Mi∆iX where Mi = sup{f(t) | t ∈ [xi−1, xi]}

and the lower Riemann sum for f on X, denoted L(f, X), is

L(f,X) =
n∑
i=1

mi∆iX where mi = inf{f(t) | t ∈ [xi−1, xi]}

Remark
• U(f, X) and L(f, X) are not necessarily Riemann sums themselves, since we do not

always have Mi = f(ti) or mi = f(si), for any ti, si ∈ [xi−1, xi].

• If f is increasing, then Mi = f(xi) and mi = f(xi−1), and in this case U(f, X) and
L(f, X) are Riemann sums.

• Similarly, if f is decreasing, then Mi = f(xi−1) and mi = f(xi), and U(f, X) and
L(f, X) are Riemann sums.

• If f is continuous, then by the Extreme Value Theorem, we have Mi = f(ti) and
mi = f(si) for some ti, si ∈ [xi−1, xi], and so in this case U(f, X) and L(f, X) are
again Riemann sums.
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Theorem 5.2.1 (Upper and Lower Riemann Sums and the Riemann Sum)
Let X be a partition of [a, b] and let f : [a, b]→ R be bounded. Then

U(f,X) = sup

{
n∑
i=1

f(ti)∆ix

∣∣∣∣∣ ti ∈ [xi−1, xi]

}

L(f,X) = inf

{
n∑
i=1

f(ti)∆ix

∣∣∣∣∣ ti ∈ [xi−1, xi]

}

In particular, for every Riemann sum S for f on X we have

L(f,X) ≤
n∑
i=1

f(ti)∆ix ≤ U(f,X)

for every ti ∈ [xi−1, xi].

Theorem 5.2.2 (Partition Refinement)
Let f : [a, b]→ R be bounded with upper and lower bounds M and m. Let X = {x0, x1, ..., xn}
and Y = {y0, y1, ..., yq} be partitions of [a, b] such that {x0, x1, ..., xn} ⊆ {y0, y1, ..., yq} (or
q ≥ n). Then

U(f,X)− (M −m)(q − n)∆X ≤ U(f, Y ) ≤ U(f,X)

L(f,X) ≤ L(f, Y ) ≤ L(f,X) + (M −m)(q − n)∆X

Remark
Let X and Y be partitions of [a, b] with X ⊂ Y . Then

L(f,X) ≤ L(f, Y ) ≤ U(f, Y ) ≤ U(f,X)

Definition 5.2.2 (Upper and Lower Integral)
Let f : [a, b] → R be bounded. The upper integral of f on [a, b], denoted by U(f), is given
by

U(f) = inf{U(f,X)| X is a partition of [a, b]}

and the lower integral of f on [a, b], denoted by L(f), is given by

L(f) = sup{L(f,X)| X is a partition of [a, b]}.

Theorem 5.2.3 (Upper Integral ≥ Lower Integral)
Let f : [a, b]→ R. We always have L(f) ≤ U(f).

Theorem 5.2.4 (Equivalent Definitions of Integrability)
Let f : [a, b]→ R be bounded. Then TFAE:
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1. f is integrable on [a, b].

2. ∀ε > 0 ∃ partition X U(f,X)− L(f,X) < ε.

3. L(f) = U(f).

Proof
((1) =⇒ (2)) By assumption,

∃I ∈ R ∀ε > 0 ∃δ > 0 ∀P = {x0 = a, x1, ..., xn = b}
∆ix := |xi − xi−1| ∆P := max{∆ix | i ∈ Z+}

∆P < δ =⇒ ∀ti ∈ [xi−1, xi]

∣∣∣∣∣
n∑
i=1

f(ti)∆ix− I

∣∣∣∣∣ < ε

∀i ∈ Z+ Mi := {f(ti) | ti ∈ [xi−1, xi]} mi := {f(ti) | ti ∈ [xi−1, xi]}

By the Approximation Property for the Supremum and Infimum,

∀i ∈ Z+

∃si ∈ [xi−1, xi] Mi −
ε

4n
< f(si) < Mi

=⇒ U(f, P )− ε

4
<

n∑
i=1

f(si)∆ix ≤ U(f, P ) =⇒

∣∣∣∣∣U(f, P )−
n∑
i=1

f(si)∆ix

∣∣∣∣∣ < ε

4

and

∃ri ∈ [xi−1, xi] mi ≤ f(ri) ≤ mi +
ε

4n

=⇒ L(f, P ) ≤
n∑
i=1

f(ri)∆ix ≤ L(f, P ) +
ε

4
=⇒

∣∣∣∣∣
n∑
i=1

f(ri)∆ix− L(f, P )

∣∣∣∣∣ < ε

4

S1 :=
n∑
i=1

f(si)∆ix S2 :=
n∑
i=1

f(ri)∆ix

By the Triangle Inequality,

|U(f, P )− L(f, P )| ≤ |U(f, P )− S1|+ |S1 − I|+ |I − S2|+ |S2 − L(f, P )|

≤ ε

4
+
ε

4
+
ε

4
+
ε

4
= ε
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((2) =⇒ (3)) By assumption,

∀ε > 0 ∃Pn = {x0, x1, ..., xn} U(f, Pn)− L(f, Pn) <
ε

3

Since

U(f) = inf{U(f, P ) |P is a partition}
L(f) = sup{L(f, P ) |P is a partition}

By the Approximation Property for the Supremum and Infimum,

∃P1 U(f) ≤ U(f, P1) < U(f) +
ε

3

∃P2 L(f)− ε

3
< L(f, P2) ≤ L(f)

By Partition Refinement, choose

P = P1 ∪ P2 so that

U(f) ≤ U(f, P ) ≤ U(f, P1) < U(f) +
ε

3

L(f)− ε

3
< L(f, P2) ≤ L(f, P ) ≤ L(f)

Therefore,

U(f)− L(f) = (U(f)− U(f, P )) + (U(f, P )− L(f, P )) + (L(f, P )− L(f))

<
ε

3
+
ε

3
+
ε

3
= ε

WTP 0 ≤ U(f)− L(f)
Let P0, P1, P2, ... be partitions such that ∀k ∈ N Pk is finer than Pk−1.
By Partition Refinement, we have that ∀k ∈ N

L(f, P0) ≤ L(f, P1) ≤ . . . ≤ L(f, Pk) ≤ U(f, Pk) ≤ U(f, Pk−1) ≤ . . . ≤ U(f, P0)

∴ ∀k ∈ N L(f, Pk) ≤ U(f, Pk)

By Comparison Theorem,

lim
k→∞

L(f, Pk) = L(f) ≤ U(f) = lim
k→∞

U(f, Pk)

=⇒ 0 ≤ U(f)− L(f)

Thus
0 ≤ U(f)− L(f) ≤ ε
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Since ε > 0, it follows that

0 = U(f)− L(f) =⇒ U(f) = L(f)

((3) =⇒ (2))

∀ε > 0 ∃X0 |U(f)− U(f,X0)| <
ε

2
∃X1 |L(f)− L(f,X1)| <

ε

2

By Partition Refinement,

∃X = X0 ∪X1 |U(f)− U(f,X)| < ε

2
|L(f)− L(f,X)| < ε

2

=⇒ U(f,X)− L(f,X) = U(f,X)− U(f) + U(f)− L(f)− L(f) + L(f)− L(f,X)

<
ε

2
+ 0 +

ε

2
= ε

((3) =⇒ (1))

∃I ∈ R I = U(f) = L(f) ∀ε > 0

∵ (3) =⇒ (2) ∃X0 := (x0, x1, ..., xn) U(f)− U(f,X0) <
ε

2
L(f)− L(f,X0) <

ε

2

∃δ =
ε

2n(M −m)
> 0 ∀X that is a partition ∆X < δ

Y := X ∪X0

Since Y is constructed from the arbitrary partition X by adding at most n points (from
X0), the size of each interval in partition Y is either smaller or equal to those of partition
X, thus ∆Y < δ. Also, by Partition Refinement,

U(f,X)− U(f, Y ) ≤ (M −m)(n)∆X ∧ L(f, Y )− L(f,X) ≤ (M −m)(n)∆X

Note: U(f, Y ) ≤ U(f,X0) L(f,X0) ≤ L(f, Y )

X := (y0, y1, ..., yk) ∆iy := |yi − yi−1| ∀ti ∈ [yi−1, yi]
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k∑
i=1

f(ti)∆iy − I ≤ U(f,X)− U(f)

= U(f,X)− U(f, Y ) + U(f, Y )− U(f)

≤ U(f,X)− U(f, Y ) + U(f,X0)− U(f)

<
ε

2
+
ε

2
= ε

I −
k∑
i=1

f(ti)∆iy ≤ L(f)− L(f,X)

= L(f)− L(f, Y ) + L(f, Y )− L(f,X)

≤ L(f)− L(f,X0) + L(f, Y )− L(f,X)

<
ε

2
+
ε

2
= ε

5.3 Evaluating Integrals of Continuous Functions

Theorem 5.3.1 (Every Continuous Functions are Integrable)
Let f : [a, b]→ R be continuous. Then f is integrable on [a, b].

Proof
By Closed Bounded Intervals and Uniform Continuity, f is uniformly continuous. Thus

∀ε > 0 ∃δ > 0 ∀x, y ∈ [a, b]

|x− y| < δ =⇒ |f(x)− f(y)| < ε

∀X that is a partition

By Extreme Value Theorem, for some i

∃ti ∈ [xi−1, xi] Mi = f(ti) ∃si ∈ [xi−1, xi] mi = f(si)

|ti − si| ≤ |xi − xi−1| ≤ ∆X < δ =⇒ |Mi −mi| = |f(ti)− f(si)| <
ε

b− a

U(f,X)− L(f,X) =
∑
|Mi −mi|∆ix

=
∑
|f(ti)− f(si)|∆ix

≤
∑ ε

b− a
∆ix

≤ ε

b− a
(b− a) = ε
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Lemma 5.3.2 (Summation Formulas)
We have

n∑
i=1

1 = n,

n∑
i=1

i =
n(n+ 1)

2
,

n∑
i=1

i2 =
n(n+ 1)(2n+ 1)

6
,

n∑
i=1

i3 =
n2(n+ 1)2

4

5.4 Basic Properties of Integrals

Theorem 5.4.1 (Linearity)
Let f and g be integrable on [a, b] and let c ∈ R. Then f + g and cf are both integrable on
[a, b] and ∫ b

a
(f + g) =

∫ b

a
f +

∫ b

a
g

and ∫ b

a
cf = c

∫ b

a
f

Theorem 5.4.2 (Comparison Theorem for Integrals)
Let f and g be integrable on [a, b]. If f(x) ≤ g(x) for all x ∈ [a, b] then∫ b

a
f ≤

∫ b

a
g.

Theorem 5.4.3 (Additivity)
Let a < b < c and let f : [a, c] → R be bounded. Then f is integrable on [a, c] iff f is
integrable both on [a, b] and on [b, c], and in this case∫ b

a
f +

∫ c

b
f =

∫ c

a
f.

Definition 5.4.1 (Integral at a Point & Integral from the Right)
We define

∫ a
a f = 0 and for a ¡ b we define

∫ a
b f = −

∫ b
a f .

