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Lecture 1 Sep 06

Introduction and Overview

Course Objective In Loss Model I, the focus of our study is to learn
the basic methods which are used by insurers to quantify risk from
mathematical /statistical models, in order for insurers to make vari-
ous decisions”. By quantifying risk, it helps us monitor underlying *e.g. setting premiums, control ex-
risks so that not only are we aware of them, but also so that we can penses, deciding for reinsurance, etc.

take actions or preventive measures against them.
Our main interest of this course is:

® to quantify and seek protection against the loss of funds due either

to too many claims or a few large claims;

¢ to reduce adverse financial impact of random events that prevent

the realization of reasonable expectations.

THE MAIN MODEL THAT SHALL BE THE FOCUS of this course is

models for liability risk.

& Definition 1 (Liability Risk)

A liability risk is a risk that insurance companies assume by selling

insurance contracts.

In particular, the liability that we shall focus on is insurance

claims. Many of the models that we shall see
later in the course are also applied for
other types of risks, e.g. investment
risk, credit risk, liquidity risk, and

WE ARE INTERESTED in modelling the total amount of claims, i.e.
operational risk.

the aggregate claim amount, of a group fo insurance policies over a
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given period of time. In the actuarial literature, there are two main
approaches that have been proposed to model the aggrement claim

amount of an insurance portfolio, namely:
¢ individual risk model;

e collective risk model.

Individual Risk Model

& Definition 2 (Individual Risk Model)

In an individual risk model, the aggregate claim is modeled by

n
§= % Z
i=1
where n is a deterministic® integer that represents the total number of *i.e. fixed

insurance policies, and Z; is a random variable for the potential loss

of the i*" insurance policy.

66 Note

Since a policy may or may not incur a loss3, we have that 3Since a claim may or may not be
made!

Thus, in an individual risk model, we may also express the aggregate

claim amount as
n
S=)Y X
i=1

where 1; is the indicator function about the claimant of policy i, while X;
represents the size of the claim(s) for the i policy provided that there is a

claim.4 4 This is actually incorrect, despite
being in the recommended textbook.
See Appendix E.1.

However, in an individual risk model, according to Dhaene and

Vyncke (2010)5 , 5> Dhaene, J. and Vyncke, D. (2010). The
individual risk model. https://www.
researchgate.net/publication/
228232062_The_Individual_Risk_
claims follows from the fact that the assumption of mutual indepen- Model

A third type of error that may arise when computing aggregate

dency of the individual claim amounts may be violated in practice.


https://www.researchgate.net/publication/228232062_The_Individual_Risk_Model
https://www.researchgate.net/publication/228232062_The_Individual_Risk_Model
https://www.researchgate.net/publication/228232062_The_Individual_Risk_Model
https://www.researchgate.net/publication/228232062_The_Individual_Risk_Model
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Due to complications such as this, the individual risk model will

not be the focus of our studies.

Collective Risk Model

& Definition 3 (Collective Risk Model)

In a collective risk model, the aggregate claim is modeled by

N
S=)Y X,
i=1

where N is a non-negative integer-valued random variable that denotes
the number of claims among a given set of policies, while X; denotes
the size of the i" policy.

66 Note

In a collective risk model, we need to determine:

e the distribution of the total number of claims for the entire portfolio,
i.e. the distribution of N; and

e the distribution of the loss amount per claim, i.e. the distribution of X;.

In this course, the primary focus of our studies will be on collec-
tive risk models.

Terminologies To end today’s lecture, the following terminologies are
introduced:

& Definition 4 (Severity Distribution)

The severity distribution is the distribution of the loss amount of the

amount paid by the insurer on a given loss/claim.

& Definition 5 (Frequency Distribution)
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The frequency distribution is the distributino fo the number of losses/claims
paid by the insurer over a given period of time.

66 Note
The frequency distribution is typically a discrete distribution.

& Definition 6 (Aggrement Payment / Loss)

The aggregate payment (loss) is the total amout of all claim payments
(losses) over a given period of time.

66 Note

There is a distinction between an aggregate payment and an agqregate
loss, since an aggregate payment is “essentially” an aggregate loss after
certain claim adjustments, such as deductibles, limits, and coinsurance.




Lecture 2 Sep 11th

Review of Probability Theory

2.1.1

Firstly, we shall review the definition of a random variable.

& Definition 7 (Random Variable)

Let Q) be a sample space and F its o-algebra®. A random variable (rv)
X : Q — (Q,F) is a function from a possible set of outcomes to a
measurable space (Q), F). Within the context of our interest, X is real-
valued, ie. (Q, F) =R.

Discrete Random Variables

& Definition 8 (Discrete Random Variable)

A discrete random variable (drv) is an rv X that takes only countable
(finite) real values.

66 Note
Let X be a dro.

® The probability mass function (pmf) of X is: for i € IN,

p(xi) = P(X = x;)

* For definitions of () and F, see notes
on STAT330.
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® The cumulative distribution function (cdf) of X is

F(x) =P(X <x) =} p(x;).

x;<x

® The kth moment of X is? 2 This implicitly uses the Law of the
Unconcious Statistician.

X = ¥ afp(x)

if E[X*] is finite.

® Some commonly seen/introduced discrete distributions are: Poisson,
Binomial, Negative Binomial

Example 2.1.1

Let X take values from {x1, x5, x3, x4}, and

p(x;) = P(X = x;) fori = 1,2,3,4.

The cdf of X is It is recommended to visualize the cdf
first before putting it down in pencil.
0 x < X1 F(x)
p(x1) X <x<x , — )
F(x) = q p(x1) + p(x2) 22 <x < x3 plxs)
*—5
1—p(xq) x3 < x < xy plxs)
——o
L X 2 X p(x2)
*—5
p(x1)
X

“ Note X1 X2 X3 Xy

e [t is important that we stress the need for showing right continuity in
the graph.

* Note that the cdf always sums to 1.

® The “jumps” at x; correspond to p(x;), fori =1,2,3,4.

& Definition 9 (Probability Generating Function)

Suppose a drv X only takes non-negative integer values. The proba-


https://en.wikipedia.org/wiki/Law_of_the_unconscious_statistician
https://en.wikipedia.org/wiki/Law_of_the_unconscious_statistician

bility generating function (pgf) of X is defined as
G(z) =E {zx} = szp(k)
k=1

where we note that if max X = n, then p(m) = 0 for all m > n.

66 Note
® The pgf uniquely identifies the distribution of the drov3.

e To get the probability for k € {0,1,2,...}, we simply need to do

p() = 560 ()

x=0
Example 2.1.2 (Lecture Slides: Example 1)
Consider a drv X with pmf
05 x=0
p(x) =P(X=x) =404 x=1
01 x=2
Its cdf is
0 x<0
05 0<x<1
F(x)=P(X<x -
09 1<x<2
1 x>2
and its pgf is

G(z) = E [ZX} = 0.5+ 0.4z + 0.122.

Continuous Random Variables

& Definition 10 (Continuous Random Variable)

A continuous random variable (crv) takes on a continuum of values.

ACTSC 431 — Loss Model [ 17

3{N) This was given as is without proof,
and I cannot find any resources that
proves this.

€9)

! R
—o

0.4
 —
05
X

0 1 2
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66 Note
Let X be a cro.

e df : X — R called a probability density function (pdf) such that its

cdf is
Fo) = [ f)ay,

and consequently by the Fundamental Theorem of Calculus, we

have

f(x) = F(x).
o The kth moment of X is
E[x% = /xkf(x) dx

so long that E[X¥] is defined.

® Some commonly introduced distributions are: Uniform, Exponential,

Gamma, Weibull, and Normal.

& Definition 11 (Moment Generating Function)

Let X be an rv. The moment generating function (mgf) of X is, for
t € R (appropriately so),

Mx(t) =E [etx] = [ ™ f(x)dx

provided that the integral is well-defined.

66 Note
® The mgf uniquely determines the distribution of its rv*

o With the mgf, we can obtain the kth moment of an rv X by

E [xk] = ;;Mx(t) »

Example 2.1.3 (Lecture Notes: Example 2)

Consider an exponential rv X with pdf>

The mgf is also defined for drvs.

4{M This shall, also, not be proven in
this course.

5 When not explicitly stated, it shall be
assumed that domains at which we did
not specify x shall have probability 0.
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Its cdf is

x 1— e—O.lx x> 0
F(x) :/ fly)dy = _
=€9 0] otherwise

where we note that we must have ¢ < 0.1, for otherwise the value of

the exponent would render the integral undefined.

& Definition 12 (Hazard Rate Function)

For a crv X, the hazard rate function (aka failure rate) of X is defined

as
x) d . -
hx :f( :7711'11:)(,
() F(x) dx (%)
where F(x) = 1 — F(x) is the survival function® 5 You should be familiar with this if you
have studied for Exam P.
66 Note
® We may also express the survival function in terms of the hazard rate
by

F(x) ENE ficooh(y) dy'

e [n terms of limits, we can express the hazard rate function, for small



20 Lecture 2 Sep 11th - Review of Probability Theory

enough 6 > 0, as

- 5E(x)
_ P(x<X<x+9)
OF(X > x)

1
:EP(x<X§x+5|X>x).

We can make sense of this expression by recalling the notion of the

probability of survival from Exam MLC7, where if a life has survived 7 This also tells us that the hazard rate

over x, the hazard rate is the probability that the life does not survive gets its name from life insurance.

beyond another 6 e 8 From the perspective of life insurance,
the greater the probability, the more
likely the claim is going to happen.




Lecture 3 Sep 13th

Review of Probability Theory (Continued)

Continuous Random Variables (Continued)

Example 3.1.1 (Lecture Notes: Example 3 — Hazard Rate of Weibull
Distribution)

Suppose X ~ Wei(6, T) with pdf

T(% Te_(g)T
f(x)zi(g) , x>0,
X
where 6, T > 0. Find its hazard rate function.

¢ Solution

We first require the survival function™: * Weibull Survival Function
— % 1 AN y\T
F(x :/ 71'(7) ef(g) )
=] 7% y
*] T
= —tute " du where u = £
u 6

X
0

[ee] 1 T
:/ Tut e " du

X

7

e ® \lixed Random Variable

& Definition 13 (Mixed Random Variable)
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We call X a mixed random variable (mixed rv) if it has both discrete
and continuous components.

66 Note

* Mixed rvs are important in modeling insurance claims, e.g., the loss
amount is usually a continuous random variable with a probability
mass at 0.

The following is a type of mixed random variable:

& Definition 14 (Deductibles)

Let X be an rv and d be a fixed value.

X—d x>d
(X —dl, = )
0 otherwise

66 Note
If X be an rv and d a fixed value, the deductible [X — d|, has a mass
point at 0 since

P([X—d], =0)=P(X<d)>0

66 Note
Let {x1,x2, ...} be a sequence of real numbers in an increasing order.
Suppose X is a rv that takes on values on the real, and has a density

function f on each interval (x;, x;,1), and has discrete mass points at

the boundaries of these intervals, i.e. In other words, we treat the discrete
and continuous part of a mixed rv
P(X=x;)=p(xj) >0 ieN. sepprrielielly

Since X is an rv, it must be the case that

o)+ Y [ faydr =1,

i€EN ieN 7 ¥i
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The cdf of a mixed rv X is

F(x) — P( Z P Xi Il{x <x} + Z / f ]1{y<x} dy
i€eIN i€N
The kth moment of X is
i+1
E[x] = ¥ (x) +Z/+"f
ieN ieN
The mgf of X is
Mx() =[] = T eplx) + T [ e
icN icN

Example 3.1.2 (Lecture Notes: Example 4)

Assume a claim amount of an insurance policy is modeled by a non-
negative rv X which has probability mass of p and 0, and otherwise
continuous with a pdf f over (0,00). Find its cdf, kth moment, and

mgf.

¢ Solution
The cdf of X is

0 otherwise

F(x) = {p+f0xf(y)d]/ x>0

The kth moment of X is
E Xk = / xk x)dx.
[ } 0 f( )

The mgf of X is
b = p+/ e £(x) dx
0

Distributional Quantities and Risk Measures

THIS CHAPTER introduces us to some distributional quantities for
a given rv X. These distributional quantities are informative values to

describe the characteristics of a risk.



~

P

T
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Distributional Quantities

& Definition 15 (Central Moment)

The kth central moment of an rv X is defined as

E [(X— E(X))k} .

66 Note
The second central moment is the variance. The square root of the vari-

ance is the standard deviation.