Note
Using the above definition, the Additivity Theorem extends to the case that a, b, c ∈ R are
not in increasing order: for any a, b, c ∈ R, if f is integrable on [max{a, b, c},min{a, b, c}]
then ∫ b

a
f +

∫ c

b
f =

∫ c

a
f.
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Theorem 5.4.4 (Estimation)
Let f be integrable on [a, b]. Then |f | is integrable on [a, b] and∣∣∣∣∫ b

a
f

∣∣∣∣ ≤ ∫ b

a
|f |

5.5 Fundamental Theorem of Calculus

Note
For a function F, defined on an interval containing [a, b], we write

[F (x)]ba = F (b)− F (a).

Theorem 5.5.1 (The Fundamental Theorem of Calculus)
1. Let f be integrable on [a, b]. Define F : [a, b]→ R by

F (x) =

∫ x

a
f =

∫ x

a
f(t) dt

Then F is continuous on [a, b]. Moreover, if f is continuous at a point x ∈ [a, b],
then F is differentiable at x and

F ′(x) = f(x).

2. Let f be integrable on [a, b]. Let F be differentiable on [a, b] with F ′ = f . Then∫ b

a
f = [F (x)]ba = F (b)− F (a)

Definition 5.5.1 (Antiderivative)
A function F such that F ′ = f on an interval is called an antiderivative of f on the interval.



Chapter 6

Series of R

6.1 Introduction

Definition 6.1.1 (Series)
Let {an}n≥k be a sequence. The series

∑
n≥k an is defined to be the sequence {Sl}l≥k where

Sl =

l∑
n=k

an = ak + ak+1 + ak+2 + . . .+ al

The term Sl is called the lth partial sum of the series
∑

n≥k an. The sum of the series,
denoted by

S =

∞∑
n=k

an = ak + ak+1 + ak+2 + . . . ,

is the limit of the sequence of the partial sums, if it exists, and we say that the series
converges when the sum exists and is finite.

Example 6.1.1 (Geometric Series)
For a 6= 0, the series

∑
n≥k an converges iff |r| < 1, and in this case

∞∑
n=k

arn =
ark

1− r
.

Theorem 6.1.1 (First Finitely Many Terms Do Not Affect Convergence)
Let {an}n≥k be a sequence. Then for any interger m ≥ k, the series

∑
n≥k an converges iff

54
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the series
∑

n≥m an converges, and in this case

∞∑
n=k

an = (ak + ak+1 + . . .+ am−1) +
∞∑
n=m

an.

Definition 6.1.2 (Error)
When we approximate a value x by the value y, the error in our approximation is |x− y|.

Theorem 6.1.2 (Linearity)
If
∑
an and

∑
bn are convergent series then

1. for any c ∈ R,
∑
can converges and

∞∑
n=k

can = c
∞∑
n=k

an, and

2. the series
∑

(an + bn) converges and
∞∑
n=k

(an + bn) =
∞∑
n=k

an +
∞∑
n=k

bn

Theorem 6.1.3 (Series of Positive Terms)
Let

∑
an be a series.

1. If an ≥ 0 for all n ≥ k then either
∑
an converges or

∞∑
n=k

an =∞.

2. If an ≤ 0 fora ll n ≥ k then either
∑
an converges or

∞∑
n=k

an = −∞.

Theorem 6.1.4 (Cauchy Criterion)
Let

∑
an be a series. Then

∑
an converges iff

∀ε > 0 ∃N ∈ Z≥k ∀l,m ∈ Z≥k

(
m > l > N =⇒

∣∣∣∣∣
m∑

n=l+1

an

∣∣∣∣∣ < ε

)

6.2 Convergence Tests

Theorem 6.2.1 (Divergence Test)
If
∑
an converges then lim

n→∞
an = 0. Equivalently, if lim

n→∞
an either does not exists, or

exists but is not equal to 0, then
∑
an diverges.

Remark
Converse of the Divergence Test is false. E.g.

∑ 1
n (Harmonic Series) diverges but lim 1

n =
0.
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Theorem 6.2.2 (Integral Test)
Let f(x) be positive and decreasing for x ≥ k, and let an = f(n) for all integers n ≥ k.
Then

∑
an converges iff

∫∞
k f(x) dx converges, and in this case, for any l ≥ k we have∫ ∞
l+1

f(x) dx ≤
∞∑

n=l+1

an ≤
∫ ∞
l

f(x) dx

Corollary 6.2.2.1 (p-Series)
The series

∞∑
k=1

1

kp

converges iff p > 1.

Theorem 6.2.3 (Comparison Test)
SPS that 0 ≤ an ≤ bn for all n ≥ k. Then if

∑
bn converges, then so does

∑
an and in

this case,
∞∑
n=k

an ≤
∞∑
n=k

bn.

Theorem 6.2.4 (Limit Comparison Test)
Let an ≥ 0 and let bn > 0 for all n ≥ k. SPS that lim

n→∞
an
bn

= r. Then

1. if r =∞ and
∑
an converges, then so does

∑
bn.

2. if r = 0 and
∑
bn conveges, then so does

∑
an, and

3. if 0 < r <∞, then
∑
an converges iff

∑
bn converges.

Theorem 6.2.5 (Ratio Test)
Let an > 0 for all n ≥ k. SPS lim

n→∞
an+1

an
= r. Then

1. if r < 1, then
∑
an converges, and

2. if r > 1, then lim
n→∞

an =∞ so
∑
an =∞

Definition 6.2.1 (Limit Supremum)
The limit supremum of a sequence of real numbers {xk} is defined to be

lim sup
k→∞

xk := lim
n→∞

(
sup
k>n

xk

)
.
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Theorem 6.2.6 (Root Test)
Let an ≥ 0 for all n ≥ k. Let r = lim sup

n→∞
n
√
an. Then

1. if r < 1, then
∑
an converges, and

2. if r ¿ 1, then limn→∞ an =∞ so
∑
an =∞.

Remark
The Root and Ratio Tests are inconclusive when r = 1.

Definition 6.2.2 (Alternating Sequence)
A sequence {an}n≥k is said to be alternating when either we have an = (−1)n|an| for all
n ≥ k or we have an = (−1)n+1|an| for all n ≥ k.

Theorem 6.2.7 (Alternating Series Test)
Let {an}n≥k be an alternating series. If {|an|} is decreasing with lim

n→∞
|an| = 0, then∑

n≥k an converges, and in this case ∣∣∣∣∣
∞∑
n=k

an

∣∣∣∣∣ ≤ |ak|
Definition 6.2.3 (Converge Absolutely & Converge Conditionally)
A series

∑
n≥k an is said to converge absolute when

∑
n≥k |an| converges.

The series is said to converge conditionally if
∑

n≥k an converges but
∑

n≥k |an| diverges.

Theorem 6.2.8 (Absolute Converges =⇒ Convergence)
If
∑
|an| converges then so does

∑
an.

6.3 Fubini’s Theorem for Series

Definition 6.3.1 (Multiplication of Series)
SPS that

∑
n≥0 |an| and

∑
n≥0 bn both converge, and define cn =

n∑
k=0

anbn−k. Then
∑

n≥0 cn

converges and
∞∑
n=0

cn =

( ∞∑
n=0

an

)( ∞∑
n=0

bn

)

Theorem 6.3.1 (Fubini’s Theorem for Series)
Let an,m ∈ R for all n,m ≥ 0. SPS that

∑
m≥0 |an,m| converges for each n ≥ 0 and that
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∑
n≥0

( ∞∑
m=0
|an,m|

)
converges. Then

∑
m≥0 an,m converges for all n ≥ 0,

∑
n≥0

( ∞∑
m=0

an,m

)
converges,

∑
n≥0 an,m converges for all m ≥ 0,

∑
m≥0

( ∞∑
n=0

an,m

)
converges, and

∞∑
n=0

( ∞∑
m=0

an,m

)
=
∞∑
m=0

( ∞∑
n=0

an,m

)



Chapter 7

Sequences and Series of
Functions

7.1 Pointwise Convergence

Definition 7.1.1 (Pointwise Convergence of Sequences of Functions)
Let I ⊂ R, let f : I → R, and for each interger n ≥ k let fn : I → R. We say that the
sequence of functions {fn}n≥k converges pointwise to f on I, and write fn → f pointwise
on I, when lim

n→∞
fn(x) = f(x) for all x ∈ I, i.e.

∀x ∈ I ∀ε > 0 ∃N ≥ k ∀n ≥ k (n > N =⇒ |fn(x)− f(x)| < ε)

Remark
Not that by the Cauchy Criterion for Convergence (for sequences), the sequence {fn}n≥k
converges pointwise to some function f(x) on I iff

∀x ∈ I ∀ε > 0 ∃N ≥ k ∀n,m ≥ k (n,m > N =⇒ |fn(x)− fm(x)| < ε)

7.2 Uniform Convergence

Definition 7.2.1 (Uniform Convergence of Sequences of Functions)
Let I ⊂ R, let f : I → R, and for each integer n ≥ k, let fn : I → R. We say that the
sequence of functions {fn}n≥k converges uniformly to f on I, and write fn → f uniformly
on I, when

∀ε > 0 ∃N ≥ k ∀x ∈ I ∀n ≥ k (n > N =⇒ |fn(x)− f(x)| < ε)

59
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Theorem 7.2.1 (Cauchy Criterion for Pointwise Convergence - Sequence of Functions)
Let {fn}n≥k be a sequence of functions on I ⊂ R. ∃g : I → R fn → g pointwise on I as
n→∞

⇐⇒ ∀x ∈ I ∀ε > 0 ∃N ≥ k ∀m,n ≥ k
(m,n ≥ N =⇒ |fm(x)− fn(x)| < ε)

Theorem 7.2.2 (Cauchy Criterion for Uniform Convergence - Sequence of Functions)
Let {fn}n≥k be a sequence of functions on I ⊂ R. ∃g : I → R fn → g uniformly on I as
n→∞

⇐⇒ ∀ε > 0 ∃N ≥ k ∀x ∈ I ∀n,m ≥ k
(n,m > N =⇒ |fn(x)− fm(x)| < ε)

Proof
SPS that the sequence of functions 〈fn〉 converges uniformly to some function g : I → R
as n→∞.

SPS ∃g(x) := lim
n→∞

fn(x) g : I → R such that

∀ε > 0 ∃N ∈ Z≥k ∀x ∈ I ∀n ∈ Z≥k

n ≥ N =⇒ |fn(x)− g(x)| < ε

2
=⇒ ∀s, t ∈ Z≥k s, t ≥ N

=⇒ |fs(x)− ft(x)| ≤ |fs(x)− g(x)|+ |g(x)− ft(x)|
≤ ε

SPS ∀ε > 0 ∃N ∈ Z≥k ∀x ∈ I ∀k, l ∈ Z≥k
k, l ≥ N =⇒ |fk(x)− fl(x)| ≤ ε

∀x ∈ I {fn(x)} := {fk(x), fk+1(x), ...} is a Cauchy sequence

By Cauchy Criterion for Pointwise Convergence,

g(x) := lim
n→∞

fn(x) g : I → R

i.e. fn → g pointwise on I
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Then for each x ∈ I,

∃t ∈ Z≥k t ≥ N =⇒ |fl(x)− g(x)| < ε

2

Thus,
∀ε > 0 ∃N ∈ Z≥k ∀x ∈ I ∀s, t ∈ Z≥k

|fs(x)− g(x)| ≤ |fs(x)− fl(x)|+ |fl(x)− g(x)|
≤ ε

Theorem 7.2.3 (Uniform Convergence, Limits and Continuity - Sequence of Functions)
SPS that fn → f uniformly on I. Let x be a limit point of I. If limy→x fn(y) exists for each
n, then

lim
y→x

lim
n→∞

fn(y) = lim
n→∞

lim
y→x

fn(y)

In particular, if each fn is continuous on I, then so is f.