Example 3.2.1 (Lecture Notes: Example 5)

Y, U=1
Consider anrv Y = ! 2, where Y1 =0, Y2 ~ Exp(10), and
Yo U=2

P(U=1)=P(U=2)=05.
1. Find the cdf of Y.

2. Find the mean and variance of Y.

3. LetZ = %Yl + %Y2. Does Z have the same distribution as Y?
Answer this by solving the mean and variance of Z.

¢ Solution
1. Note that

Fly)=P(Y, <y |U=1)P(U=1)+P(Y, <y|U=2)P(U =2).

Observe that

1 >0
Pri<ylu=1)={" 7=
0 y<O
and
1—e % y>0
PYa<y|U=2) = y=
0 y <0
Therefore

1-1e1% 4y >0
Fiy)=4 °
0 y <0

> This notation is just syntatic sugar
forsaying Y = Y | (U = 1) and
Y, =Y|(U=2).
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2. The mean of Y is

E(Y)=E(Y |U=1)P(U=1)+E(Y|U=2)PU=2) :10-% = 5.

To calculate the variance of Y, we require
E{Yz} :E[Y2 | uzl} P(u:1)+E[Y2 | u:z} P(U = 2)

— (Var(Ya) + E(Y)?) - =

= = 100.
5 = 100

Therefore
Var(Y) = 100 — 52 = 75.

3. The mean of Z is
E[Z] = E[2Yi + 1Y5] = 5
= Elg¥ +515] =>.
The variance of Z is
1 1
Var(Z) = i Var(Y;) + ZVar(Yz) = 25.

Therefore, Z does not have the same distribution as Y.

& Definition 16 (Quantiles)

The 100p% quantile (or percentile) of an rv X is a set 71, such that This definition may also be presented
as: any number 7, such that
mp={x€X|P(X<x)<p<PX<x)} P(X < 7,) < p < P(X < 7).
66 Note

* If X is a continuous random variable, we have that P(X < mp) =

P(X < 7tp) and so we have to define the quantile as
7, = F1(p)
P P
where F~1 is the inverse function of F, the cdf of X.

* A quantile can be a set of numbers.

* 7105 is called the median of X.

Graphical method to interpret this
notion will be included.
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Example 3.2.2 (Lecture Notes: Example 1)

TR

Find the 100p% quantile of the loss distribution F(x) = 1 —e™ 7,
x > 0.

# Solution
Note that F is the cdf of an exponential distribution, which is a con-

tinuous distribution. Therefore,
F(mp) =1 e T = p = mp=—0In(1l—p).

Example 3.2.3 (Lecture Notes: Example 2)

Find the median 775 for the following cdf

(0] x <0
F(x) = .
0.6+04(1—e"3) x>0

# Solution
Since F(0) = 0.6 and F is an increasing function, we have that F(x) =
0 for all x < 0. Therefore

7Tp5 = 0.

Example 3.2.4 (Lecture Notes: Example 3)

Find the median 7p5 for a loss X with pmf

p(0) = 0.25, p(1) = 0.25, p(2) = 0.5.
¢ Solution
The cdf of X is
0 x <0
025 0<x<1
05 1<x<2
1 x>2

F(x) =

since F(x) = 0.5 when 1 < x < 2, we have that

05 = [1, 2}.
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Distributional Quantities and Risk Measures (Continued)

Rl Risk Measures

& Definition 17 (Risk Measure)

A risk measure is a mapping from the loss rv to the real line R.

Klugman, Panjer & Wilmot (2012) * on risk measure:

The level of exposure to risk is often described by one number, or at
least a small set of numbers. These numbers are necessarily func-
tions of the model and are often called 'key risk indicators’. Such
key risk indicators indicate to risk managers the degree to which the

company is subject to particular aspects of risk.

To ensure its solvency, insurers will have to charge on these risks,

i.e. we have to price these exposures to risks.

& Definition 18 (Premium Principle)

A premium principle (or insurance pricing) is a rule for assigning a

premium to an insurance risk.

66 Note
The following are some of the common principles used by insurers:

*Klugman, S. A., Panjer, H. H., and
Willmot, G. E. (2012). Loss Models: From
Data to Decisions. John Wiley & Sons,
Inc., 4th edition
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® Expectation Principle
II(X) = (1+6)E(X), 6>0

o Standard Deviation Principle

II(X) = E(X) +6,/Var(X), 6>0

® Dutch Principle

One particular measure is known as the Value-at-Risk (VaR).

Value-At-Risk

& Definition 19 (Value-at-Risk (VaR))

The Value-at-Risk (VaR) is a quantile of the distribution of aggregate

losses, i.e. the VaR of a risk X at the 100%p level is defined as® I must find out why we define us-
ing inf instead of min (see following
remark), and I will not take “safe def-

VaRP(X) B inf{x SIR: P(X - x) =1- P} inition” as an answer without full
= inf{x cR: P(X < x) > P}- justification.

66 Note

® VaR is often called a quantile risk measure.
® VaR is the standard risk measure used to evaluate exposure to risks.

® VaR measures the amount of capital required by the insurer to remain
solvent, with high certainty, in the face of large claims.

e [n practice, p is generally high: 99.95% or as low as 95%.

Remark
Observe that This remark basically points out that
the left endpoint of the interval B is
B = {x cR | Fx (x) > P} _ (A/ oo) or [A,oo) always included, which should be quite

clear by right-continuity of F.



for some A € R, since F is an increasing function. Now let xo € B such

that

i.e. it is not necessary that P(X = x¢) = p (see the two example graphs on

F(xo) =P(X<x0)>p A F(xo—)=P(X<x)<p,

the margin).

Let {xy},cp be a decreasing sequence of points on R such that x, — x
as n — oo. Since F is right-continuous, we have that F(x,) — F(xo) as

n — oo. Therefore,

B:[XO

This justifies the definition of 7tp.

,0)

66 Note

e If X is a crv whose cdf is strictly increasing, i.e. no constant points,

Note that by definition, we have

P(X <mp) <p < P(X<mp)

then

7Tp:

since P(X < mp) = P(X < 71p).

F(p)

¥ Warning (Shortcomings of VaR)

VaR cannot tell us the size of the potential loss in the 100(1 — p)%

cases, making it difficult for us to prepare the right amount in order to

safeguard against insolvency.

VaR actually fails to satisfy properties to be a coherent risk mea-

sure3, for example, subadditivity.

VaR is extensively used in financial risk management of trading risk
over a fixed (usually short) time period, which are usually normally
distributed, and VaR satisfies all coherency requirements.

In insurance losses, instead of normal distributions, in general, skewed
distributions are used, and in this cases, VaR is flawed as it lacks

subadditivity.
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Xo
Figure 4.1: Discrete cdf

F(x)

Xo
Figure 4.2: Continuous cdf

The lecturer asserts that we can really
define VaR using min instead of inf,
but even with this, I am not completely
satisfied or convinced.

3 See Appendix E.2.
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Example 4.1.1

Suppose that X has a Pareto distribution with cdf

9 o
F(x):1—<x+9> , x>0

where «,0 > 0. Find VaR,(X).

¢ Solution

Since F is continuous and strictly increasing, we have that

_1
mp=Fp) =0 [1-p)F 1]
Example 4.1.2

Find VaR0.95(X), VaR0_5(X), and VaRO.3(X) faim & End e loss wids
pmf
p(0) = 0.25, p(1) = 0.25, and p(2) = 0.5.

¢ Solution
Note that the cdf of X is

(0] x <0
025 0<x<1
05 1<x<2
1 x>2

Therefore,

VaR0.95(X) = 2, VaR0_5(X) = 1, and VaR0_3(X) =1.

Tail-Value-at-Risk

To compensate for the weakness of VaR at giving us the size of the

loss X of which we cannot measure, we use the Tail-Value-at-Risk.

& Definition 20 (Tail-Value-at-Risk (TVaR))

Let X be an rv. The Tail-Value-at-Risk (TVaR) of X at the 100p% level,
denoted as TVaRy(X), is defined as the average of all VaR values above

the level p, and expressed as TVaR also has the following names,
used by different regions:

e Conditional Tail Expectation (CTE)
—NA

¢ Tail Conditional Expectation (TCE)
* Expected Shortfall (ES) — EU



Remark
By considering the average of VaR from p’s going up to 1, we take into
account even the extreme cases of which VaR fails to account for.

Perhaps a clearer definition would be the following, although the

expression is only sensible if X is a crv:

& Definition 21 (Tail-Value-at-Risk (TVaR))

Let X be an rv. The Tail-Value-at-Risk (TVAR) of X at the 100p%
level, denoted TVaR,(X), is the expected loss given that the loss exceeds
the 100p percentile (or quantile) of the distribution of X, expressible as

TVaR,(X) = E[X | X > 71,] = F(lnp) /: xf(x) dx.

Note that the two definitions agree with one another:

L/17'5 da—*/ll-’_l(oc)dzx
1-pJp ™" 1—F(mp) Jp

~ F(my) e

where we let « = F(x) as substitution.

66 Note
While it is not difficult to notice that

TVaR,(X) > VaR,(X),

the proof is also simple:

1 1
TVaRy (X) = 1 /p 7o dox

1
1pn,,/p di = 71, = VaR,(X).

Y

1—
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Example 4.1.3
Find TVaR,(X) for X ~ Exp(6).

¢ Solution

Since X is a crv, and F(x) = 1 — e~ 7, we have that

p = F'(p) = —6In(1 - p).

Therefore,

1 1 9
TVaR,(X) = / T do = =y / In(1—a)da
P B p

-0 In(1—p) y

_1—P/—oo uedu letu =In(1—a)
_ In(1— In(1—p)

_ ue" e / P e du] by IBP

1-— 14 ) —0

—0

= m [(1=p)In(1—p) — (1—p)]

=61~ In(1 - p)]

66 Note
From the last example, by the memoryless property of Exp(6), notice that
we may also do

TVaR,(X) = E[X | X > 7)) = E[X — 71, + 71 | X > 71]

I
EX -7y | X > mmp] + E[mp | X > 11p] (4.1)
E[X] + mp
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Distrbutional Quantities and Risk Measures (Continued 2)

LS8  Risk Measures (Continued)

Before ending this section, we introduce a notion that is related to
TVaR.

& Definition 22 (Mean Excess Loss)

Let X be an rv, and d € R. The mean excess loss, denoted ex (d), is
defined as
ex(d) =E[X—d| X > d]

and ex(d) = 0 for those d such that P(X > d) = 0.

8 Proposition 1 (Relation of TVaR,(X) and ex(d))
For a crv X, we have

TVaR,(X) = ex(mp) 4 VaRy(X)

& Proof
By Equation (4.1), we have that

TVaR,(X) = E[X — 71y | X > 71p] + 71 = ex(71p) + 7.
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8 Proposition 2 (Expection from Survival Function)

Let X be a non-negative rv such that E[XX] < oo, for any k € N\ {0}.
Then* -
E|XF| = k/ XK =1F(x) dx
X =k )y #F)

# Proof
Firstly, note that since E[X¥] < co for all k € IN \ {0}, we have that
F(x) decays faster than x* as x — co. Now

E [Xk} = / xFf(x)dx - Law of the Unconscious Statistician
0
:/ xFdF(x) - dF(x) = f(x)dx
0
[e¢] k _
=— dF
|+ dE )
=— [xkF(x)’;o—/ kx*1F (x) dx] -+ IBP
0

= k/ xK=1F (%) dx
0

Example 5.1.1

Calculate ex(d) and TVaR,(X) for a Pareto distribution X with cdf

9 o
F(x)=1-—
@ =1-(535)  *>0

where « > 1 and 6 > 0.

* Note that this works for the discrete
case as well, by replacing [ with }_.



# Solution
Using & Proposition 2,

©P(X—d>ux,X>d)

ex(d):/ P(X—d>x|X>d)dx= [ T
—/OOPX>x+d)dx:/wF(f d)dx
X>d o E(d)
_/ d+6 \* . _ (d+6) 1 ”‘1’00
x+d+6 - 1-—a \x+d+0 0
_d+6
-1

By Example 4.1.1, we have
_1
npze{(l—p) @ —1}
and so

TVaR,(X) = ex(m,) + 7

:e[u—prw_1]+9+9“1_p>;_q

N |
_1 _1
_0-p) 7 0@-1a-p) "
a—1 a—1
_1
_ba(d=-p)*
I |

dx

8 Proposition 3 (Expected Deductible)

We have

& Proof

By the Law of the Unconscious Statistician and IBP on the last step,

(e°)

EQX—ﬂ+%:Aww—JMFw%:—Awu—dMFw%:A E(x) dx
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8 Proposition 4 (An Expression for Mean Excess Value)

If F(d) > 0, we have

¢ Proof
Observe that by 8 Proposition 3, we have

ex(d) =E[X—d| X >d] —w
CEx-d,)  [CE@d
Fd) F@)

Severity Distributions — Creating Severity Distributions

Recall the definition of a severity distribution.