Proof

SPS ∀n ∈ Z+ gn := lim
y→x

fn(y)

STP lim
n→∞

gn = lim
y→x

f(y)

Claim: {gn} converges.

∀ε > 0 ∃N ∈ Z+ ∀s, t ∈ Z+
(
s, t ≥ N =⇒ |fs(y)− ft(y)| < ε

3

)
∵ gn = lim

y→x
fn(y) |fs(y)− gs| <

ε

3
|ft(y)− gt| <

ε

3

=⇒ |gs − gt| ≤ |gs − fs(y)|+ |fs(y)− ft(y)|+ |ft(y)− gt| < ε

By Cauchy Criterion for Sequences, {gn} converges. Thus,

g := lim
n→∞

gn STP g = lim
y→x

f(y)

∀ε > 0 ∃N ∈ Z+ ∀y ∈ I ∀n ∈ Z+(
n ≥ N =⇒ |fn(y)− f(y)| < ε

3
∧ |g − gn| <

ε

3

)
∵ gn = lim

y→x
fn(y) |fn(y)− gn| <

ε

3

∴ |g − f(y)| ≤ |g − gn|+ |gn − fn(y)|+ |fn(y)− f(y)| < ε
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Furthermore,

SPS ∀n ∈ Z+ ∀a ∈ I ∀ε > 0 ∃δ > 0 ∀y ∈ I
(

0 < |y − a| < δ =⇒ |fn(y)− fn(a)| < ε

3

)
By the above argument, and since fn → f uniformly on I, for each a and y in our assump-
tion,

|f(y)− fn(y)| < ε

3
|fn(a)− f(a)| < ε

3
∴ ∀a ∈ I ∀ε > 0 ∃δ > 0 ∀y ∈ I 0 < |y − a| < δ

=⇒ |f(y)− f(a)| ≤ |f(y)− fn(y)|+ |fn(y)− fn(a)|+ |fn(a)− f(a)| < ε

Thus f is continuous on I by definition.

Remark
The above theorem allows us to “interchange” limit notations.

Theorem 7.2.4 (Uniform Convergence and Integration - Sequence of Functions)
SPS that fn → f uniformly on [a, b]. If each fn is integrable on [a, b] then so is f. In
this case, if gn(x) =

∫ x
a fn(t) dt and g(x) =

∫ x
a f(t)dt, then gn → g uniformly on [a, b]. In

particular, we have

lim
n→∞

∫ b

a
fn(x) dx =

∫ b

a
lim
n→∞

fn(x) dx

Remark
The above theorem can be interpretted as if we have a sequence of integrable functions,
fn on a closed domain [a, b], then the function that the sequence of functions converge
uniformly to, i.e. f, is also integrable on [a, b].

Moreover, we can “interchange” the limit and integration signs in the function.

Theorem 7.2.5 (Uniform Convergence and Differentiation - Sequence of Functions)
Let {fn} be a sequence of functions on [a, b]. SPS that each fn is differentiable on [a, b],
{f ′n} converges uniformly on [a, b], and {fn(c)} converges for some c ∈ [a, b]. Then {fn}
converges uniformly on [a, b], lim

n→∞
fn(x) is differentiable, and

d

dx
lim
n→∞

fn(x) = lim
n→∞

d

dx
fn(x)

Remark
The above theorem allows us to “interchange” the process of differentiation and taking the
limit of a sequence of function.
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7.3 Series of Functions

Definition 7.3.1 (Series of Functions)
Let {fn}n≥k be a sequence of functions on I ⊆ R. The series of functions

∑
n≥k

fn(x) is

defined to be the sequence {Sl(x)} where Sl(x) =
l∑

n=k

fn(x). The function Sl(x) is called

the lth partial sum of the series. We say that the series
∑
n≥k

fn(x) converges pointwise (or

uniformly) on I when the sequence {Sl} converges, pointwise (or uniformly) on I. In this
case, the sum of the series of functions is defined to be the function

f(x) =

∞∑
n=k

fn(x) = lim
n→∞

Sl = lim
n→∞

l∑
n=k

fn(x)

Note
Many of the following theorems have similar proofs to the earlier two sections.

Theorem 7.3.1 (Cauchy Criterion for Uniform Convergence - Series of Functions)
The series

∑
n≥k fn(x) converges uniformly (to some function f) on I

⇐⇒ ∀ε > 0 ∃N ≥ k ∀x ∈ I ∀m, l ≥ k

(
m > l > N =⇒

∣∣∣∣∣
m∑

n=l+1

fn(x)

∣∣∣∣∣ < ε

)

Theorem 7.3.2 (Uniform Convergence, Limits and Continuity - Series of Functions)
SPS that

∑
n≥k fn(x) converges uniformly on I. Let x be a limit point of I. If lim

y→x
fn(y)

exists for all n ≥ k, then

lim
y→x

∞∑
n=k

fn(y) =
∞∑
n=k

lim
y→x

fn(y)

In particular, if each fn(x) is continuous on I, then so is
∑∞

n=k fn(x).

Theorem 7.3.3 (Term-by-Term Integration)
SPS that

∑
n≥k fn(x) converges uniformly on [a, b]. If each fn(x) is integrable on [a, b],

then so is
∑

n≥k fn(x). In this case, if gn(x) :=
∫ x
a fn(t) dt and g(x) :=

∫ x
a

∑∞
n=k fn(t) dt,

then
∑

n≥k gn(x) converges uniformly to g(x) on I. In particular, we have∫ b

a

∞∑
n=k

fn(x) dx =
∞∑
n=k

∫ b

a
fn(x) dx
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Theorem 7.3.4 (Term-by-Term Differentiation)
SPS that each fn(x) is differentiable on [a, b],

∑
n≥k f

′
n(x) converges uniformly on [a, b],

and
∑

n≥k fn(c) converges for some c ∈ [a, b]. Then
∑

n≥k fn(x) converges uniformly on
[a, b], and

d

dx

∞∑
n=k

fn(x) =

∞∑
n=k

d

dx
fn(x)

Theorem 7.3.5 (Weierstrass M-Test)
SPS that fn is bounded with |fn(x)| ≤Mn for all n ≥ k and x ∈ I, and

∑
n≥kMn converges.

Then
∑

n≥k fn(x) converges uniformly on I.

7.4 Power Series

Definition 7.4.1 (Power Series)
A power series centered at a is a series of the form

∑
n≥0

an(x− a)n for some real numbers

an, where we use the convention that (x− a)0 = 1.

Lemma 7.4.1 (Abel’s Formula)
Let {an} and {bn} be sequences. Then we have

l∑
n=m

anbn +

l−1∑
[p=m]

(
p∑

n=m

an

)
(bp−1 − bp) =

(
l∑

n=m

an

)
bl

Theorem 7.4.2 (The Interval and Radius of Convergence)
Let

∑
n≥0

an(x − a)n be a power series and let R = 1

lim sup
n→∞

n
√
|an|
∈ [0,∞) . Then the set of

x ∈ R for which the power series converges is an interval I centered at a of radius R. Indeed

1. |x− a| > R =⇒ lim
n→∞

an(x− a) 6= 0 =⇒
∑
n≥0

an(x− a)n diverges,

2. |x− a| < R =⇒
∑
n≥0

an(x− a)n converges absolutely,

3. 0 < r < R =⇒
∑
n≥0

an(x− a)n converges uniformly in [a− r, a+ r].

Theorem 7.4.3 (Abel’s Theorem)
Let

∑
n≥0

an(x−a)n be a power series and let R = 1

lim sup
n→∞

n
√
|an|
∈ [0,∞) . If

∑
n≥0 an(x−a)n

converges when x = a+R, then the convergence is uniform on [a, a+R], and, similarly, if∑
n≥0 an(x− a)n converges when x = a−R then the convergence is uniform on [a−R, a].
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Definition 7.4.2 (Interval and Radius of Convergence)
The number R is the previous 2 theorems is called the radius of convergence, and the
interval I is called the interval of convergence of the power series.

7.5 Operations on Power Series

Theorem 7.5.1 (Continuity of Power Series)
SPS that the power series

∑
an(x− a)n converges in an interval I. Then the sum f(x) =∑∞

n=0 an(x− a)n is continuous on I.

Proof
This follows from uniform convergence of

∑
an(x− a)n in closed subintervals of I.

Theorem 7.5.2 (Addition and Subtraction of Power Series)
SPS that the power series

∑
an(x− a)n and

∑
bn(x− a)n both converge in the interval I.

Then
∑

(an + bn)(x− a)n and
∑

(an− bn)(x− a)n both converge in I, and for all x ∈ I we
have ( ∞∑

n=0

an(x− a)n

)
±

( ∞∑
n=0

bn(x− a)n

)
=
∞∑
n=0

(an ± bn)(x− a)n

Proof
This follows from linearity.

Theorem 7.5.3 (Multiplication of Power Series)
SPS that the power series

∑
an(x−a)n and

∑
bn(x−a)n both converge in an open interval

I wuth a ∈ I. Let cn =
n∑
k=0

akbn−k. Then
∑
cn(x− a)n converges in I and for all x ∈ I we

have
∞∑
n=0

cn(x− a)n =

n∑
k=0

akbn−k =

( ∞∑
n=0

an(x− a)n

)( ∞∑
n=0

bn(x− a)n

)

Proof
This follows from Multiplication of Series, since the power series converge absolutely on I.

Theorem 7.5.4 (Division of Power Series)
SPS that the power series

∑
an(x−a)n and

∑
bn(x−a)n both converge in an open interval

I wuth a ∈ I and that b0 6= 0. Define cn by

c0 =
a0
b0
, and for n > 0, cn =

an
bn
− bnc0

b0
− bn−1c1

bn−1
− . . .− b1cn−1

b1
.
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Then there is an open interval J with a ∈ J such that
∑
cn(x− a)n converges in J and for

all x ∈ J ,

∞∑
n=0

=

∞∑
n=0

an(x− a)n

∞∑
n=0

bn(x− a)n
.

Theorem 7.5.5 (Composition of Power Series)
Let f(x) =

∞∑
n=0

an(x− a)n in an open interval I with a ∈ I, and let g(y) =
∞∑
m=0

bm(y − b)m

in an open interval J with b ∈ J and with a0 ∈ J . Let K be an open interval with a ∈ K
such that f(K) ⊂ J . For each m ≥ 0, let cn,m be the coefficients, found by multiplying

power series, such that
∞∑
n=0

cn,m(x − a)n = bn

( ∞∑
n=0

an(x− a)n − b
)m

. Then
∑

m≥0 cn,m

converges for all m ≥ 0, and for all x ∈ K,
∑
n≥0

( ∞∑
m=0

cn,m

)
(x− a)n converges and

∞∑
n=0

( ∞∑
m=0

cn,m

)
(x− a)n = g(f(x))

Proof
This follows from Fubini’s Theorem for Series since

g(f(x)) =

∞∑
m=0

bm(f(x)− b)m =

∞∑
m=0

( ∞∑
n=0

an(x− a)n − b

)
=

∞∑
m=0

( ∞∑
n=0

cn,m(x− a)n

)
.

Theorem 7.5.6 (Integration of Power Series)
SPS that

∑
an(x−a)n converges in the interval I. Then ∀x inI, the sum f(x) =

∑∞
n=0 an(x−

a)n is integrable on [min{a, x},max{a, x}] and∫ x

a

∞∑
n=0

an(t− a)n dt =

∞∑
n=0

∫ x

a
an(t− a)n dt =

∞∑
n=0

an
n+ 1

(x− a)n+1.

Theorem 7.5.7 (Differentiation of Power Series)
SPS that

∑
an(x− a)n converges in the interval I. Then the sum f(x) =

∑∞
n=0 an(x− a)n

is differentiable in I and

f ′(x) =

∞∑
n=1

an(x− a)n−1.
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7.6 Taylor Series

Theorem 7.6.1 (Coefficients of the Taylor Series)
SPS that

∑∞
n=0 an(x − a)n in an open interval I centered at a. Then f is infinitely differ-

entiable at a and for all n ≥ 0, we have

an =
f (n)(a)

n!
,

where f (n)(a) denotes the n-th derivative of f at a.

Proof
By repeatedly applying Differentiation on Power Series, we can obtain our desired result.

Definition 7.6.1 (Taylor Series and Polynomial)
Given a function f(x) whose derivatives of all order exists at x = a, we define the Taylor
series of f(x) centered at a to be the power series

T (x) =
∑
n≥0

an(x− a)n where an =
f (n)(a)

n!

abd we define the lth Taylor Polynomial of f(x) centered at a to be the lth partial sum

Tl(x) =

l∑
n=0

an(x− a)n where an =
f (n)(a)

n!
.

Theorem 7.6.2 (Taylor’s Theorem)
Let f(x) be infinitely differentiable in an open interval I with a ∈ I. Let Tl(x) be the lth

Taylor polynomial for f(x) centered at a. Then for all x ∈ I there exists a number c
between a and x such that

f(x)− Tl(x) =
f (l+1)(c)

(l + 1)!
(x− a)l+1.

Theorem 7.6.3 ((?) Accuracy of the Maclaurin Expansion)
The functions ex, sinx and (1 + x)p are all exactly equal to the sum of their Taylor series
centered at 0 in the interval of convergence.



Chapter 8

Topology in Euclidean Space

8.1 Algebraic Structure

Definition 8.1.1 (Dot Product)
For vectors x, y ∈ Rn we define the dot product of x and y to be

x · y = yTx =
n∑
i=1

xiyi.

Theorem 8.1.1 (Properties of Dot Product)
For all x, y, z ∈ Rn and for all t ∈ R we have

1. (Bilinearity)

(a) (x+ y) · z = x · z + y · z,

(b) (tx) · y = t(x · y),

(c) x · (y + z) = x · y + x · z,

(d) x · (ty) = t(x · y)

2. (Symmetry) x · y = y ·x, and

3. (Positive Definiteness) x ·x ≥ 0 with x ·x = 0 ⇐⇒ x = ~0

68
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Definition 8.1.2 (Norm)
For a vector x ∈ Rn, we define the norm (or length) of x to be

|x| =
√
x ·x =

√√√√ n∑
i=1

x2i

We say that x is a unit vector when |x| = 1.

Theorem 8.1.2 (Properties of Norm)
Let x, y ∈ Rn and let t ∈ R. Then

1. (Positive Definiteness) |x| ≥ 0 with |x| = 0 ⇐⇒ x = ~0

2. (Scaling) |tx| = |t||x|

3. (Square of a basic Linear Combination) |x± y|2 = |x|2 ± 2(x · y) + |y|2

4. (The Polarization Identities) x · y = 1
2(|x+ y|2 − |x|2 − |y|2) = 1

4(|x+ y|2 − |x− y|2)

5. (The Cauchy-Schwarz Inequality) |x · y| ≤ |x||y| with |x · y| = |x||y| ⇐⇒ the set
{x, y} is linearly dependent, and

6. (The Triangle Inequality) |x+ y| ≤ |x|+ |y|

Remark (Linearly Dependent)
Two vectors x, y ∈ Rn are said to be linearly dependent iff x = ty for some t ∈ R.

Definition 8.1.3 (Distance)
For points a, b ∈ Rn, we define the distance between and b to be

dist(a, b) = |b− a|

Theorem 8.1.3 (Properties of Distance)
Let a, b, c ∈ R. Then

1. (Positive Definiteness) dist(a, b) ≥ 0 with dist(a, b) = 0 ⇐⇒ a = b

2. (Symmetry) dist(a, b) = dist(b, a)

3. (The Triangle Inequality) dist(a, c) ≤ dist(a, b) + dist(b, c)
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8.2 Topology in Rn

Definition 8.2.1 (Sphere, Open Ball, Closed Ball, Punctured Ball)
For a ∈ Rn and 0 < r ∈ R, the sphere, the open ball, the closed ball, and the (open)
punctured ball in Rn centered at a of radius r are defined to be the sets

S(a, r) = {x ∈ Rn | dist(x, a) = r} = {x ∈ Rn | |a− x| = r} (the sphere),

B(a, r) = {x ∈ Rn | dist(x, a) < r} = {x ∈ Rn | |a− x| < r} (the open ball),

B̄(a, r) = {x ∈ Rn | dist(x, a) ≤ r} = {x ∈ Rn | |a− x| ≤ r} (the closed ball),

B∗(a, r) = {x ∈ Rn | 0 < dist(x, a) < r} = {x ∈ Rn | 0 < |a− x| < r} ([open] punctured ball)

Definition 8.2.2 (Open and Closed Sets)
For a set A ⊆ Rn, we say that A is open (in Rn) when

∀a ∈ A ∃r > 0 B(a, r) ⊆ A

We say that A is closed (in Rn) when its complement Ac = Rn \A is open in Rn.

Remark
Note that we may also define a closed set to be:

∀A ⊆ Rn ∀a ∈ A ∃r > 0 B̄(a, r) ⊆ A

But we shall note that this definition can eventually be confusing.

Theorem 8.2.1 (Basic Properties of Open Sets)
1. The sets ∅ and Rn are open in Rn.

2. If S is a set of open sets then the union
⋃
S is open.

3. If S is a finite set of open sets then the intersection
⋂
S is open.

Theorem 8.2.2 (Basic Properties of Closed Sets)
1. The sets ∅ and Rn are closed in Rn.

2. If S is a set of closed sets then the intersection
⋂
S is closed.

3. If S is a finite set of closed sets then the union
⋃
S is closed.



CHAPTER 8. TOPOLOGY IN EUCLIDEAN SPACE 71

8.3 Interior, Closure and Boundary

Definition 8.3.1 (Interior and Closure)
Let A ⊆ Rn. The interior of A (in Rn) is the set

A0 =
⋃
{U ⊆ Rn |U is open ∧ U ⊆ A}

The closure of A (in Rn) is the set

Ā =
⋂
{K ⊆ Rn |K is closed ∧A ⊆ K}

Theorem 8.3.1 (Interior of a Set as Its Largest Open Set)
Let A ⊆ Rn. The interior of A is the largest open set which is contained in A. In other
words, A0 ⊆ A and A0 is open ⇐⇒ ∀open set U ⊆ A (U ⊆ A0)

Theorem 8.3.2 (Closure of a Set as The Smallest Closed Set Containing It)
Let A ⊆ Rn. The closure of A is the smallest closed set that contains A. In other words,
A ⊆ Ā and Ā is closed ⇐⇒ ∀closed set K (A ⊆ K) Ā ⊆ K

Corollary 8.3.2.1 (Another Certificate for Open and Closed Sets)
Let A ⊆ Rn.

1. (A0)0 and ¯̄A = Ā.

2. A is open iff A = A0.

3. A is closed iff A = Ā.

Definition 8.3.2 (Interior, Isolated, Limit and Boundary Points)
Let A ⊆ Rn. An interior point of A is defined such that

∀a ∈ A ∃r > 0 B(a, r) ⊆ A

An isolated point of A is defined such that

∀a ∈ A ∃r > 0 B∗(a, r) ∩A = ∅ or B(a, r) ∩A = {a}

(i.e., in laymen’s language, for all a in A, there are no other points in A that are close to
a)

A limit point of A is defined such that

∀a ∈ A ∀r > 0 B∗(a, r) ∩A 6= ∅
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(i.e., in laymen’s language, for all a in A, there is always points in A other than a that is
close to a)

The set of all limit points is denoted as A′.

A boundary point of A is defined such that

∀a ∈ A ∀r > 0 (B(a, r) ∩A 6= ∅ ∧B(a, r) ∩Ac 6= ∅)

(i.e., in laymen’s language, for all a in A, there are always points that are in A and not in
A that are near a in the same “radius”)

The set of all boundary points of A, denoted ∂A, is called the boundary of A.

Theorem 8.3.3 (Equivalent Topological Definitions)
Let A ⊆ Rn.

1. A is closed iff A′ ⊆ A

2. Ā = A ∪A′

3. A0 is equal to the set of all interior points of A.

4. ∂A = Ā \A0

Proof
Part (1)

A is closed ⇐⇒ Ac is open

⇐⇒ ∀a /∈ A ∃r > 0 B(a, r) ⊆ Ac

⇐⇒ ∀a ∈ Rn(a /∈ A =⇒ ∃r > 0 B(a, r) ∩A = ∅)
⇐⇒ ∀a ∈ Rn(a /∈ A =⇒ ∃r > 0 B∗(a, r) ∩A = ∅)
⇐⇒ ∀a ∈ Rn(∀r > 0 B∗(a, r) ∩A 6= ∅ =⇒ a ∈ A) by contrapositive

⇐⇒ ∀a ∈ Rn(a ∈ A′ =⇒ a ∈ A) by definition of a limit in Rn

⇐⇒ A′ ⊆ A

Part (2)
WTP A∪A′ is the smallest cover of A. By definition of a cover, we first require A∪A′ to
be closed and contains A. Clearly, A ⊆ A ∪A′. It remains to prove that (A ∪A′)c is open.

∀a ∈ (A ∪A′)c A /∈ A ∧ a /∈ A′

∵ a /∈ A ∃r > 0 B(a, r) ∩A = ∅
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WTP B(a, r) ∩A′ = ∅. Suppose not.