& Definition (Severity Distribution)
A severity distribution is a distribution used to describe single random

losses in an insurance portfolio.

When a loss occurs, the full amount of the loss is not necessarily
the amount paid by the insurer, since an insurance policy typically
involves some form of adjustment (e.g. deductible, limit, coinsur-
ance). A distinction needs to be made between the actual loss prior
to any of the adjustments (aka ground-up loss) and the amount ulti-

mately paid by the insurer.

Our goal is to find a reasonable model for the ground-up loss rv

X. The following are two desirable properties for X:
e Im(X) = R~, since losses are positive;

* pf of X is right-skewed, since we want the “tail” of the distribution

to be not heavy.
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— The motivation for this property is due to the 20-8o rule: 20% of

the largest claims accountn for 80% of the total claim amount.

THERE ARE two approaches to constructing a severity distribution:

e Parametric approach?: specify a “form” for the distribution with a 2 This approach shall be the focus of

_ this course.
finite number of parameters.

e Nonparametric approach: no form is specified; the distribution is

constructed directly from the empirical data.

A weakness of the Nonparametric approach is, if there is not
enough data, such as in catasthropic risks, is becomes difficult to
obtain reliable information. We shall look at one such example in this

approach.

& Definition 23 (Empirical Distribution Function)

Let {Xy,..., Xn} be an iid sample of a risk X. Then its empricial distri-
bution function (edf) is defined as

o 14
Fn(x):EZ]l{Xigx}, x € R.
i=1

Remark
Simply put, the edf assigns a probability of % to each sample point X;.

Example 5.2.1

Consider a random sample of a risk with size 5: {30, 80, 150, 150,200}
Find the edf of the risk.

¢ Solution

The edf is given by

0 x<30
A . $ 30<x<80
Fn(x):g;ﬂ{xigxi}z Z 80<x<150
2 150 < x <200
1 x>200
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Severity Distributions — Creating Severity Distributions (Con-
tinued)

The Parametric Approach The following is a graph showing the pro-

cess of a parametric approach:

Model Selection Figure 6.1: Process of a Parametric

select a model based on prior Approach

knowledge of historical datasets

Model Estimation
estimate parameter

values based on data

Model Validation
test for goodness-of-fit

<— Is model acceptable? BN DONE!

Common Techniques in Creating New Parametric Distributions Before

diving into the topic, first, a definition:

& Definition 24 (Parametric Distribution)

A parametric distribution is a set of distribution functions, of which
each member is determined by specifying one or more parameters.
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Some common techniques are the following:

Multiplication by a constant

* Raising to a power

Exponentiation

Mixture of distributions

Multiplication By A Constant

This transformation is equivalent to applying inflation uniformly

across all loss levels, and is known as a change of scale.

8 Proposition 5 (Multiplication by a Constant)

Let X be a crv with cdf Fx and pdf fx. Let Y = cX for some ¢ > 0. Then

R =Fx (L), rm = (Y).

& Proof

Fy(y) =P(Y <y) = (CX<y):P(X z>sz(y)
y

Fr0) = P = P (4) = £ (2)

& Definition 25 (Scale Distribution)

We say that a parametric distribution is a scale distribution if Y = cY

for any positive constant c is from the same set of distributions as X.

It is clear that we have the following result:




# Corollary 6

The parameter c in & Proposition 5 is a scale parameter, and Y is a scale
distribution.

Example 6.1.1

Let X ~ Exp(6) with pdf

Let y = cX with ¢ > 0, it follows that

_loyy_ 1y
f) =1 (2) = bk, v

Thus Y ~ Exp(c@) and so Y is a scale distribution. In particular, the

exponential distribution belongs to a family of scale distributions.

& Definition 26 (Scale Parameter)

A parameter € is called a scale paramter of a parametric distribution X
if it satisfies the following condition: the parametric value of cX is ct for

any positive constant c, and other parameters (if any) remain unchanged.

Example 6.1.2

From Example 6.1.1, we had that

We showed that Y = cX ~ Exp(c0). Therefore, the parameter 6 is a

scale parameter.

Example 6.1.3

Determine whether the lognormal distribution X ~ LogN(u,0?),
ie. In(X) ~ N(u,0?), is a scale distribution or not. If yes, determine

whether it has any scale parameter.
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¢ Solution

Let Y = cX for some ¢ > 0. Observe that
InY =IncX =Inc+InX ~ N(u +1Inc,c?).
For the last equation, note that if we let Z = In X ~ N(u, 0?)

E [et(Z+1nc)} _ etlnceytJr# _ et(y+lnc)+#

we see that the above is the mgf of N(y + Inc,0?). Thus we have

that Y has the same distribution as X and so it is a scale distribution.

However, we also see that it has no scale parameters.

Raising to a Power

8 Proposition 7 (Raising to a Power)

Let X be a crv with pdf fx and cdf Fx with Fx(0) = 0. Let Y = Xr. If
T > 0, then

Fr(y) =Fx(y"), fr(y) =" 'fx(y"), y>0,
while if T < 0, then

Fy(y) =1-Fx(y"), fry)=-t""fx(y"), y>0.

& Proof
When 7 > 0,

and
Fr(®) = P 8) = 2o fx 07 = T o).

When Tt < 0,

and
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Example 6.1.4

Let X ~ Exp(f) and Y = X+ for T > 0, we have

,yT

Fe(y)=Fx () =1—et =1-¢" (),

where & = 67. In particular, we have that Y ~ Wei(a, 7).

(B¥,N Lxponentiation

8 Proposition 8 (Exponentiation Method)

Let X be a cro with pdf fx and cdf Fx. Let Y = eX. Then

Fe(y) = Fx(iny), fy(y) = ;fx(lny)-

& Proof
We have

Fy(y) = P (¢X < y) = P(X < Iny) = Fx(Iny)

and

fr(y) = —Fy(y) = ;;FX(lny) = ;fx(ln]/)-

Exercise 6.1.1 (Lognormal Distribution)

Let X ~ N(u,0?). The cdf and pdf of Y = eX is

Fy(y) = Fx(Iny) = ® <1ny - u)

1 1 1 _
fry) = gfx(lny) = ?ﬁe
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Mixing Distributions

The rationale behind mixing distributions is to define an rv X con-
ditional on a second rv, say ® (aka mixing rv). The mixing rv ® can
either be discrete or be continuous, which leads to two types of mix-

tures:
e discrete mixture: when O is discrete; and

e continuous mixture: when © is continuous.

& Definition 27 (Discrete Mixed Distribution)

Let © be a drv taking values on {61,6y, ...,0,} with
P@O@=6;)=p; >0, i=1,...,n,
and the rv Y; := X | ©® = 6; has cdf
Fy(x) =P(X<x|©®=6;),x €R.

Then X is called a discrete mixed distribution with cdf

P(X<x|©®=6;)P Zple

‘M=

Il
iy

Fx(x) =

Following the above definition, by the Law of the Unconscious

Statistician, we have

Elg(X)] = ) E[s(X)| @ = 6;]P sz

M-

Il
i

for any function g such that the expectation exists. In particular, we

have

n n
E[X] = Y piE[Y] and E [x2] = Y piE [¥?].
i=1 i=1
Example 6.1.5

Let Y; ~ Exp(i) fori = 1,2,3. Define X to be an equal mixture of
these three exponential rvs. Fidn the cdf, pdf, and mean of X.



¢ Solution
The cdf of X is

3 —x —x/2 —x/3
1 1—e +(1—e +(1—e
FX(X)ZZ:gFY,(x):( ) 3 R )
i=1
1/ . _x _x
_1—§(e e 2 e 3),x>0.
The pdf of X is

111
fX(x)—3(e +§e 2+§

The mean of X is therefore
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Severity Distributions — Creating Severity Distributions (Con-
tinued 2)

Mixing Distributions (Continued)

& Definition 28 (Continuous Mixture)

Let © be a crv with density fe, and the cdf and pdf of X | © = 0 are
given by

Fxp(x |0) =P(X <x|®=0)and fxjg(x |0) =P(X=x| 0O =0).

The unconditional distribution of X is said to be a continuous mixed
distribution with cdf and pdf

Fe(x) = [ Fxjolx | 6)fo(6) 0
fx(x) = [ fiolx | 0)fo(®)de.
Furthermore, for any function H,

E[H(X)] = [ E[H(X) | © = 6]fo(6) de.

—00

Example 7.1.1

Suppose that X | A = A is exponentially distributed with mean %,
and let A be a gamma distributed rv with mean « /60 and variance
a/6? ie.

g pa—1,—0A

fa(A) = () LA >0,
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where I'(a) = [;°t*"le~!dt is the gamma function. Determine the

conditional pdf of X.

¢ Solution
We have

fx(x) = [ frgalx | a2 dn

oo ga/\a—le—ﬂ)x
_ —xA
- /O NN A

_ 0" /oo )L“e_/\(x+9) A
I'(a) Jo
g« oo y o o
:I“(zx)(x+9)/o 43 ¢ dy wherey = A(x+0)
0« /°° _
=Y Xo=Y 4
T+o o VY
OT(x+1) ab®
T(a)(x+60)*T"  (x+0)*

8 Proposition g (Total Expectation and Total Variance)

For any rvs X and ©, provided that the repsective expectation and vari-

ance exist, we have

E[X] = E[E[X | ©]]
Var(X) = E[Var(X | ®)] + Var(E[X | ©])

& Proof

EX]=E ( J xfxe(x1©) dx>
B /@/X"fm@(x | 0)fo(0)dxdo
- /Xx /®f><f®<x/9) d0dx - Fubini’s Theorem
= /Xxfx(x)dx = E[X].

Note that
Var(X | ©) = E[X? | ©] + E[X | ©]%.
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And so
E[Var(X | ©)] + Var(E[X | @])
— E[E[x? | ©]] - E [E[x | @]2] +E [E[X | @]2] — E[E[X | @]

—E {XZ} — E[X]? = Var(X)

Example 7.1.2

Suppose that X | ® = 6 ~ Exp(0) and pe(0) = 3 for 6 = 1,2,3. Find

the mean and variance of X.

# Solution

The mean of X is
1
E[X] = EE[X | ®] = E[@] = 5(1—1—2—%3) =2
The variance of X is

Var(X) = E[Var(X | ©)] + Var(E[X | 9])

— E[@?] + Var(©) = 2E[0?] — E[O]?
2
3

Example 7.1.3

Suppose that X | A = A ~ Exp(A) and A ~ Gam(«, §) with mean a6

and variance x6%. Find the mean and variance of X.

¢ Solution

The mean of X is
E[X] = EE[X | A] = E[A] = «af.
The variance of X is

Var(X) = E[Var(X | A)] + Var(E[X | A])
= E[A?] + Var(A) = 2 Var(A) + E[A]?
= 206% + %6,
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Severity Distributions — Tail of Distributions

& Definition 29 (Tail)

The tail of a distribution (usually the right tail) is the portion of the
distribution corresponding to large values of the random variable.

It is important that we understand large possible loss values as
they have the greatest impact on the total losses that we may have to
endure. In general, a loss rv is said to be heavy-tailed if it has a large
probability to take large values.

Two measurements of tail weight:
* relative: comparing “sizes” of the tails of two distributions;
* absolute: classifying distributions as heavy or light-tailed.

The following is a set of criteria to measure or compare the heavi-
ness of the tails of loss distributions:

e Existence of moments
¢ Limiting ratios
e Hazard rate function

e Mean excess loss function

Existence of Moments

Recall that the kth moment of a loss X is
E (Xt = / - x* fy (%) dx.
%] = [

Now if fx takes on large values for large x, we may have E {Xk} blow
up to infinity, and so it is desirable to find/use some distribution
with a decaying probability function, one at which its rate of decay is
faster than the growth of x~ (1),
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Severity Distributions — Tail of Distributions (Continued)

Existence of Moments (Continued)

Example 8.1.1

For a Pareto distribution, as x — oo, we have that fx(x) ~ x—(@+1) 5o

its moments are finite if and only if k < «.
We say that the Pareto distribution has a power tail.
Example 8.1.2

Given the transformed Gamma distribution, with pdf

()

() = Sy
Now as x — oo, we have
fx(x) ~ x*led

We see that the exponential term decays faster than the rate of
growth of x*~! for any & > 0. Thus all moments of the Gamma

distribution exists.
We say that the Gamma distribution has a exponential tail.
Exercise 8.1.1

The Normal distribution has an exponential tail.