∀b ∈ B(a, r) ∩A′

∵ b ∈ B(a, r) ∃s > 0 B(b, s) ⊆ B(a, r)

∵ b ∈ A′ B∗(b, s) ∩A 6= ∅ (by definition of a Limit Point in Rn)

∵ B∗(b, s) ⊆ B(b, s) ⊆ B(a, r) B(a, r) ∩A 6= ∅

which contradicts our earlier argument. Thus B(a, r) ∩A′ = ∅.

It remains to prove that A ∪ A′ is the smallest cover of A. Let K be a cover of A. By
defintion, A ⊆ K. STP A′ ⊆ K ′ since K is closed, which the conclusion will then follow
from Part (1).

∀a ∈ A′ =⇒ ∀r > 0 B(a, r) ∩A 6= ∅
=⇒ ∀r > 0 B(a, r) ∩K 6= ∅ since A ⊆ K
=⇒ a ∈ K ′

This completes the proof.

Part (3)

S := {X ⊆ Rn |X is open ∧X ⊆ A}

By definition, A0 =
⋃
S.

∀a ∈ A0 ∃X ∈ S a ∈ X
=⇒ ∃r > 0 B(a, r) ⊆ X ⊆ A

=⇒ a is an interior point of A.
SPS a is an interior point of A. By definition,

∃r > 0 B(a, r) ⊆ A
∵ B(a, r) is open ∧ B(a, r) ⊆ A B(a, r) ∈ S

=⇒ a ∈ B(a, r) ⊆
⋃
S = A0 =⇒ a ∈ A0

This completes the proof.
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Part (4)

∀a ∈ ∂A ∀r > 0 (B(a, r) ∩A 6= ∅ ∧ B(a, r) ∩Ac 6= ∅)
WTP a ∈ Ā STP a ∈ ∂A ∧ a /∈ A =⇒ a ∈ A′

SPS a /∈ A ∵ B(a, r) ∩A 6= ∅ B∗(a, r) ∩A 6= ∅
=⇒ ∀r > 0 B∗(a, r) ∩A 6= ∅ =⇒ a ∈ A′

WTP a /∈ A0 SPS a ∈ A0

By Part (3), a is an interior point of A.

∃s > 0 B(a, s) ⊆ A =⇒ B(a, s) ∩Ac = ∅

which is a contradiction to our assumption that a ∈ ∂A.
Conversely,

SPS ∀a ∈ Ā \A0 =⇒ a ∈ A′ ∨ a ∈ A ∧ a /∈ A0

Case 1: a ∈ A

∃r > 0 B(a, r) ∩A 6= ∅
WTP B(a, r) ∩Ac 6= ∅ SPS B(a, r) ∩Ac = ∅
∴ B(a, r) ⊆ A ∵ a /∈ A0 ∀s > 0 B(a, s) * A

which is a contradiction. Thus B(a, r) ∩Ac 6= ∅. Thus, by definition, a ∈ ∂A.
Case 2: a /∈ A

∵ a ∈ Ā a ∈ A′ =⇒ ∀r > 0 B∗(a, r) ∩A 6= ∅
∵ a /∈ A B(a, r) ∩A 6= ∅

∵ a /∈ A a ∈ Ac =⇒ ∃s > 0 B(a, s) ⊆ Ac =⇒ B(a, s) ∩Ac 6= ∅

Thus a ∈ ∂A by definition, once again.

Definition 8.3.3 (Connectedness)
Let A ⊆ Rn. We say that A is disconnected when there exists open sets U and V in Rn
such that

U ∩A 6= ∅, V ∩A 6= ∅, U ∩ V = ∅ and A = U ∪ V

When A is disconnected, such open sets U and V are said to separate A.

We say that A is connected when it is not disconnected.

Theorem 8.3.4 (Connected sets in R are Intervals)
The connected sets in R are the (open and closed) intervals (including degenerate intervals).
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8.4 Heine-Borel Theorem

Definition 8.4.1 (Bounded in Rn)
Let A ⊆ Rn. We say that A is bounded when

∃a ∈ Rn ∃r > 0 A ⊆ B(a, r).

Equivalently,
∃R > 0 A ⊆ B(0, R).

Definition 8.4.2 (Open Cover, Subcover, and Compactness)
Let A ⊆ Rn. An open cover of A is a set S of open sets such that A ⊆

⋃
S. When S is an

open cover, a subcover of S is a subset T ⊆ S such that A ⊆
⋃
T .

We say that A is compact when every open cover of A has a finite subcover.

Definition 8.4.3 (Closed Rectangle)
A closed rectangle in Rn is a set of the form

R = [a1, b1]× [a2, b2]× . . .× [an, bn]

= {(x1, x2, ..., xn) ∈ Rn | ai ≤ xi ≤ bi for all i}

Theorem 8.4.1 (Nested Rectangles Theorem)
Let R1, R2, R3, . . . be closed rectangles in Rn with R1 ⊇ R2 ⊇ R3 ⊇ . . .. Then

∞⋂
k=1

Rk 6= ∅

Theorem 8.4.2 (Compactness of Closed Rectangles)
Every closed rectangle in Rn is compact.

Theorem 8.4.3 (Heine-Borel Theorem)
Let A ⊆ Rn. A is compact iff A is closed and bounded.

Proof
(Compactness =⇒ Boundedness)

S := {B(0, k) | k ∈ Z+} =⇒
⋃
S = Rn

So in particular, S is an open cover of Rn. Since A ⊆ Rn ⊆
⋃
S, S is an open cover of A.

Then

∃R > 0 A ⊆
R⋃
k=1

S = B(0, R)
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where we note that
⋃R
k=1 S is a finite subcover that contains A as in the definition of com-

pactness. So ∃R > 0 A ⊆ B(0, R), i.e. by definition A is bounded.

(Compactness =⇒ Closed)
SPS A is compact and not closed, i.e. A is open. By Part (1) of the Equivalent Topological
Definitions, A′ * A. Then

∀a ∈ A′ ∧ a /∈ A ∀k ∈ Z+ Tk := B̄

(
a,

1

k

)c
S := {Tk | k ∈ Z+}

=⇒
⋃
S = Rn \ {a} =⇒ A ⊆

⋃
S (∵ a /∈ A ∧ A ⊆ Rn)

∵ A is compact ∃T := {Tkj | j ∈ Z+
≤m} where k1 < k2 < . . . < km A ⊆

⋃
T

∵ Tk1 ⊆ Tk2 ⊆ . . . ⊆ Tkm
⋃
T = Tkm = B̄

(
a,

1

km

)c
=⇒ A ⊆ B̄

(
a,

1

km

)c
∵ a ∈ A′ ∀r > 0 B∗(a, r) ∩A 6= ∅ =⇒ B(a, r) ∩A 6= ∅ (since a /∈ A)

=⇒ B̄ (a, r) ∩A 6= ∅ =⇒ A * B̄(a, r)c

Since 1
km

is a specific r, we have that

A * B̄

(
a,

1

km

)c
which is a contradiction. Thus A is compact implies A is closed.

Conversely, since A is bounded

∃r > 0 A ⊆ B(0, r)

R := {~x ∈ Rn | ∀k ∈ N≤n |xk| < r}

which is a closed rectangle. By the Compactness of Closed Rectangles, R is compact. Note
that

∀~x = (x0, x1, ..., xn) ∈ B(0, r) ∀k ∈ N≤n

|xk| = (x2k)
1
2 ≤

√√√√ n∑
i=0

x2i < r

=⇒ ~x ∈ R =⇒ A ⊆ B(0, r) ⊆ R

We now have that

• A is closed,
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• A ⊆ R, and

• R is compact.

A is closed implies Ac is open. Let S be an open cover of A, i.e. A ⊆
⋃
S.

∵ A ⊆
⋃
S

⋃
S ∪ {Ac} = Rn

Since R ∈ Rn =
⋃
S ∪ {Ac},

⋃
S ∪ {Ac} is an open cover for R. Since R is compact,

∃T ⊆
⋃
S ∪ {Ac} R ⊆

⋃
T

∵ A ⊆ R A ⊆
⋃
T

∵ A * Ac A ⊆
⋃
T \ {Ac}

Since
⋃
T is a finite, so is

⋃
T \ {Ac} ⊆

⋃
S ∪ {Ac} \ {Ac} =

⋃
S. Thus every open cover

of A has a finite subcover, i.e. A is compact.



Chapter 9

Convergence in Rn

9.1 Limits of Functions

Definition 9.1.1 (Relatively Open and Closed Sets)
Let A ⊆ Rn.

1. A set U ⊆ A is said to be relatively open in A iff there exists an open set S such that
U = A ∩ S.

2. A set U ⊆ A is said to be relatively closed in A iff there exists a closed set S such
that U = A ∩ S, or U c = A \ U is open in A.

Theorem 9.1.1 (Relatively Open, Closed, and Disconnected)
Let A ⊆ S ⊆ Rn.

1. A is open in S iff ∀a ∈ A ∃r > 0 B(a, r) ∩ S ⊆ A.

2. A is closed in S iff there exists a closed set K ⊆ Rn such that A = S ∩K.

3. S is disconnected iff
∃∅ 6= A ( S

such that A is both open and closed in S.

Definition 9.1.2 (Sequences in Rn)
Let 〈an〉n≥p be a sequence in Rm. We say that the sequence 〈an〉n≥p is bounded when

∃R > 0 ∀n ∈ Z≥p |an| ≤ R.

78



CHAPTER 9. CONVERGENCE IN RN 79

For b ∈ Rm, we say that the sequence 〈an〉n≥p converges to b, and write lim
n→∞

an = b (or

an → b), when

∃b ∈ Rm ∀ε > 0 ∃N ∈ Z≥p ∀n ∈ Z≥p (n ≥ N =⇒ |an − b| < ε)

We say that the sequence 〈an〉n≥p diverges to ∞, and write lim
n→∞

an = ∞ (or an → ∞),

when
∀R > 0 ∃N ∈ Z≥p ∀n ∈ Z≥p (n ≥ N =⇒ |an| ≥ R).

We say that the sequence 〈an〉n≥p converges when it converges to some point b ∈ Rm and
otherwise we say that it diverges.

We say that the sequence 〈an〉n≥p is Cauchy when

∀ε > 0 ∃N ∈ Z≥p ∀k, l ∈ Z≥p (k, l ≥ N =⇒ |ak − al| < ε)

For the following theorems, our main variable 〈an〉n≥p is a sequence of sequences.

Theorem 9.1.2 (Boundedness, Limits, and Convergence of Sequences)
Let 〈an〉n≥p be a sequence in Rm, say an = (an,1, an,2, ..., an,m) ∈ Rm

1. 〈an〉n≥p is bounded iff 〈an,i〉n≥p is bounded for all indices i = 1, 2, ...,m.

2. 〈an〉n≥p converges iff, for all i, 〈an,i〉n≥p converges

3. For b = (b1, b2, ..., bm) ∈ Rm we have lim
n→∞

an = b ⇐⇒ ∀i ∈ {1, 2, ...,m} lim
n→∞

an,i =

bi.

4. 〈an〉n≥p is Cauchy iff, for all i, 〈an,i〉n≥p is Cauchy

Theorem 9.1.3 (Uniqueness of Limits and Convergence of Subsequences)
Let 〈an〉n≥p be a sequence in Rm and let u, v ∈ Rm ∪ {∞}

1. lim
n→∞

an = u ∧ lim
n→∞

= v =⇒ u = v.

2. lim
n→∞

= u ∧ 〈anj 〉j≥q is a subsequence of 〈an〉n≥p then lim
n→∞

anj = u.

3. If 〈an〉n≥p converges then it is bounded.

Theorem 9.1.4 (Bolzano-Weierstrass Theorem for Rn)
Every bounded sequence in Rn has a convergent subsequence.

Theorem 9.1.5 (Completeness of Rn)
For every sequence in Rn, the sequence converges iff it is Cauchy.
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Definition 9.1.3 (Limit on a Point)
Let A ⊆ Rn and let f : A → Rm (note n is not necessarily equal to m). When a is a
limit point of A and b ∈ Rm, we say that f(x) converges to b as x tends to a, and write
lim
x→a

f(x) = b, when

∀ε > 0 ∃δ > 0 ∀x ∈ A (0 < |x− a| < δ =⇒ |f(x)− b| < ε)

When a is a limit point of A, we say that f(x) diverges to ∞, and write lim
x→a

f(x) = ∞,

when
∀R > 0 ∃δ > 0 ∀x ∈ A (0 < |x− a| < δ =⇒ |f(x)| ≥ R)

Theorem 9.1.6 (Sequential Characterization of Limits in Rn)
Let A ⊆ Rn, let f : A → Rm, let a be a limit point of A and let u ∈ Rm ∪ {∞}. Then
lim
x→∞

f(x) = u ⇐⇒ lim
n→∞

f(xn) = u for every sequence 〈xn〉 in A \ {a} with lim
n→∞

xn = a.

Theorem 9.1.7 (Limit of a Function and the Limit of Its Elements)
Let A ⊆ Rn and let f : A → Rm, let a be a limit point of A, let b = (b1, b2, ..., bm) ∈ Rn,
and say f(x) = (f1(x), f2(x), ..., fm(x)) ∈ Rm for each x ∈ A so that fi : A → R for each
i. Then lim

x→a
f(x) = b ⇐⇒ ∀i = {1, 2, ....,m} lim

x→a
fi(x) = bi.

Definition 9.1.4 (Continuity in Rn)
Let A ⊆ Rn, let B ⊆ Rm, let f : A→ B. For a ∈ A, we say that f is continuous at a when

∀ε > 0 ∃δ > 0 ∀x ∈ A (|x− a| < δ =⇒ |f(x)− f(a)| < ε)

We say that f is continuous (on A) when f is continuous at every a ∈ A, i.e,

∀a ∈ A ∀ε > 0 ∃δ > 0 ∀x ∈ A (|x− a| < δ =⇒ |f(x)− f(a)| < ε)

We say that f is uniformly continuous in A when

∀ε > 0 ∃δ > 0 ∀a, x ∈ A (|x− a| < δ =⇒ |f(x)− f(a)| < ε)

Theorem 9.1.8 (Sequential Characterization of Continuity)
Let A ⊆ Rn, let f : A→ Rn, and let a ∈ A. Then f is continuous at a iff lim

n→∞
f(xn) = f(a)

for every sequence 〈xn〉n≥p in A iwth lim
n→∞

xn = a.

Theorem 9.1.9 (Topological Characterization of Continuity)
Let A ⊆ Rn, let B ⊆ Rm, and let f : A→ B.

1. f is continuous iff f−1(U) is relatively open in A for every open set U in B.

2. f is continuous iff f−1(K) is relatively closed in A for every closed set K in B.
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Theorem 9.1.10 (Properties of Continuous Functions)
Let A ⊆ Rn, let B ⊆ Rm, and let f : A→ B be continuous.

1. If A is bounded then f(A) is bounded.

2. If A is connected then f(A) is connected.

3. If A is compact then f(A) is compact.

4. If A is compact then f is uniformly continuous on A.

5. If A is compact and m = 1 then f(x) attains its maximum and minimum values on
A.

Definition 9.1.5 (Path & Path-connected)
Let A ⊆ Rn and let a, b ∈ A. A (continuous) path from a to b in A is a continuous function
f : [0, 1]→ A with f(0) = a and f(1) = b. We say that A is path-connected when for every
a, b ∈ A there exists a continuous path from a to b in A.

Theorem 9.1.11 (Path-connectedness and Connectedness)
Let A ⊆ Rn. If A is path-connected then A is connected.



Appendix A

ZF Set Theory and the Axiom of
Choice

A.1 Introduction

Example A.1.1 (Russel’s Paradox)
Let X be the set of all sets, and let S = {A ∈ X|A /∈ A}.
Note for example that Z /∈ Z =⇒ Z ∈ S, and X ∈ X =⇒ X /∈ S.
Thus we have S ∈ S ⇐⇒ S /∈ S.

To ensure that mathematical paradoxes (like the above) can no longer arise, mathemati-
cians considered the following questions, and with these questions, rough answers are pro-
vided:

1. What exactly is an allowable mathematical object?
A: Every mathematical object is a mathematical set, and a mathematical set can be
constructed using certain rules, for e.g. the now widely accepted Zermelo-Fraenkel
Set Theory and the Axiom of Choice. While the Axiom of Choice is still highly
criticized even today (e.g. the highly controversial Banach-Tarski Paradox), the
Zermelo-Fraenkel Set Theory is widely welcomed, but not without critics. We shall
call the Zermelo-Fraenkel Set Theory and the Axiom of Choice as the ZFC Axioms
of Set Theory.

2. What exactly is an allowable mathematical statement?
A: Every mathematical statement can be expressed in a formal symbolic language,
which uses symbols rather than words from any spoken language.
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3. What exactly is allowable in a mathematical proof?
A: Every mathematical proof is a finite list of ordered pairs (Sn,Fn) (which we can
think of as proven theorems), where each Sn is a finite set of formulas (called the
premises) and each Fn is a single formula (called the conclusion), which that each
pair (Sn,Fn) can be obtained from previous pairs (Si,Fi) with i < n, using certain
proof rules.

In the remainder of this appendix, we shall look more into the first 2 questions.

A.2 ZFC Axioms of Set Theory

Definition A.2.1 (Mathematical Symbols)
We allow ourselves to use only the following symbols from the following symbol set:

¬ not
∧ and
∨ or

=⇒ implies
⇐⇒ if and only if
= equals
∈ is an element of
∀ for all
∃ there exists

() {} [] parenthesis

along with some variable symbols such as x, y, z, u, v, w, ... or x1, x2, x3, ...

Definition A.2.2 (Formula)
A formula (in the formal symbolic language of first order set theory) is a non-empty finite
string of symbols, from the above list, which can be obtained using finitely many applications
following the three rules below:

1. If x and y are variable symbols, then each of the following strings are formulas.

x = y, x ∈ y

2. If F and G are formulas then each of the following strings are formulas.

¬F, (F ∧G), (F ∨G), (F =⇒ G), (F ⇐⇒ G)

3. If x is a variable symbol and F is a formula then each of the following is a formula.

∀x ∈ F, ∃x ∈ F
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Definition A.2.3 (Free or Bounded Variable)
Let x be a variable symbol and let F be a formula. For each occurrence of the symbol x,
which does not immediately follow a quantifier, in the formula F, we define whether the
occurrence of x is free or bound inductively as follows:

1. If F is a formula of one of the forms y = z or y ∈ z, where y and z are variable
symbols (possibly equal to x), then every occurence of x in F is free, and no occurrence
is bound.

2. If F is a formula of one of the forms ¬H, (H ∧ G), (H ∨ G), (H =⇒ G), (H ⇐⇒
G), where G and H are formulas, then each occurence of the symbol x is either
an occurrence in the formula G or an occurrence in the formula H, and each free
(respectively, bound) occurence of x in G remains free (respectively, bound) in F, and
similarly for each free (or bound) occurrence of x in G. In other words, wlog, if x is
bounded in G, then it is bounded in F, and vice versa.

3. If F is a formula of one of the forms ∀y ∈ G or ∃y ∈ G, where G is a formula and y
is a variable symbol. If y is different from x, then each free (or bound) occurrence of x
in G remains free (or bound) in the formula G, and if y = x then every free occurrence
of x in G becomes bound in F, and every bound occurrence of x in G remains bound
in F.

Definition A.2.4 (Is Bound By and Binds)
When a quantifier symbol occurs in a given formula F, and is followed by the variable
symbol x and then by the formula G, any free occurence of x in G will become bound in
the given formula F (by the 3rd definition above). We shall say that the occurrence of
x is bound by (that occurrence of) the quantifier symbol, or that (the occurrence of) the
quantifier symbol binds the occurence of x.

Definition A.2.5 (Free Variable, Statement, Statement About)
A free variable in a formula F is any variable symbol that has at least one free occurence
in F. A formula F with no free variables is called a statement. When the free variables
in F all lie in the set {x1, x2, ..., xn}, we shall write F as F (x1, x2, ..., xn) and we shall say
that F is a statement about the variables x1, x2, ..., xn.

Definition A.2.6 (Unique Existence)
When F(x) is a statement about x, we sometimes write F(y) as a short form for the formula
∀x(x = y =⇒ F (x)), and we sometimes write

∃!y F (y)

which we read as ”there exists a unique y such that F(y)”, as a short form for the formula

(∃y F (y) ∧ ∀z F (z)) =⇒ z = y))
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which is, in turn, for the formula

∃y
(
∀x
(
x = y =⇒ F (x)

)
∧ ∀z

(
∀x(x = z =⇒ F (x)) =⇒ z = y

))
Remark (The ZFC Axioms of Set Theory (informal))
Every mathematical set can be constructed using specific rules, which we shall use the ZFC
Axioms of Set Theory. Below is a list of the ZFC Axioms, stated informally.

• Empty Set Axiom: There exists an empty set ∅ with no elements.

• Extension Axiom: 2 sets are equal if and only if they have the same elements.

• Separation Axiom: If u is a set and F(x) is a statement about x, {x ∈ u : F (x)} is a
set.

• Pair Axiom: If u and v are sets then u, v is a set.

• Union Axiom: If u is a set then ∪u =
⋃
v∈u

v is a set.

• Power Set Axiom: If u is a set then P(u) = {v : v ∈ u} is a set.

• Axiom of Infinity: If we define the natural numbers to be the sets 0 = ∅, 1 = {0}, 2 =
{0, 1}, 3 = {0, 1, 2} and so on, then N = {0, 1, 2, 3, ...} is a set.

• Replacement Axiom: If u is a ste and F(x, y) is a statement about x and y with the
property that ∀x ∃!y F (x, y) then {y : ∃x ∈ u F (x, y)} is a set.

• Axiom of Choice: Given a set u of non-empty pairwise disjoint sets, there exists a
set which contains exactly one element from each of the sets in u.

Definition A.2.7 (Empty Set Axiom)
The Empty Set Axiom is the formula

∃u ∀x ¬x ∈ u

Definition A.2.8 (Extension Axiom)
The Extension Axiom is the formula

∀u ∀v
(
u = v ⇐⇒ ∀x (x ∈ u ⇐⇒ x ∈ v)

)
Theorem A.2.1 (Uniqueness of the Empty Set)
The empty set is unique.