& Definition 30 (Heavy-Tails Light-Tails)
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We say that a distribution is a heavy-tailed distribution if its mo-

ments only exist up to some k € N \ {0}. The actual definition, or should I say
notion, of tail-heaviness comes from
We say that a distribution is a light-tail distribution if its moments talking about the boundedness of the

. tail of the distribution, with reference
exist for all keN \ {O} to the exponential distribution. If a
distribution has a tail that has greater
value than the tail of the exponential
distribution, then we say that the

distribution has a heavy-tail.

66 Note

We may also use the mgf to determine if a distribution has a heavy or
light tail; the inexistence of the kth moment implies the inexistence of the
mgf, i.e. if the mgf does not exist, then the moments of the distribution is
only finite up to some k € IN'\ {0}.

Limiting Ratio: Survival Functions

& Definition 31 (Limiting Ratio)

The limiting ratio of two survival functions is used to compare the
heaviness of tails of the two losses. Consider two losses X and Y, and

consider the limit of the ratio

Y
=
m 7X(x ).
X—00 Fy(x)
If the limit does not exist, we say that the comparison is inconclusive.
Otherwise, we have 3 cases:
e Ifc =0, then Fx(x) decays faster than Fy(x) as x — oo, i.e. Y has a
X
heavier tail than X;
e If0 < ¢ < oo, then Fx(x) and Fy(x) decays at the smae rate, as Figure 8.1: Limiting Ratio

x — 00, i.e. X and Y have similar tails;

 Ifc = oo, then Fx(x) decays slower than Fy(x) as x — oo, i.e. X has

a heavier tail than Y;

where we let

a
I
=
3
I
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66 Note
Not all distributions have an explicit survival function, but they will
always have a pdffpmf. Fortunately, by L'Hépital’s Rule, the above
definition can be applied to the pdfs of X and Y, i.e.

Fx(®) _ o =fx(®) _ o fx(3)

CTERRE e TAR) A

Example 8.1.3

Show that the Pareto distribution has a heavier tail than the Gamma

distribution using limiting ratio.

# Solution
Let X ~ Pareto(a,0) and Y ~ Gam(t,A). We have

14

o g\atl %
o= lim B _ iy BT ppdry i O
x—oo fy(x X—00 yT-1p,7 % x—reo yT—1(x 4 6>“+1
AT (7)

Since the exponential term grows faster than the term in the denomi-

nator, we have ¢ = oo, i.e. X has a heavier tail than Y, as required.

Example 8.1.4

For two losses X and Y, suppose that fx(x) = ﬁ and fy(x) =

ﬁ for x > 0. Compare the tail heaviness of the two losses.

# Solution
Notice that

i.e. X and Y have similar tails.

Hazard Rate

RecaLL & Definition 12. We had

m@:ggzémmw

hx(x)Ax ~ P(X < x+Ax | X > x)
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and the hazard rate function relates to the survival function as

F(x) = e Sl dy,

Notice that

e if the hazard rate function is a decreasing function, that implies
that the probability of the occurrence of X < x + Ax decreases
given X > x, as x increases, i.e. it is more likely that we have
X > x4+ Ax | X > x. So X has a heavy tail.

e if the hazard rate function is a increasing function, that implies
that the probability of the occurrence of X < x + Ax increases
given X > x, as x increases, i.e. it is less likely that X > x + Ax |
X > x. So X has a light tail.

& Definition 32 (Decreasing and Increasing Failure Rates)

Let X be a loss with hazard rate function hx. We say that* * The following source claims that
the failure rate and hazard rate are,
e X or Fx has a decreasing failure rate (DFR) if hx is decreasing; in fact, not always interchangable

terms: https://nomtbf.com/2013/11/
difference-hazard-failure-rate/.

® X or Fx has a increasing failure rate (IFR) if hx is increasing. Pethaps this is worth looking into

66 Note
Consequently,

e Distributions that have a DFR are heavy-tailed;

o Distributions that have an IFR are light-tailed.

8 Proposition 10 (Exponential has Constant Hazard Rate)

The exponential distribution has a constant hazard rate.

& Proof
The pdf and survival function of X ~ Exp(A) is

fx(x) = Ae™* and Fx(x) = e,


https://nomtbf.com/2013/11/difference-hazard-failure-rate/
https://nomtbf.com/2013/11/difference-hazard-failure-rate/

ACTSC 431 — Loss Model [ 55

respectively. Thus the hazard rate of X is

h(x) = J,CX () _
Fx(x)

which is a fixed value. O

66 Note

We say that the exponential distribution is the only distribution which is

said to have both DFR and IFR.? 2 Why?
Example 8.1.5
Let X ~ Pareto(a,0) with fx(x) = % and Fx(x) = (xiag)“

Determine whether X has a DER or IFR.

# Solution

The hazard rate function of X is

wf”
X 0 a+1 o
hx(x) = ZE) _ G0 &
Fx(0)  gop  *H0

It is clear that hy is a decreasing function, and so X ~ Pareto(x, 0)
has a DFR, i.e. it is heavy-tailed.

It is not always easy to get the survival function. The following is
an alternative approach to finding out if the hazard rate function is

increasing or decreasing.

8 Proposition 11 (Ratio Comparison for DFR/IFR)

Let X be an rv, and3 3 Any bounds on y?
s(x) _ fX(x+]/)
fx(x)

1. If s(x) is increasing in x for every y, then X has a DFR;

2. If s(x) is decreasing in x for every y, then X has an IFR.
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# Proof
We shall prove for one case as the other will follow analogously.
Notice that

hx(x) = i R ) ;
Fx() [T fxlydy = By,

by a change of variable in the last equality. We notice that if £ )}(x(i)y )

is increasing, then hx(x) will be decreasing, and so X has a DFR. [J

Example 8.1.6

Let X ~ Gam(w, 6) with « > 1. Determine whether X is a DFR or IFR
distribution.

¢ Solution
The cdf of X is

x*~1le=%

fx(x) = ()

The survival function of X is not explicit, and so we should use

8 Proposition 11. We have

x+y
(ety)*le” v

fx(x+y)  emwm - (x+y\T v N
fx(@) T weted o\ x b= (1+2) et
64T (a)

To try to determine if it is increasing or decreasing, we calculate the

second derivative of the ratio:

% (1—|— %)“71 e b = yla—1) (1+ %)“726_%-

It is important to note that y is not completely free: it is bounded
below by —x, asif y < —x, then x +y < 0, and f is undefined at
these values. Also, if y = —x, then the ratio is simply a constant, and
we cannot use & Proposition 11 to reach a conclusion. To be able to
use & Proposition 11, we must have y > —x. In this case, it is clear

that the ratio is increasing as x increases. Thus X has an IFR.

a—1 _Y¥

Figure 8.2: Graph of (1+ £)" "~ ¢ for
y > —xand x > 0.
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Severity Distributions — Tail of Distributions (Continued 2)

Mean Excess Loss

& Definition 33 (Excess Loss Random Variable)
For a loss rv X, we define the excess loss rv as

T;,=X—-d|X>d, d>0.
The survival function of T, is

Fr,(x) =P(T; >x)=P(X—d>x| X >d)
_ P(X>x+d) Fx(x+4d)
- P(X>d)  Fx(d)

As defined before in & Definition 22,

& Definition (Mean Excess Loss)

The mean excess loss (or mean residual life) function is defined as Essentially, the mean excess loss is
the average payment in excess of the
_ f()oo FX (x + d) dx _ fdoo FX (y) dy threshold d, given that the loss exceeds

the threshold.

ex(d) = E[T;] = /Ooo Fr,(x) dx Fx(d) Fx(d)

& Definition 34 (Increasing and Decreasing Mean Residual

Lifetime)

Given a loss rv X,
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1. we say X or Fx is an increasing mean residual lifetime (IMRL) if
ex(x) is increasing in x;

2. we say X or Fx is an decreasing mean residual lifetime (DMRL) if
ex(x) is decreasing in x.

66 Note
e IMRL distributions are heavy-tailed;

* DMRL distributions are light-tailed.

The reason of this claim should be rather clear from the context of
ex(x): if ex(x) is increasing with x, then we expect that the survival
probability of T, to be greater, and so the tail should be a heavy one. The

following proposition clarifies this notion.

8 Proposition 12 (Relation between DFR/IFR and IMRL/DMRL)

A DFR rv is IMRL, and an IFR rv is a DMRL.

& Proof

Suppose X has a DFR. The mean excess loss of X is

ex(d)

_ Jo Fx(x+d)dx _ /“M
0

) Fed) -

Note that by the relationship between the survival function and the

hazard rate?®, * We use the hazard rate here because it
is provided by the assumption.
F — J5 hx (y) dy
Fx(x+d) e Od _ o S hx W) dy _ - [ hx(ztd)dz
FX(d) e_fo hx(y) dy
Since X has a DFER, hy is decreasing, and thus Ex(+d) 5o increas-

Fx(d)
ing. Thus ex(d) is increasing and so X is a IMRL, as required. THe

argument is similar for IFL being a DMRL. O

Example 9.1.1



Let X ~ Wei(6, 7). Determine whether X is DMRL or IMRL.

¢ Solution

Since

fx(x) = F——
and from an earlier example, we have
?X(x) — 67(%)‘[
Then the hazard rate is

hx(x) fxlx) _ Lyl

T Fx(x) 6"

Now if T > 1, then hx(x) is an increasing function, and so X has
an IFR, i.e. X isa DMRL. if 0 < 7 < 1, then hx(x) is a decreasing
function, and so X has a DFR, i.e. X is an IMRL.

Example 9.1.2

Consider a loss X with fx(x) = (1 +2x?)e~2* for x > 0.
1. Determine hx(x).

2. Determine ex(x).

3. Find xh_r)r;o hx(x) and xh_{%o ex(x).

4. Show that X is DMRL but not IFR.

# Solution
Since both hx(x) and ex(x) require the survival function, we shall
first derive that. Observe that*

(0.9) 1 (e°]
IS /x (14 2y%)e ¥ dy = Ee_zx -2 {/X yPe dy}
R {_1 2 ny‘OQ /°° —2y ]
= ye + ye Ydy
2 2 x x

= 16*2" +x%e 2 42 —lyefzy - 4 E /Oo e 2 dy
2 2 x 2 Jx
—2x

1 1
= 56*2’“ + 2 4 xe ¥ + S

= (®+x+1)e >
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* It is highly recommended that one
gets really used to using integration by
parts, to the point that you do not have
to repeatedly write down what the u
and dv are explicitly every time.
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1. It is clear that

14 2x2
h p—
x(*) = 7 +x+ 22
2. By its definition, we have that
“F )
ex (%)= fx 7X(]/) 1/,
Fx(x)

and so we need to solve for the integral in the numerator. Using

pieces from our derivation of Fx(x), we obtain

/x (1+y+y*)e ¥dy
1 1

1 1 1 1
S L=2x |~ 2x -, 2x S .2, 2x a2 - ,—2x
=3¢ 4F i F o + PR + 2 aF ¢

= (1 +x+ ;x2> o

Thus

) 1+x+ 3x2

ex(x) = ——=5-.
X 14+ x4 x2

3. The answers are straightforward3 3 Find out why did we calculate these
values.
1
= +2
X—00 x—oo 1 = SR gl

1,11

z+3xt+t3 1
lim ex(x) = lim % ==
X—00 x—>ooxf2_._i_|_] 2

4. First, observe that

(1+x) (1+x+x2) — (1+2x) (1+x+%x2)
(1+x+x2)

x+%x2
(1+x+x2)%’

and we see that ¢} (x) < 0 for x > 0. Thus X has a DMRL. For
hx(x),

, 4x (1+ x4 x?) — (14 2x) (1+2x?)
X(x): 0
(14 x+x?)
. 2x2 +2x — 1
x4+ 263433 +2x + 17

It may appear as if h (x) is positive, seeing that x* should domi-



nate. However, notice that the discriminant is positive:*
22 —4(2)(-1) =12 >0,

and so the numerator has a root, i.e. there are critical points on
hx(x). In fact, equating the said numerator to 0, we can obtain
that x = —% + \/g (the other case is ruled out as x > 0). Since
' (x) looks as if it is increasing, let’s try out some values of x for

0<x< \/g — % In particular, notice that

1 102
1 27

but 11—0 < %, and so we notice that X is not IFR.
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4 Lecture notes simply threw the values
1 and % for x almost out of nowhere.
While the result seems harmless, firstly,
x # 0, since x > 0. In fact, since the
critical point is \/g — 1 ~ 0366, 1
is a value that comes after the critical
point, so we would not have been able
to verify without trying and failing
numerous times, especially since the
critical point is an irrational value.
Here, we are smart and equipped
with the knowledge that by solving the
first derivative for x by equating to 0
allows us to find these critical points,
which is indicative of a change from
positive to negative, or vice versa, slope
for hy (x).


https://en.wikipedia.org/wiki/Quadratic_equation#Discriminant
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Severity Distributions — Policy Adjustments (Continued)

Insurance policies contain various adjustments to soften the amount
that insurers have to pay, to minimize moral hazards, and for vari-
ous other reasons. In this section, we shall introduce some common
policy adjustments.

In the following definitions, suppose that X is our ground-up loss
rv, and H a function incurred by the adjustment.

& Definition 35 (Policy Limit)

A fixed level u > 0 is called a policy limit if, provided that there are no

other adjustments, the insurer shall pay" *Now that this definition uses the

symbol A for denoting a policy limit,

X < I shall refrain from using the same
. Su symbol i fs, unless if th ntext i
. e . ymbol in proofs, unless e context is
H(X) =min{X,u} :=XAu = . olear.
u >u
F(x)
7] S —_—

66 Note

e A policy limit protects the insurer from overly large losses.

* This is noteworthy: in practice, a policy limit may refer to the max-
imum amount paid by the insurer, but in this course, it is the maxi-
mum loss coverred by the insurer. *

Figure 10.1: Typical graph of a policy
limit, without other adjustments.

& Definition 36 (Ordinary Deductible)
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A fixed level d > 0 is called an ordinary deductible if, given that there F(x)

are no other adjustments, the insurer pays
(09
0 X<d
Y=H(X)=(X—-d),=XVd=
X—d X>d
X
i
Figure 10.2: Graph of a policy with
66 Note ordinary deductible without any other
e For any given loss, the first d dollars falls on the insured. PR

e [t is a protection against frequent small claims.

Y
H(X)
& Definition 37 (Franchise Deductible)
A fixed level d > 0 is called a Franchise Deductible if, given that there
are no other adjustments, the insurer pays
X
d
0 X<d Figure 10.3: Graph of a policy with
H(X)=X-1 (X>d} = - Franchise deductible without any other
X X>d adjustments.
= (X =d)lixogy +4d-Nixogy
== (X*d)++d]l{x>d}
66 Note
 This differs from the ordinary deductible in that twhen the loss exceeds
d, the deductible is waived and the full loss is paid by the insurer.
® We are not concerned with whether the payment goes out or not at
X = d in this course.” ?In the event that a problem of such

a nature comes out in either exercises
or exams, the point will be explicitly
stated.

Remark

This is not a good adjustment as it is prone to moral hazard.

& Definition 38 (Coinsurance)



A fixed rate « € [0,1] is called a coinsurance factor if, given that there
are no other adjustments, the insurer pays

H(X) = aX.

For any given loss, the insurer pays a proportion 100a% of the loss
amount the remaining 100(1 — a)% falls on the insured.

Application Order for Multiple Adjustments

IF AN INSURANCE POLICY has more than one adjustment, we

assume the adjustments in the following order:
* Policy limit (if any)
e Policy/ordinary deductible (if any)

® Coninsurance (if any)

66 Note
® These transformations are not necessarily commutative, so the order

must be obeyed.

® This ordering is optimal, i.e. it covers for all possible combinations, i.e.

any other ways of adjustment can be expressed in this form.3

e Ifd is a deductible and u the policy limit, we must have that d < u,
since if u < d, then the insurer will only pay the maximum amount u
if the loss exeeds d, which is absurd. Therefore, for all of the cases that
we shall consider, we will always assume, and safely so, that d < u.

Applying the ordering, we have

X—=XANu—=[(XAu)—d, —a(XAu)—d],
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slope = «

X

Figure 10.4: Graph of a policy with
coinsurance without any other adjust-
ments.

3 Claimed by lecturer. Require example.

a(u—d) 12109

Figure 10.5: Graph of H(X) =
af(XAu)—d,.
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and so

0 X <d
HX) =a[(XAu)—d] = qa(X—-d) d<X<u
a(u—d) X>u

For the case of applying Franchise deductible instead of ordinary
deductible, we have

X—=XANu— (X/\u)]I{X>d} — oc(XA M) ']1{X>d}

Notice that X Au — (X Au)lx. 4y, since X Au > d is simply
X > d asu > d by assumption. We have that for the case where we
consider the Franchise deductible instead of an ordinary deductible,

0 X <d
H(X) =a(XAu) Lixsgy =qaX d<X<u
au X >u

W Reporting Methods

When we consider the amount paid by the insurer, we typically con-

sider (and distinguish) between two types of reporting methods.
® Loss basis: Y, = amount paid per loss

® Payment basis: Yp = amount paid per payment

It is sensible that

Yp=1Y1 ‘ Y > 0. (10.1)

The above relationship shows that we can retrieve Yp from Y7, i.e.
Y} holds more information than Yp. This makes sense; a loss may
occur, but the insurer may not have to pay for the loss. For example,
if the incurred loss is below a given deductible level.

10.1.2.1 [REREE

e Each loss is recorded, i.e. each loss has an entry, even if the amount
paid is 0.

* For a policy limit u, ordinary deductible d withd < u 4, and

a(u—d) H(X)
slope &/

Figure 10.6: Graph of H(X) = a(X A
u) Lixsgy-

+It would be silly if d > u.
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coinsurance factor &, we have

YL = IX[(X/\ 1/[) — d]+

e For a policy with limit u, Franchise deductible d with d < u, and

coinsurance factor «, we have

Vi = Oé(X N u)]l{X>d}‘

* Note that in the presence of a deductible 4, it is usually the case
that Y7 has a probability mass at 0, i.e.

P(Y, = 0) = P(X < d) = Fx(d) > 0.

In this case, Yp > 0 almost surely.

10.1.2.2 OIS

® Only non-zero payments of the insurer are included, and so not
every loss will have an entry. Here, we see that Yp leaves that

information behind.5 51t is still useful to reporting purely on
the financial effects of the claims.

® Yp does not have a probability mass at 0 (Why?), i.e.

or equivalently,

Example 10.1.1

Let X be the ground-up loss rv and assume that there is an ordinary
deductible of 5 applied to the loss. The following table is a typical

example illustrating how Y7 and Yp works.

Table 10.1: Example illustrating the
relationship between Yp and Y;.

X|3 2 5 7 9 10

Y| o o o 2 4 5
Yp | NA NA NA 2 4 5
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Severity Distribution — Policy Adjustments (Continued 2)

Distribution & Moments of Yp and Yy

It suffices for us to closely study Y; due to the following proposition:

8 Proposition 13 (Yp is completely determined by Y1)

The survival function and moments of Yp are given by

_ 1 y<0
PYP(y): Fy, (v) >0
Fy, (0) -
and
E |Yk
E [vE] = ,{ L}, k=1,2,....
Fy, (0)
& Proof

Using the definition of a survival function, we have

5 1 x <0
Fy,(x) =P(Yp>x)=P(YL>x|YL,>0)=<F .
w) =POp>0)=PML>x M >0= 5w
Fy, (0)
Consequently,
E |vi

S S
YE] =k [y dx =k [ 1Ry - L
o] =il et e F, (0 T (0



70 Lecture 11 Oct 18th - Severity Distribution — Policy Adjustments (Continued 2)

66 Note
8 Proposition 13 tells us that it suffices to discover the distribution of Y1,

since it completely determines Yp,

Remark
o If there is a deductible d > 0, then the distributions of Yp and Y are
usually" different.

o If Y has no mass point at 0, i.e. Fy, (0) = 1, then Yp nand Yy have the

same distribution.

Some Important Identities

The following proposition is important for us to venture forward.

8 Proposition 14 (W Expected Value of the Policy Adjustments)
Consider a non-negative rv X and d > 0. Then

1. We have
E[X] = E[[X —d]+] + E[X A d].

2. Fork=1,2,...,

£ {Xk} = /OOO 1Fx(x) dx.

3. Fork=1,2,...,

E [(xm)k} - /O ’ kxk—1Ex (x) dx.

4. Fork=1,2,...,

E[lx-d}] = /d°° k(x — A1 Ex (%) dx.

5. Fork=1,2,...,and Fx(d) > 0,

E|[X—d P k(x —d)*1Fx(x)dx
E[(x—df | x> d] = [Fx(d)d_fd e

* This depends on the distribution of X
and Y7.
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In particular, we have an alternate way to derive the mean excess value

©Fx(x)d
ex(d) = E[X—d | X >d) = J Xz
Fx(d)
& Proof
1. For this identity, notice that
0+X X<d
X —dl;++ (XAd) = - =X

X—d+d X>d

The result follows from linearity of E.

2. We have proved this earlier on, but it shall be re-proved for

exercise, variety, and ease of reference.? 2 Important: There are two rules that
you must use, and it does not depend

co o 4 on any of your existing knowledge as
IE [Xk] = / xkfx(x) dx = / xk?Fx(X) dx an undergrad whatsoever.
Ooo og x (a) Noiice that d’%FX(x) = fx(x) =
- / dFy (x) = / kd(1 - Fy(x)) —dFx(x) = f(x)dx
0 0 (b) While using integration by parts, let

o dv = dFx(x) so that v = Fy(x).
= = / x dF X(x ) Forget any one of these are prepare to
0 be screwed over.

_kF * ® k17 .
= —x"Fx(x) . +k [ x"'Fx(x)dx - IBP
0
Y p—
= k/ X 1Fx(x) dx,
0
under the assumption that Fx (x) decays faster than x* 3. 3 How unlikely is this, I do not know.

3. Using a similar argument as in the earlier part of the last proof,

and by the Law of the Unconscious Statistician, we can arrive at

E[(xAuk] = —/Ooo(x/\u)kdffx(x).

To proceed, use integration by parts as follows#: 4 This is hopeless. If you can’t re-
member this, or somehow make some
. k _ == sense of this monster (without going
= (x A u) v="Fx (x) through a few lectures on Lesbesgue
du = d(x A u)k do = dFX (x> or Riemann-Stieljes integration), you're
screwed.
We get
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and (x A u)FEx(x) :’

d(x Au)k =

= 0. Next, it is a “fact” that

kx¥ldx x<u

0 xX>u

5Since x > u gives us a 0 term, we are left with

E X/\u

/ kxk 1FX

4. Using the Law of the Unconscious Statistician and Item 2, we

have
E[[x-df _k/ x—d

5. Notice once and for all that

FX X—k/ x—d FX )d

E [(X - d)k]l{X>d}}

E{(X—d)k|X>d] -

Fx(d)

E[IX=dk]  [®k(x—d)Fx(x)dx

Fx(d) Fx(d)

Example 11.1.1

Consider a ground-up loss X with pdf

Fx(x) = 0.0005,

Solve for

1. Fx(x);

2. E[XA10] and E[X A 25];
3. Var(X A 10);

4 E[[X—10]+];

5. E[[X —10)2]; and

(o eX(lo).

0<x<20.

5 This is yet another monstrosity that
makes no sense whatsoever for one that
has only taken basic Calculus classes
and introductory Analysis. Remember
this “fact” or get screwed over. The
only “sense” that I can come up with
right now is to consider the cases of
when x < u and when x > 1, and
determine what x A u should be in
these cases, and provide some baseless
rationalization.
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¢ Solution
1. We have

X
Fx(x) = / 0.005y dy = 0.002522
(0]
and so
1 x <0
Fx(x) =<¢1-0.0025x2 0<x<20-.