Definition A.2.9 (∅)
We denote the unique empty set by ∅.
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Definition A.2.10 (Subset)
Given sets u and v, we say that u is a subset of v, and write u ⊆ v, when ∀x(x ∈ u =⇒
x ∈ v)

Definition A.2.11 (Separation Axiom)
For any statement F(x) about x, the following formula is an axiom.

∀u ∃v ∀x
(
x ∈ v ⇐⇒ (x ∈ u ∧ F (x))

)
More generally, for any statement F (x, u1, u2, ..., un) about x, u1, u2, ..., un where n ≥ 0,
the following formula is an axiom.

∀u ∀u1 . . . ∀un ∃v ∀x
(
x ∈ v ⇐⇒ (x ∈ i ∧ F (x, u1, ..., un))

)
Any axiom of this form is called the Separation Axiom.

Note
It is important to realize that a Separation Axiom only allows us to construct a subset of
a given set u. So, e.g., we cannot use the Separation Axiom to show that the collection
S = {x : ¬x ∈ x}, which is used to formulate Russel’s Paradox, is a set.

Definition A.2.12 (Pair Axiom)
The Pair Axiom is the formula

∀u ∀v ∃w ∀x
(
x ∈ w ⇐⇒ (x = u ∨ x = v)

)
Definition A.2.13 (Union Axiom)
The Union Axiom is the formula

∀u ∃w ∀x
(
x ∈ w ⇐⇒ ∃v(v ∈ u ∧ x ∈ v)

)
Definition A.2.14 (Union)
Given a set u, by the Union Axiom there exists a set w with the property that ∀x

(
x ∈

w ⇐⇒ ∃v(v ∈ u ∧ x ∈ v)
)

, and by the Extension Axiom, this set w is unique. We call

the set w the union of the elements in u, and denote it by

∪u =
⋃
v∈u

v.

Given two sets u and v, we define the union of u and v to be the set

u ∪ v :=
⋃
{u, v}.
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Given three sets u, v, and w, note that {z} = {z, z} is a set and so {x, y, z} = {x, y} ∪ {z}
is also a set. More generally, if u1, u2, ..., un are sets then {u1, u2, ..., un} is a set and we
define the union of the sets u1, u2, ..., un to be

u1 ∪ u2 ∪ . . . ∪ un =

n⋃
k=1

uk =
⋃
{u1, u2, ..., un}

Definition A.2.15 (Intersection)
Given a st u, we define the intersection of the elements in u to be the set⋂

u =

{
x ∈

⋃
u
∣∣∣ ∀v(v ∈ u =⇒ x ∈ v)

}
Given two sets u and v, we define the intersection of u and v to be the set

u ∩ v =
⋂
{u, v}

and more generally, given sets u1, u2, ..., un, we define the intersection of u1, u2, ..., un to
be the set

u1 ∩ u2 ∩ . . . ∩ un =
n⋂
k=1

uk =
⋂
{u1, u2, ..., un}

Definition A.2.16 (Power Set Axiom)
The Power Set Axiom is the formula

∀u ∃w ∀v(v ∈ w ⇐⇒ v ⊆ u)

Definition A.2.17 (Power Set)
Given a set u, the set w is with the property that ∀v(v ∈ w ⇐⇒ v ⊆ u) (which exists by
the Power Set Axiom and is unique by the Extension Axiom) is called the power set of u
and is denoted by P(u), so we have

P(u) = {v|v ⊆ u}

Definition A.2.18 (Ordered Pair)
Given two sets x and y, we define the ordered pair (x, y) to be the set

(x, y) = {{x}, {x, y}}.

Given two sets u and v, note that if x ∈ u and y ∈ v then we have {x} ∈ P(u ∪ v) and
{x, y} ∈ P(u∪ v) and so (x, y) = {{x}, {x, y}} ∈ P(P(u∪ v)). We define the product u× v
to be the set

u× v = {(x, y)|x ∈ u ∧ y ∈ v},
i.e.

u× v =
{
z ∈ P(P(u ∪ v))|∃x∃y

(
(x ∈ u ∧ y ∈ v) ∧ z = (x, y)

)}
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Definition A.2.19 (Successor, Inductive)
We define

0 = ∅, 1 = {0}, 2 = {0, 1} = 1 ∪ {1}, 3 = {0, 1, 2} = 2 ∪ {2},

and so on. For a set x, we define the successor of x to be the set

x+ 1 = x ∪ {x}.

A set u is called inductive when it has the property that

(0 ∈ u ∧ ∀x(x ∈ u =⇒ x+ 1 ∈ u))

Definition A.2.20 (Axiom of Infinity)
The Axiom of Infinity is the formula

∃u(0 ∈ u ∧ ∀x(x ∈ u =⇒ x+ 1 ∈ u))

so the Axiom of Infinity states that there exists an inductive set.

Theorem A.2.2 (Existence & Uniqueness of an Inductive Set)
∃w := {x|x ∈ v for every inductive set v }
Moreover, this set w is an inductive set.

Definition A.2.21 (Natural Numbers)
The unique set w in the above theorem is called the set of natural numbers, and we denote
it by N. We write

N = {x|x ∈ v for every inductive set v }
= {0, 1, 2, 3, ...}

For x, y ∈ N, we write x ¡ y when x ∈ y and write x ≤ y when x < y ∨ x = y.

Remark
For a formula F, we write ∀x ∈ uF as a shorthand notation for the formula ∀x(x ∈ u =⇒
F ). Similarly, we write ∃x ∈ u F as a shorthand notation for ∃x(x ∈ u ∧ F )

Theorem A.2.3 (Principle of Induction)
Let F(x) be a statement about x. SPS that

1. F(0), and

2. ∀x ∈ N(F (x) =⇒ F (x+ 1)).

Then ∀x ∈ N F (x)
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Remark
The expression F(0) is short for ∀x(x = 0 =⇒ F (x)), which in turn is short for ∀x(∀y¬y ∈
x =⇒ F (x)).Similarly, F(x + 1) is short for the formula ∀y(y = x+ 1 =⇒ F (y)), where
F(y) is short for ∀x(x = y =⇒ F (x)).

Definition A.2.22 (Replacement Axiom)
Given a statement F(x, y) about x and y, the following formula is an axiom:

∀u
(
∀x∃!y F (x, y) =⇒ ∃w∀y

(
y ∈ w ⇐⇒ ∃x ∈ u F (x, y)

))
where ∃!y F (x, y) is short for ∃y

(
F (x, y) ∧ ∀z

(
F (x, z) =⇒ z = y)

)
with F(x ,z) short for

the formula ∀y(y = z =⇒ F (x, y)). More generally, given a statement F (x, y, u1, ..., un)
about x, y, u1, ..., un with n ≥ 0, the following formula is an axiom:

∀u∀u1 . . . ∀un
(
∀x∃!y F (x, y, u1, ..., un) =⇒ ∃w∀y

(
y ∈ w ⇐⇒ ∃x ∈ u F (x, y, u1, ..., un)

))
An axiom of this form is called a Replacement Axiom.

Definition A.2.23 (Axiom of Choice)
The Axiom of Choice is the formula given by

∀u
((
¬φ ∈ u ∧ ∀x ∈ u ∀y ∈ u(¬x = y =⇒ x ∩ y = ∅)

)
=⇒ ∃w∀v ∈ u ∃!x ∈ v x ∈ w

)
From this point on, we will be using upper-case letters to denote sets, instead of lower-case
as per the statements above.

A.3 Relations, Equivalence Relations, Functions and Recur-
sion

Definition A.3.1 (Binary Relation)
A binary relation R on a set X is a subset R ⊆ X ×X. More generally, a binary relation
is any set R whose elements are ordered pairs. For a binary relation R, we usually write
xRy instead of (x, y) ∈ R.

Definition A.3.2 (Domain, Range, Image, Inverse Image, Inverse, Composition)
Let R and S be binary relations.
The domain of R is

Domain(R) = {x|∃y xRy}
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and the range of R is
Range(R) = {x|∃y xRy}.

For any set A, the image of A under R is

R(A) = {y|∃x ∈ A xRy}

and the inverse image of A under R is

R−1(A) = {x|∃y ∈ A xRy}.

The inverse of R is
R−1 = {(y, x)|(x, y) ∈ R}

and the composition S composed with R is

S ◦R = {(x, z)|∃y xRy ∧ ySz}

Theorem A.3.1 (Domain, Range, Image and Inverse Image as Sets)
Let A be a set and let R be a binary relation. Then Domain(R), Range(R), R(A) and
R−1(A) are sets.

Theorem A.3.2 (Inverse and Composition as Binary Relations)
Let A be a set and let R and S be binary relations. Then R−1 and S◦R are binary relations.

Definition A.3.3 (Equivalence Relation)
An equivalence relation on a set X is a binary relation R on X such that

1. R is reflexive, i.e. ∀x ∈ X xRx

2. R is symmetric, i.e. ∀x, y ∈ X (xRy =⇒ yRx), and

3. R is transitive, i.e. ∀x, y, z ∈ R
(
(xRy ∧ yRz) =⇒ xRz

)
.

Definition A.3.4 (Equivalence Class)
Let R be an equivalence relation on the set X. For a ∈ X, the equivalence class of a modulo
R is the set

[a]R = {x ∈ X|xRa}

Definition A.3.5 (Partition)
A partition of a set X is a set S of non-empty pairwise disjoint sets whose union is X, that
is a set S such that

1. ∀X,Y ∈ S (X 6= Y =⇒ X ∩ Y = ∅)

2.
⋃
S = X.
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Theorem A.3.3 (Correspondence of Equivalence Relations and Partitions)
Given a set X, we have the following correspondence between equivalence relations on X
and partitions of X.

1. Given an equivalence relation R on X, the set of all equivalence classes

SR = {[a]R|a ∈ X}

is a partition of X.

2. Given a partition S of X, the relation RS on X is defined by

RS = {(x, y) ∈ X ×X|∃A ∈ S(x ∈ A ∧ y ∈ A)}

is an equivalence relation on X.

3. Given an equivalence relation R on X we have RSR
= R, and a given partition S of

X, we have SRS
= S.

Note (Set of All Equivalence Classes)
Given an equivalence relation R on X, the set of all equivalence classes, which we denote
by SR in the above theorem, is usually denoted by X/R, so

X/R = {[a]R|a ∈ X}

Definition A.3.6 (Set of Representatives)
Let R be an equivalence relation. A set of representatives for R is a subset of X which
contains exactly one element from each equivalence class in X/R.

Remark
Notice that the AC is equivalent to the statement that every equivalence relation has a set
of representatives.

Definition A.3.7 (Function)
Get sets X and Y, a function from X to Y is a binary relation f ⊆ X×Y with the property
that

∀x ∈ X ∃!y ∈ Y (x, y) ∈ f

More generally, a function is a binary relation with the property that

∀x ∈ Domain(f) ∃!y (x, y) ∈ f.

For a function f, we usually write y = f(x) instead of xfy. It is customary to use the
notation f : X → Y when X = Domain(f) and Y is any set with Range(f) ⊆ Y .
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Definition A.3.8 (One-to-one & Onto)
Let f : X → Y . THe function f is called one-to-one (or injective) when

∀y ∈ Y ∃ at most one x ∈ X y = f(x)

and f is called onto (or surjective) when

∀y ∈ Y ∃ at least one x ∈ X y = f(x)

Definition A.3.9 (Left and Right Inverses)
Let f : X → Y . Let IX and IY denote the identity function on X and Y respectively. A
left inverse of f is a function g : Y → X such that g ◦ f = IX . A right inverse of f is a
function H : X → Y such that f ◦H = IY . Note that if f has a left inverse g and a right
inverse H, then we have g = g ◦ IY = g ◦ f ◦H = IX ◦H = H. In this case, we say that g
is the (unique two-sided) inverse of f.

Theorem A.3.4 (Surjective and Injective VS Inverses)
Let f : X → Y . Then

1. f is one-to-one if and only if f has a left inverse.

2. f is onto if and only if f has a right inverse.

3. f is one-to-one and onto if and only if f has a (two-sided) inverse.

Definition A.3.10 (Invertible)
A function f : X → Y is called invertible (or bijective) when it is one-to-one and onto, or
equivalently, when it has a (unique two-sided) inverse.

Theorem A.3.5 (The Recursion Theorem)
1. Let A be a set, let a ∈ A, and let g : A×N→ A. Then there exists a unique function

f : N→ A such that

f(0) = a and f(n+ 1) = g(f(n), n) for all n ∈ N

2. Let A and B be sets, let g : A→ B, and let h : A×B × N→ B. Then there exists a
unique function f : A× N→ B such that for all a ∈ A we have

f(a, 0) = g(a) and f(a, n+ 1) = h(a, f(a, n), n) for all n ∈ N
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A.4 Construction of Integers, Rational, Real and Complex
Numbers

Definition A.4.1 (Sum and Product)
By Part(2) of the Recursion Theorem, there is a unique function s : N× N→ N such that
for all a, b ∈ N we have

s(a, 0) = a, s(1, b+ 1) = s(a, b) + 1.

We call s(a, b) the sum of a and b ∈ N and write it as

a+ b = s(a, b).

Also, there is a unique function p : N× N→ N such that for all a, b ∈ N we have

p(a, 0) = 0, p(a, b+ 1) = p(a, b) + a

We call p(a, b) the product of a and b in N, and we write it as

a · b = p(a, b)

Definition A.4.2 (Integers)
We define the set of integers to be the set

Z = (N× N)/R

where R is the equivalence relation given by

(a, b)R(c, d) ⇐⇒ a+ d = b+ c

For [(a, b)] and [(c,d)] in Z, we define

[(a, b)] ≤ [(c, d)] ⇐⇒ b+ c ≤ a+ d

[(a, b)] + [(c, d)] ⇐⇒ [(a+ c, b+ d)]

[(a, b)] · [(c, d)] = [(ac+ bd, ad+ bc)]

For n ∈ N we write n = [(n, 0)] and -n = [(0, n)], so that every element of Z can be
written as ±n for some n ∈ N, and we can identity N with a subset of Z

Definition A.4.3 (Rational Numbers)
We define the set of reational numbers to be the set

Q = (N× Z+)/R
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where Z+ = {x ∈ N|x 6= 0} and R is the equivalence relation given by

(a, b)R(c, d) ⇐⇒ ad = bc

For [(a, b)] and [(c, d)] in Q we define

[(a, b)] ≤ [(c, d)] ⇐⇒ a · d ≤ b · c
[(a, b)] + [(c, d)] ⇐⇒ [(a · d+ b · c, b · d)]

[(a, b)] · [(c, d)] = [(ac, bd)]

For a ∈ N and b ∈ Z+, it is customary to write a
b = [(a, b)]. Also for a ∈ Z we write a =

[(a, 1)], and we identify Z with a subset of Q

Definition A.4.4 (Real Numbers)
We define the set of real numbers of the the set

R = {x ⊆ Q|x 6= ∅, x 6= Q, ∀a ∈ x ∀b ∈ Q(b ≤ a =⇒ b ∈ x),∀a ∈ x ∃b ∈ x a < b}

For x, y ∈ R we define

x ≤ y ⇐⇒ x ⊆ y
x+ y = {a+ b|a, b ∈ Q, a ∈ x, b ∈ y}

For 0 ≤ x, y ∈ R we define

x · y = {a · b|0 ≤ a, b ∈ Q, a ∈ x, b ∈ y} ∪ {c ∈ Q|c < 0},

and YOU can try to, similarly, define x · y in the case that x ¡ 0 and y ¡ 0.

Definition A.4.5 (Complex Numbers)
We define the set of complex numbers to be the set

C = R× R.

We define addition and multiplication in C by

(a, b) + (c, d) = (a+ c, b+ d)

(a, b) · (c, d) = (ac− bd, ad+ bc).

We write i = (0, 1). For x ∈ R we write x = (x, 0) and identify R with a subset of C.



Appendix B

Functions and Cardinality

B.1 Functions

Definition B.1.1 (Range, Image, and Inverse Image)
Let X and Y be sets and let f : X → Y . Recall (see Function in Appendix A) that the
domain of f and the range of f are the sets

Domain(f) = X, Range(f) = f(X) = {f(x)|x ∈ X}

For A ⊆ X, the image of A under f is the set

f(A) = {f(x)|x ∈ A}

For B ⊆ Y , the inverse image of B under f is the set

f−1(B) = {x ∈ X|f(x) ∈ B}

Definition B.1.2 (Composite Function)
Let X, Y and Z be sets. Let f : X → Y and let g : Y → Z. We define the composite
function g ◦ f : X → Z by (g ◦ f)(x) = g

(
f(x)

)
for all x ∈ X

Definition B.1.3 (Bijection)
Let X and Y be sets. Let f : X → Y . We say that f is a bijection, or that f is bijective, if
f is both one-to-one and onto (or that f is both injective and surjective).

Theorem B.1.1 (Bijectiveness and Inverse of the Composite Function)
Let X, Y and Z be sets. Let f : X → Y and g : Y → Z. Then

1. if f and g are both injective then so is g ◦ f ,

95
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2. if f and g are both surjective then so is g ◦ f , and

3. if f and g are both invertible then so is g ◦ f , and in this case (g ◦ f)−1 = f−1 ◦ g−1

Definition B.1.4 (Identity Function)
For a set X, we define the identity function on X to be the function IX : X → X given by
IX(x) = x for all x ∈ X. Note that for f : X → Y we have f ◦ IX = f and IY ◦ f = f .

Theorem B.1.2 (Bijectiveness and Invertability of Functions)
Let X and Y be nonempty sets and let f : X → Y . Then

1. f is injective if and only if f has a left inverse,

2. f is surjective if and only if f has a right inverse, and

3. f is bijective if and only if f has a left inverse g and a right inverse h, and in this case
we have g = h = f−1.

Corollary B.1.2.1 (Relationship between Injection and Surjection)
Let X and Y be sets. Then there exists an injective map f : X → Y if and only if there
exists a surjective map g : Y → X.

B.2 Cardinality

Definition B.2.1 (Equal Cardinality)
Let A and B be sets. We say that A and B have the same cardinality, and wrtie —A— =
—B—, when there exists a bijective map f : A→ B.

We say that the cardinality of A is less than or equal to the cardinality of B, and write
|A| ≤ |B|, when there exists an injective map f : A→ B.

We say that the cardinality of A is less than the cardinality of B, and write |A| < |B|, when
|A| ≤ |B| ∧ |A| 6= |B| (i.e. there exists an injective map from A to B but no surjective map
from A to B).

We also write |A| ≥ |B| when |B| ≤ |A| and |A| > |B| when |B| < |A|.

Definition B.2.2 (Properties for Cardinality of Sets)
For all sets A, B, and C,

1. —A— = —A—,

2. if —A— = —B—, then —B— = —A—,

3. if —A— = —B— and —B— = —C—, then —A— = —C—,



APPENDIX B. FUNCTIONS AND CARDINALITY 97

4. |A| ≤ |B| ⇐⇒ (|A| = |B| ∨ |A| < |B|), and

5. |A| ≤ |B| ∧ |B| ≤ |C| =⇒ |A| ≤ |C|.

Definition B.2.3 (Finiteness and Countability of Sets)
Let A be a set. For each n ∈ N, let Sn = {0, 1, 2, ..., n − 1}. For n ∈ N, we say that
the cardinality of A is equal to n, or that A has n elements, and write —A— = n, when
|A| = |Sn|. We say that A is finite when —A— = n for some n ∈ N. We say that A is
infinite when A is not finite. We say that A is countable when |A| = |N|.

Remark
Note that a set A is said to be countable when A is of the form A = {a0, a1, a2, ...} where
all its element are distinct.

Theorem B.2.1
Let A be a set. Then the following are equivalent.

1. A is infinite.

2. A contains a countable subset.

3. |N| ≤ |A|

4. There exists a map f : A→ A which is injective but not surjective.

Corollary B.2.1.1
Let A and B be sets.

1. If A is countable then A is infinite.

2. When |A| ≤ |B|, if B is finite then so is A, and if A is infinite, so is B.

3. If —A— = n and —B— = m, then —A— = —B— iff n = m.

4. If —A— = n and —B— = m, then |A| ≤ |B| ⇐⇒ n ≤ m.

5. When one of the two sets A or B is finite. If |A| ≤ |B| ∧ |B| ≤ |A| =⇒ |A| = |B|.

Theorem B.2.2 (|N| as a Threshold for Finiteness and Countability)
Let A be a set. |A| ≤ |N| ⇐⇒ A is finite or countable.

Theorem B.2.3
Let A be a set. Then

1. |A| < |N| ⇐⇒ A is finite,

2. |N| < |A| ⇐⇒ A is neither finite nor countable, and
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3. |A| ≤ |N| ∧ |N| ≤ |A| =⇒ |A| = |N|.

Definition B.2.4 (Countability and ℵ0)
Let A be a set. When A is countable we write |A| = ℵ0.

When A is finite we write |A| < ℵ0.

When A is infinite we write |A| ≥ ℵ0.

When A is either finite or countable we write |A| ≤ ℵ0, and say that A is at most countable.

When A is neither finite nor countable we write |A| > ℵ0, and say that A is uncountable.

Theorem B.2.4 (Set Cartesian Product and Union, and Q are Countable)
1. If A and B are countable sets, then so is A×B.

2. If A and B are countable sets, then so is A ∪B.

3. If A0, A1, A2, ... are countable sets, then so is
⋃∞
k=0Ak.

4. Q is countable.

Remark
For a set A, we let 2A denote the set of all functions from A to S2 = {0, 1}, i.e.

2A = {f |f : A→ S2}

Theorem B.2.5 (R as an Uncountable Set)
1. For every set A, |P(A| = |2A|.

2. For every set A, |A| < |P(A)|.

3. R is uncountable.

Theorem B.2.6 (Cantor-Schröder-Bernstein Theorem)
Let A and B be sets.

|A| ≤ |B| ∧ |B| ≤ |A| =⇒ |A| = |B|.
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