0 x> 20
2. Using our identities,
w_ 5 55
— — 10 — 3 _

E[X/\lO]—/0 Fx(x)dx =10 6000(10) ¢’
and 20 . 10

T - 3
E[XA25] = ./0 Fx(x)dx =25 6000(25) =3

3. To get Var(X A 10), we first need the 2nd moment of X A 10:

10 _ 1 10
E [(X A 10)2} = 2/0 xFx(x)dx =2 sz - %500x4]0
25 175

=100 - = = ==,
2 2

Thus 5
175 55 125

4. We have that
E[[X —10 201 Ry
H _ ]+] _ /1.0 — 400x X

1
= 10 — 3555 (8000 — 1000)

2
)

5. We have that

E[x-102] = 2./1.20(9( —10) (1 _ 4100x2) dx

20
=2 (—10+x+1x2—1x3> dx

10 40 400
300 , 7000 150000
=2 [_1OO+2+120 1600 }

_ 175
06
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6. We have
20 1.2
o (1-@0) 4 0-38 w0
1— z5(10)2 3

ex(10) =

Application of & Proposition 14

Policy Limit  If a policy limit u is the only adjustment in a contract,
then
Y=XAu and Yp=XAu|X>0.

Since in most cases X > 0, we have that Fx(0) = 1,and so Y; = Yp =
X Au.

e The survival function is

1 y <0
Fy,(y) = Fy,(y) = P(XAu>y)={Fx(y) 0<y<u
0] y>u

* The expected value is

E[Yp] = E[Y1] = E[X Au] = /0” Fy(x) dx.

e The second moment is

E[V}] =E[¥] =E[(xruw? :z/ou xFx(x) dx

Ordinary Deductible 1f an ordinary deductible d is the only adjustm-

net in a contract, then
Yy =[X—d]4 = (X —d)lixsq
and
Yp=[X—d]l+|[X—d+>0= (X—d)]l{X>d} | X>d=X—-d|X>d

In most cases, since Fx(d) = P(X > d) < lasitis P(X < d) # 0, the
distribution of Y; and Yp differs.
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e The survival function is

Fr,(v) = P(IX — d]; > ) = {; e zig
X -

and

for Y7 and Yp respectively.

e The mean is

and

E[(X
E[Yp] = E[X—d|X>d] = _

for Y7 and Yp respectively.

e The second moment is
E[v}] =E[x-df] = z/d *Fx(x) dx

and

_E[Y?] 2 [] xFx(x)dx
=56 """ Fw

for Y7 and Yp respectively.
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Severity Distribution — Policy Adjustments (Continued 3)

Some Important Identities (Continued)

Application of & Proposition 14 (Continued)

Policy Limit + Ordinary Deductible 1f there is a policy limit u and an
ordinary deductible d with u > d, then

0 X <d
Yo =[(XAu)—dly =4X-d d<X<u
u—d X>u
and so its survival function is* * Important: Pay attention to the notion

here: we are using the actual definition
of a deductible to arrive at an explicit

FYL(:V) =P(YL >y) =P([(XAu)—d]+ >y) solution.
= P(max{0, (X Au)—d} >y)
y<0
(XAu)—d>y) y>0
1 y<0
=4PX>y+d) 0<y<u—d

Plu>y+d) y>u—d
1 y <0
=qFx(y+d) 0<y<u-—d
0 y>u—d
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Consequently, its moments are
E[v}] = /O ky*~'Fy, (y) dy
“d k1F
=/O ky™ Fx(y +d)dy
! k—1F
=/d k(y —d)™ Fx(y) dy
For Yp, we have

Yp=Yy | YL >0=[(XAu)—d |[(XAu)—d]; >0
— (XAu)—d|X>d.

Thus by 8 Proposition 13,

1 y<0
By ()= e
YplY) = Fy, (0) =yst
0 y>u—d

Using the same proposition, the moments of Yp are

EIYE] _ Jiky—a)'Fx(y)d
E[YH:FLQJ =i ST

Franchise Deductible Given a Franchise Deductible d > 0, we have
Y, =X- l{X>d}'
Its survival function is

_ 1 y<0
Fy,(y) = P(X - Lixsqy > y) =
P(X-Lixsqy>y) y=0
1 y<0
= Fx(d) 0§y<d‘

Fx(y) y>d



For the case when 0 < y < d, it is clear that in order for X - Tyx- 5 >

y, we first need X > d. Now the moments of Y7 are

Now observe that
YP:YL|YL>O:X']1{X>d}|X'1{X>d} >0:X|X>d

Again, using é Proposition 13,

F = — L — =

and its moments are

E[vf] = EMM] _ aFx@) + [ bt Exiy) dy
P 1340 Fx(d)
[ ky*""Fx(y) dy
Fx(d) '

:dk+

Coinsurance Let Y be the amount to-be-paid per loss without coin-
surance. Let & € (0,1) be a coinsurance factor. Applying coinsurance

for adjustment, we have that
YL = DCYL.
The survival function of Y7 is

_ , , 1 <0
FYL(y):P(aYL>y):P<YL>Z):{F " y>0
Y, \a) Y=

and its moments are
E [Y’ﬂ —E [akYLk} — ofE [YL"} .

Then for Yp, we have that its survival function is

Fy,(y) = = ==, ¥20
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and its moments

Example 12.1.1

The cdf of a ground-up loss X is given by

2
Fx(x):1—(1—ﬁ) , 0< x < 800.

Assuming a policy limit of 600, an ordinary deductible of 200, and a
coinsurance facotr of 0.8, determine the cdf of Y; and the expected

amount paid per loss E [Y7].

¢ Solution
We are given
Yr = 0.8[(X A 600) — 200] .

The survival function of Y} is

Fy, (y) = P (max{0, (X A 600) — 200} > £

1 y <0
P(XA600> % +200) y>0

1 y <0
= P(x>%+2oo) 0 <y < 0.8(600 — 200) = 320
0 y > 320
1 y <0
= FX(%’HOO) 0<y<320
0 y > 320

Thus the cdf of Y} is

0 y <0
Fri(y) = §1-Fx (¥ +200) 0<y<320.
1 y > 320

The expected amount paid per loss is

600
E[vi]=08 [ (1 -



Example 12.1.2

Consider a ground-up loss X with a Franchise deductible d. You are

given that

® 15% of the losses are below the Franchise deductible d,
e the mean excess loss ex(d) = 50,

e the expected amount paid per loss is 51.

Determine the value of d.

¢ Solution

We are given

YL =X Lixoa
P(X <d)=0.15

Thus P(X > d) = 0.85. We have

1 y <0 1 y<0
Fy,(y) =< Fx(d) 0<y<d=1408 0<y<d.
Fx(y) y=d Fx(y) y=d
We are given .
50:6){(‘1):%8))@,

and so -
/d Fx(y) dy = 50 % 0.85 = 42.5.

We are given

51=E[¥i) = [ Fx(y)dy = dFx(d) + [ Fx(y)dy

= 0.85d +42.5.

Thus
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Severity Distribution — Policy Adjustments (Continued 4)

By introducing policy adjustments, it is within our interest to de-
termine if the introduced adjustments have helped to eliminate the

expected propotion of loss.

& Definition 39 (Loss Elimination Ratio)

The loss elimination ratio, denoted as LER, is the ratio of which loss

has been mitigated, or eliminated, as a result of policy adjustments, and it

is given by

EX -]
E[X] E[X])’

LER =

where ]z[[gé]} corresponds to the percentage of loss retained by the insurer.

Example 13.1.1

For a policy that has only an ordinary deductible, i.e. Y7 = [X —d]_,

we have

E(X—dl,) _, EIX]-E[XAd] _E[XAd]

LER=1-"7x] E[X] E[X]

Example 13.1.2
Consider a ground-up loss X ~ Pareto(a, 0) with « = 2 and 6 = 1000.
1. Calculate the LER if an ordinary deductible of 500 is applied.

2. What is the required value of d to eliminate 20% of the loss?
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¢ Solution

1. Note that
_ o
B = oy
Now
E[X] /mﬁ ) e “/m S
o X - 0 (x+6)
0t _ 1 ‘00_ 0
S 1l-a (x+0)* 1l a—1
and

E[X/\d]—/OdFX(x)dx— o ! )d

T—a (x+6)xTl

o 11
T l—a\({dto) T T

:aZ(l‘(die)H)'

_E[XAd] o\ 1
=S = (1- (a9) ) =5

In other words, % is mitigated by setting an ordinary deductible of
500.

Thus

2. In this case, let LER = 0.2 = % Then

1 1000 1000 4
3 ! d + 1000 d+1000 5 20

Frequency Distributions — Basic Frequency Distributions

Recall from our Collective Risk Model that

N
s=Y x,
i=1
where

X; = size of the i claim, modelled by severity distributions

N = a nonnegative integer-valued rv that represents the number of

claims, modelled by frequency distributions
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& Definition 40 (Counting Distributions and RVs)

A nonnegative rv, usually represented by N, is called a counting rv and
its distribution is called a counting distirbution.

66 Note
For this section, the pgf is important.

Importance of PGF  Given G(t) = E [tN] = Y2 t¥py, provided that

the moments exist, we have Also for (x): The derivation is
Wy 4
Aan n Gy’ () = ——Gn(t)
() = Lty Y E TV =i+ 1) A
der i=1 =) A
T
© n e k=0
= —i+ 1) " . —n
;ﬂl Pk :gupnmm—mn%pk
(o) e k—n £ -
2:1] — i+ 1)t "py =E|J[(N-k+1)N-"
k=ni=1 k=1

where () is because the moments exist, and (xx) is because for
k=0,1,...,n—1, the product [T (k—i+1) =0.

We can obtain the pmf of N from the pgf by

"(0) = i ﬁ(k—i+ 1)tk*"pk]
k=n i=1 =0

n
:H(n—i+1)pn = nlp, (13.1)
=1

where we notice in Equation (13.1) that only the n" term survives as
=1,

Factorial Moments' can be obtained by :

& Definition 41 (Factorial Moments
n=1,23.... from PGE) )

We can obtain the factorial moments

of an rv X from its pgf. In particular,

n

GM(1)=E [H(NiJrl)

i=1

In particular, we have that

n

[Ix-i+1)

=il

where n € N\ {0}.

GM1)=E

G'(1) = E[N] and G"(1) = E[N(N — 1)] = E(N?) — E(N)

and so

Var(N) = G"(1) + G'(1) — G'(1)~
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Frequency Distributions
IEWROW [oisson Distribution

& Definition 42 (Poisson Distribution)

A counting rv N is said to have a Poisson distribution with parameter
A, and denote N ~ Poi(A), if it has the pmf
—Azk

kt 7

e

pr=P(N =k) = k=0,1,2,....

Remark
We can easily verify that the Poisson distribution is indeed a probability
distribution, by noticing that

= o ,—A)\k
k!

. k
where we used the Taylor expansion e* = Y2 7.

8 Proposition 15 (PGE Mean, and Variance of Poisson Distribu-

tion)

For N ~ Poi(A), its pgf is

and its mean and variance are

E(N) = Var(N) = A.

& Proof
Notice that

© oA
G(t)=E {tN} Z tpr =Y e M) _ — oAt — A1)
= K

Thus



and so
Var(N) = A2+ A — A2 = A

8 Proposition 16 (Sum of Independent Poisson RVs)

If N1, Ny, ..., Ny, are independent Poisson rvs with parameters A1, Ay,

..., Ay respectively, then

m m
N =) N; ~ Poi <2Ai>
i=1 i=1

& Proof
Using the pgf method for N, we see that

G(t)=e [tN} e |:t21m:1 N,} — Im—[E {th}

i=1

— e/\i(t_l) e(f—l)Z,”’zl /\i

i=1

which is the pgf of Poi (Y1, A;) as required.
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Lecture 14 Oct 30th

Frequency Distribution — Basic Frequency Distributions (Con-
tinued)

Frequency Distributions (Continued)
Poisson Distribution (Continued)

8 Proposition 17 (Splitting a Poisson Distribution)

Suppose that the total number of claim arrivals follows N ~ Poi(A).
There are m distinct types of claims. Given a claim occurs, it is of type i

with probability p; such that
pr+...+pm=1

Then, for each fixed i = 1,...,m, the number of claims of type i, N; ~
Poi(Ap;). Furthermore, N1, Ny, ..., Ny, are independent.

66 Note
The above proposition can be visualized using a tree.

s Type 1 "4 p1 — Np~ Poi( )\Pl) Figure 14.1: Visualization of
8 Proposition 17

Type 2 w/ pa  — Np ~ Poi(Apy)

A claim
N ~ Poi(A)

o Type m W/ Ppm  — Ny ~ Poi(Apm)
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¢ Proof
We shall use mathematical induction on m, for the statement

“Ni, N, ..., Ny are independent”. N; ~ Poi(Ap;) will follow

from the induction step.

For m = 1, there is nothing to prove. It suffices to prove for

m = 2, since we may think of the problem as

Type1 Typez2 Types3...Typem.
Type 2’

Case m = 2 Suppose N = Nj + N, ~ Poi(A). To show that Ny
and N, are independent, a relation which we denote as Ny L N;, we

need to show
P(Nl = k],N2 = kz) = P(Nl = kl)P(Nz = kZ)/ (14.1)

which is a defining property of independence.

Firstly, note that if given sets A C B, we have

P(A) = P(ANB).

With that,
A B
P(Ny = ki, Na = kz) = P(Ny = k1, N2 = ko, Ny + Np = kq + k2)
— P(A | B)P(B)

. k1 + ko ki Ky e~ Mkith
- k1 Pi P2 (kl 4 kz)'

= M ki ko M
kitkp! P12 (ky + kp)!
— o AMp1tp2) . (Apy) . (Ap2)*2
kq! k!

e~ M1 (Apy )l ' e~ P2 (Apy)k2

Y ky! (14.2)
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Thus, the marginal distribution of Nj

P(N; =ki) = ) P(Ny = ki, No = kp)
k=0

pl (/\pl 7/\}72 APZ 2
— 2

_ e MPi(Apy)h o AP2gMp2
kol

e (Ap)f
a kq!

which is the pmf of Poi(Ap1). The marginal distribution of N,
is similar. It is clear from Equation (14.2) that we have Equa-

tion (14.1). The result then follows from induction. ]

Example 14.1.1 (Thinning Property of the Poisson Distribution)

The number of claims of a portfolio follows Poi(A). The severity of
ground-up loss follows Unif(0, b). The insurer would like to impose

an ordinary deductible 4 and a policy limit # such that
0<d<u<b.

What is the frequency distribution of positive payments?

# Solution
Let Type 1 be the case where X < d and Type 2 be X > d. Since the
severity of the ground-up loss follows Unif(0, b), the probability of an

occurrence of Type 2 is
1— d_b—d
b b
By 8 Proposition 17, we have that the frequency distribution of posi-

tive payments, i.e. Type 2, follows Poi (A%).

Binomial Distribution

& Definition 43 (Binomial Distribution)

A counting rv N is said to have a binomial distribution with parame-
ters g € (0,1) and m € N \ {0}, written as N ~ Bin(q, m), if it has the
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pmf

Remark
It is easy to verify that this is a valid probability distribution, since

(M k(1 _ ,ym—k — M qm
kg(,c)q(l ) (@+1-gm=1"=1

by the binomial theorem.

66 Note
® When m = 1, the distribution is called a Bernoulli rv with mean q.

o The binomial distribution is a bounded rv, since it has a fixed number
of trials.

8 Proposition 18 (PGF of Binomial Distribution)
Let N ~ Bin(g,m). Its pgf is given by
G(t) = (1 —q+tq)".
Moreover, its mean and variance are
E[N] = mq and Var(N) = mq(1 —q)

respectively.

& Proof
We have

o m m— m
ot =3 () enra-gmt=a-g+m)
k=0
The mean is, therefore,

G'(1) =mq(1—q+ (L))" " =my,



and its variance

Var(N) = G"(1) + G'(1) — G'(1)?
m(m —1)g* + mq — m*q*> = mq(1 — q).

8 Proposition 19 (Sum of Independent Binomial RVs)
If Ny, ..., Ny are independent and N; ~ Bin(gq, m;) fori =1,...,n, then

n n
N = 2Ni~Bin (q,xmi>.

i=1 i=1

& Proof
We shall use the pgf to prove this, instead of using the mgf (which

is the common approach).

Gn(t) =E [tN} =E [tz?:l Ni] ) ﬁE |:tNi:|
i=1

2 ; i m;
=[[Q—q+tg)" =(1—q+tq)=
i=1
Thus N =)' ; N; ~ Bin (q, i mi). O
i=1

66 Note
As a result of & Proposition 19, if we have a sequence of Bernoulli trials,

each with the same “success” probability q, call each of them I;, then

N =) I; ~ Bin(q,m)

m
i=1

Consequently, it becomes rather silly how easy it is we can get the mean
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and variance of N:




Lecture 15 Nov o1st

Frequency Distribution — Basic Frequency Distributions (Con-
tinued 2)

Frequency Distributions (Continued 2)
Negative Binomial Distribution

& Definition 44 (Negative Binomial Distribution)

A counting rv N is said to have a negatiev binomial distribution with
parameters B > 0 and r > 0, denoted N ~ NB(B, r), if it has the pmf

szPUJ:k)z(k+£_1)<1iﬁ>r(lfﬁ>ﬁkzoﬂap”

Remark
Note that

k+r—1\ Tk+r) (k4+r—1)!
( k >_ kIT(r) — kl(r—1)!"7

where the later equality follows if r € N \ {0}.

66 Note
* When r = 1, we can also write the pmf of NB(B, 1) as the pmf of the

geometric distribution:

1 B \F
—— (P kx=o012....
Pk 1+ﬁ(1+ﬁ)

* To verify that the negative binomial distribution is a valid probability
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distribution, we need the following identity:
_ 2 (k+r—1
1—x "= xk,
a-07=% (")

which is proven as follows:

¢ Proof
We shall use the Taylor expansion of (1 —x)~".

(1-x)"=14+(-1)(=r)(1—x)""! s
+3(-D(-r-2)1-x)7"2 2+
:1+rx+r(r+1)x2+r(r+13)|(r+2)x3+
_irr+1 k(r+k—1) K
k=0
v (k+r—1 &~
5077

® The negative binomial distribution is an unbounded rv, and can take
all natural numbers sans 0.

Interpretation Consider an experiment with independent trails, of
which each has only two possible outcomes: success with probability
5, and failure with probability 1 — 5 + /3 = % Let N denote the

number of failures until reaching the " success.

8 Proposition 20 (PGF of the Negative Binomial Distribution)

Let N ~ NB(B, r). Its pgf is thus

G(t)=[1-p(t-1)]"
Moreover, its mean and variance are

E[N] =rBand Var(N) =rB(1+ B),

Exercise 15.1.1

Verify that the negative binomial distribu-
tion is a valid probability distribution.
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respectively.

66 Note
Note that the proof for getting the pgf is similar to how we can verify that
N is a probability (same case as in earlier counting distributions).

& Proof

Using the Taylor Expansion (1 —x)™" =Y, (k+lr€_1)xk, we have

“rne (1+ﬁ)r,§<"*”) (Jfﬁ)k

‘<1iﬁ) (1-125) =u-pu-vr

Consequently, the mean is

and variance is

Var(N) = G”(1) + G'(1) — G'(1)?
= —r(—r=1D)p* +rp—r’p =rp(1+p)

8 Proposition 21 (Negative Binomial from Poisson Conditioned

on Gamma)
Let N| A=A ~ Poi(A) and A ~ Gam(a,0). Then

N ~ NB(6, ).

66 Note
We may also write N | A = A ~ Poi(A) as N | A ~ Poi(A).
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¢ Proof
We shall prove this statement by finding the pgf of N, which iden-
tifies the distribution. Note that

Gn(t) =E [tN] Propo;itiong) E [E [tN | AH (:*) E [eA(tfl)} ,

where (*) requires further clarification. Now since A ~ Gam(x, ),
and My (t) = E [e"*] = (1 —6t)7%, it follows that

Gn(t) =[1-0(t-1)]""

Thus N ~ NB(6, «). O

8 Proposition 22 (Combining Negative Binomial Distributions)

If {N;}'_, is a sequence of independent rvs, and N; ~ NB(B, ;). Then

n n
N =Y N;~NB (ﬁ,Zri) .
i=1 i=1

& Proof
We shall, again, use the pgf. We have

n

Gn(t) = E [tN] ® ﬁE [th] =TGN

=1l

= ﬁ[l —B(t-1))i = [1-p(t—1)] T,

i=1

where (x) is by independence of the rvs, and the last equality is
thanks to B being fixed for all the rvs. This completes the proof. [I

(a,b,n) Classes
(a,b,0) Class

& Definition 45 ((a,b,0) Class)



The (a, b,0) class is a set of counting rvs with pmf py satisfying the
recursive formula

Pk b
—— =g+, keIN\{0}.
Pk—1 k \ 10}

Remark

An (a,b,0) distribution is determiend by the parameters a and b.

66 Note
Observe that

ﬂ:a—i-? R p1:p0(a+b>
Po 1 1
&:a—!—g — pP2=m (a+b> —p0<a+b> (u+b>
P2 2 2 1 2

k
Pk b ( b>
R at- ).
Pk—1 k Pk Pog i

Thus we see that each of the py. is completely determined by py. In other

words, for the distributions of this class, if we can find pg, then we can get

Pk, even if we do not know the actual parameters of the distribution.

In fact, we can solve for py, if we already know what a and b are: we
need to solve for pg in Y 3> px = 1. In particular, we need to solve for

PoZﬁ(a—k?) =1

Members of the (a,b,0) class It can be shown' that the Poisson, Bino-
mial, and Negative Binomial distributions are the only distributions
that belong to this class. We have that

Distribution ‘ a ‘ b ‘ Po
Poi(A) 0 A e
Bin(q, m) — | (m+1)L | (1—g)"
NB(B, 7) | -V | O+

We shall prove for the case of Poi(A).
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* Perhaps this can be shown using
https://wuw.actuaries.org/ASTIN/
Colloquia/Helsinki/Papers/S7_13_
Fackler.pdf.

Table 15.1: The (a,b,0) distributions

Exercise 15.1.2
Find a, b and py for Bin(q, m) and
NB(B, 7).


https://www.actuaries.org/ASTIN/Colloquia/Helsinki/Papers/S7_13_Fackler.pdf
https://www.actuaries.org/ASTIN/Colloquia/Helsinki/Papers/S7_13_Fackler.pdf
https://www.actuaries.org/ASTIN/Colloquia/Helsinki/Papers/S7_13_Fackler.pdf
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# Proof
By the pmf of Poi(A), it is clear that

—A10
e "\
Po = 0! =e /\.

Now, since

pr=2Ae pp= %/\Ze*’\

we have the following system of equations:

A=D1 — gy
Po
1 _pz_ b
Thus b = A and a = 0. O

Example 15.1.1

Assume that the number of claims in a portfolio N follows (—0.25,2.75,0)
distribution. Calculate the probability that there is at least one claim.

¢ Solution

Using Table 15.1, we know that N ~ Bin(g, m), where

_q1 1 -
T 0.25ar1d(m+1)1_q 2.75,

which gives g = 0.2 and m = 10. Thus the desired probability is

PIN>1)=1-P(N=0)=1—(1-0.8)'° =0.8926.
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tinued 3)

(a,b,n) Classes (Continued)
(a,b,1) Class

Motivation There are times when the (a,b,0) class of distributions
fail to give a complete characterization of certain insurance data with
regards to the claim arrival process. This is especially apparent when
we notice that we do not have as much freedom in fixing P(N = 0).

This provides us with the motivation to define the (a,b,1) class.

& Definition 46 ((a,b,1) Class)

The (a,b,1) class is defined as a set of counting rvs with pmf py. satisfy-

ing the recursion

Remark

Notice that the formula is almost exactly the same as compared to the defini-
tion of the (a,b,0) class, except now we have that k starts from 2 instead of
1. This means that this recursive definition will no longer have any control

over po, which is what we want.

There are two distributions from the (a,b,1) class that we shall

focus on, namely

e the zero-truncated distribution; and
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e the zero-modified distribution.

Zero-Truncated Distribution In this case, we set pp = 0, i.e. we always

expect a claim.

Let px, where k = 0,1,2,.. ., be the pmf of an (a,b,0) distribution,
of which we label its rv as N. Then, let p]z, fork = 0,1,2,..., be the
pmf of the zero-truncated distribution, whose rv is denoted by N7,
with pl’ = 0.

We can obtain values for each of the p;’s, fromk = 1,2,..., from

the pk'S: Inotice that for k = 2,3,4, ..., we have * Perhaps this was implied but it cer-
tainly was not explicitly stated: the a, b

T T T in the (a,b,0) can be treated exactly as
pik :a+? = ﬂ s Pi = @ the a,b from the (a,b,0) class.
Py ko pra Pk Pk
Observe that
T T
When k = 2, Pp _P1
p2 P1
T T
When k = 3, Ps _Pa
p3 p2
T T
When k = 4, Ps _P5
P4 P3
Therefore, we have that
pr P2 P3 ’

where we give this value a variable. Consequently, we have
pc = BT px.
Of course, we’d like to know what BT is. Since pl = 0, we have that
1=3Y pc=B"Y pe=p(1-po)
k=1 k=1

and so
1

ﬁT



To store this information, we look to the pgf of NT: we have

Gyr(t) = Y t'pl = Y *BTpe=—- Y tp =

Example 16.1.1

Let N ~ NB(B,r). Its zero-truncated version has pmf of the form
-1y ( 1\ (B \F
n _ CED () ()
1—py 1)
7o 1- ()

k
_T(k+7r) (%)
T KT(r) (1+pB)y -1

i =

Zero-Modified Distribution 1f we choose P(N = 0) to be some value
that is not any of the py’s of the distributions from the (a,b,0) class,

then this distribution is called a zero-modified distribution.

Let pg, fork = 0,1,2,..., be the pmf of an (a,b,0) distribution,
labelled N. Let pfcw, fork=0,1,2,..., be the pmf of the zero-modified
distribution, of which we denote by NM, with p}! chosen as de-

scribed.

We can, again, express p{{w in terms of py: fork =1,2,3,... 2,

o a2 P
Pivil k Pr—1
and so we have, again,
' = BMpx

So we can solve for gM:

1=Y p=p"+ Y BMpx
k=0 k=1
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> Note that in this case, the probabilities
after p}! is reliant on py; of course, since
the sum of the probabilities must be 1,
within the axioms of probability.
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The pgf of a zero-modified distribution is

Gau(t) = Y tpM = pt" + Y M py = pi" + BM(Gn (t) — po)
k=0 k=1

1_M

P
=po' + T O (Gn(t) - po)
Po
M _ M 1_pM _ M
_Po POP0+ Po_ & (t)_PO Po Po
1—p0 1—}90 1—p0

M
Py —pPo , 1—pg

= + Gn(t
1 =py T 1-pg N(t)

Remark
As a consequence of the form of the pgf, if p}! > po, we may interpret Ny

as

Y
N w/prob ll_r;oo

which is a mixture of a degenerated distribution at 0, and the original
(a,b,0) distribution N.

M
Pg —Po
NM::{O w/prob =5,

Consequently, we can also solve for Gy (t) using this notion: let © be

the indicator-function-like distribution such that

P(I)VI*PO — 0
PO=6)=1,"M
17{)00 Gn(t) 0=1

Then
Gym(t) = E {tNM} — [E [tNM | @H
:E[tNM|®:0] P(®:0)+E[tNM|®:1] PO =1)

= P(©=0)E | |©=0|+P@©=1)E [tV |© =1]

i M
Po —Po 1—pp
— 1) + —2Gp(t),
bW+ T an ()

as what we had.

8 Proposition 23 (Moments of an (a, b, 1) Distribution)

The moments of an (a, b, 1) distribution can be compited from the original
(a,b,0) distribution as

E [(NM)? — 11_;?:15 [Nk] . k=1,23,...



where NM is the ro modified from N from the (a,b,0) class.

& Proof
The derivation is straightforward:

MR am = 1-p)
E[(N)}—ngompm—mzll_pompm
l-pt e 1-ptE
—1_p0mglmpm—1_p0r§0mpm
_1—P6VI k
7qE[N]

Example 16.1.2

Let N ~ Poi(2). Find the pmf of a zero-modified version of the
Poisson distribution with p}! = 0.3.

# Solution

We are given that the pmf of N is

e 20k
Pk = I k=0,1,2,....

Thus
m_1-p' 1-03 %k
P = 1—p0pk_1—e*2 k!
0.7(2’<e*2)
=\ J  k=1,23....
k(1 —e2)’ 12,3
66 Note

It should be noted that a zero-truncated distribution is a special case of
the zero-modified distribution. In fact, if p}! = 0, we get that the zero-

modified distribution is exactly the zero-truncated distribution.

In addition to the zero-modified (a,b,0) distributions, there are

other members in the (a,b,1) distributions. One such example is
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known as the logarithmic distribution, which has the pmf

_ p* _
P s prmaT . Ko A

with parameter > 0. Notice that for k = 2,3,4, ..,

Pe B (k=1)(1+B)"In(1+B)
pi-1 k(14 B)¥In(1+B) pt
_ B k=1_ p T
1+p kK 1+p k'

where we observe that
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Frequency Distributions — Creating New Frequency Distribu-
tions and Effect on Frequency

Mixed Frequency Distributions

This is a concept that we have seen before.

Suppose that N | ® = 6 has conditional pmf P(N =n | ® = ) and

the mixing rv © is either
e discrete with pmf pg(6;) fori =1,...,m; or
* continuous with pdf fg(0).

Both the distributions of N | ® = 6 and © are usually given. The
unconditional pmf of N is thus

P(N =n) = T1P(N=n|0© =6;)pe(0;) O is discrete
JoP(N=n|0©=0)fe(0)d0 O is continuous
Remark

Due to the context of which we work in, we shall always, perversely so,

assume that N is a counting rv that takes on non-negative integers.

66 Note
Recall & Proposition 9, which gives us two concepts that are useful to us

in this section: we have

E[E[X|®]] = E[X]
Var(X) = Var(E [X | ©]) + E [Var(X | ©)].



108 Lecture 17 Nov 13th - Frequency Distributions — Creating New Frequency Distributions and Effect on
Frequency

Mixed Poisson Distribution

& Definition 47 (Mixed Poisson Distribution)

IfFN | A = A follows Poi(A) for some rv A, we say N follows a mixed

Poisson Distribution.

Example 17.1.1

Recall & Proposition 21. We have that given N | A = A ~ Poi(A) and
A ~ Gam(a, 0), we have that

N ~ NB(6, ).

8 Proposition 24 (Mixed Poisson Distribution has a Variance

Greater than its Mean)

For a mixed Poisson rv N, we have Var(N) > E[N].

& Proof

When we say that N is a mixed Poisson rv, it actually means

that the rv that we haveis N | A = A, not N alone. Now by

é Proposition 9, since A = A is the mean of the mixed Poisson rv,

we have
Var(N) = Var(E [N | A]) + E [Var (N | A)]
= Var(A) + E[A] = Var(A) + E[N].
Since Var(A) > 0, the result follows. O

Example 17.1.2

Suppose that N | A = A follows Poi(A) and the pdf of A is given by

2

0 +A)e™, A>0,

fa(A) =



where & > 0. Show that N is the mixture of two negative binomial

distributions.

# Solution
We shall show the claim by the pgf of N. We have

Gu(t) =E[N] =E[E [N | A]] = E [eA0-D]

oo 2
_ & —A(at+1-t)
A (14 A dA

From here, we can only proceed iff 1 +a« —t > 0,ie. t < 1+ a;
otherwise the integral diverges. Now, using integration by parts

e (f) _ ’Xz __ 1 e—)\(a+l—t)’oo+
N 1+a | a+1-—t 0
1 Ae—A(sz—t)‘“’ _ 1 e—/\(a+1—t)‘°°
a+1—t 0 (a+1-1)? 0
a1 N 1
S l4a|a+l—t  (a+1-—1t)2

Now to arrive at a mixture of two negative binomial distributions, we
need to know the form of the pgf for a negative binomial distribu-
tion. Note that the pgf of NB(B,r) is

G(t) = [1-B(t—1)] "
Notice that
14w

Gy (1) = (=D + e — (e - 1)]72 .

If we expand the appropriate power of a into the reciprocals, we can

get our desired form:

P 1 ! 1 1 -2
t) = 1—=(t—1 — 1-—-(-1)| .
Gn(®) 1+1x[ (x( )] +1+rx{ oc( )}
It is clear that
L—Fi—l
1+a 14a

and so we have obtained our desired result; that is N is a weighted

mixture of two negative binomial distributions. In particular,

1
N {Xl ~ NB (E,l) w/ prob %=

X, ~ NB (%,2) w/ prob 1 ‘
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We can make a similar derivation of mixed distributions for Bino-

mial and Negative Binomial.

Compound Frequency Distributions

& Definition 48 (Compound Frequency Distribution)

For two counting rvs N and M, let

Mi+...+My N2>1

N
S—Y M, = )
i:zl l N =0

where {M;}?°  is a sequence of iid rv’s distributed as M, and are inde-
pendent of N. We call S a compound rv, N the primal distribution,
and M the secondary distribution.

Remark
* Compounding two counting rvs is also an approach to create new fre-

quency distributions.

* S is called compound Poisson, Binomial, or Negative Binomial if N

is a Poisson, a Binomial, or a Negative Binomial rv, respectively.

Example 17.1.3 (Interpretation)

In an insurance context, compound rvs arise rather naturally. E.g. in

the auto insurance context, we could have
* N represents the number of accidents;
M, represents the number of claims generated by the i accident;

e And so in this case S stands for the total number of claims for a

portfolio of auto insurance policies over a given time period.

8 Proposition 25 (Mean and Variance of the Compound RV)
For a compound rv S = Zfil M;, where M; ~ M, we have

E[S] = E[N]E[M]
Var(S) = Var(N)E[M]? + E[N] Var(M).



& Proof

Note that the definition of S relies on N first, since

g Mi+...+My N2>1
0 N=0

so we shall go down of the route of conditioning S by N. Observe
that

E[S|N]=E [i M | N] ® %E[M- Py iE[M] — NE[M]
B =il l B i=1 Z B =il B

where (%) is by the linearity of the expectation, and (xx) is by
M; LN for each i and that M; ~ M. The variance of S conditioned

on N is

N N
Var(S | N) = Var < M; | N) =) Var(M) = N Var(M)
j i=1

i=1

mostly for the same reason as for the expectation, but the 2nd
equality involves independence of the M;’s (otherwise, we would

be left with a bunch of covariances).

Then, using 8 Proposition 9, we have

E[S] = E[E[S | N]] = E[NE[M]] = E[N]E[M]

and
Var(S) = Var(E[S | N]) + E[Var(S | N)]
= Var(NE[M]) + E[N Var(M)]
= Var(N)E[M]? + E[N] Var(M)
as required. O

66 Note (Notation)

Hereafter, we shall use the following notations: notice that each M, N,
and S are counting rvs, i.e. they are discrete and are non-negative inte-
gers, so let
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® py represent the pmf of N, the primal distribution;

° f represent the pmf of M, the secondary distribution; and

o gy represent the pmf of S, the compound rov.

IN THE NEXT LECTURE, we shall look into how to compuete gj.
Namely, we have the following three methods:

e pgf method;
e pmf method; and

® Panjer’s recursion.
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tions and Effect on Frequency (Continued)

Compound Frequency Distributions (Continued)

PGF Method

8 Proposition 26 (PGF Method for Compound RVs)

For a compound rv S = Zil\i1 M;, we have
Gs(t) = Gn(Gm()),

where Gs, Gn, Gpp are pgfs of S, N, M, respectively.

& Proof

Given the definition of S, we have
N
) =5[] - g [ ] - [T o4 1]

_E [(E [tM])N] = E[Gu()"] = Gu(Gu(®)).

66 Note
From & Proposition 26, the pmf of gy can be computed using

1
Sk = Ecék) (0).
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Eg.
* 80 = Gs(0) = Gn(Gm(0)) = Gn(fo)
* g1 = G5(0) = G, (0)GN(Gm(0)) = f1Gn(fo)

However, this method is inefficient.

PMF Method

We shall develop, perhaps, a more efficient way of getting gj: For
k=0,1,2,..., we have

[
gk

|

T
»

|

Sk k) P(S=k|N=n)P(N =n)

n=0

[
[1e

&5
Il
o

[
hgk

" P

=
Il
S

where we let f!” be the n-fold convolution of f; defined as

i=PM+...+ M, =k).
Note that when k = 0, we have

go=Y_ fo"pn=f"po+ Y 5" pn-
n=0 n=1

Note that
N =pP0=0)=1,

thus

go=po+ Y fo"pn

=l

=po+ ZP(M1+...+Mn =0)pn
n=1
o) n

=po+ ) pu[ [P(M=0)
n=1 i=1
[ee} n

=po+ Y pa]]fo
n=1 =1l

=po+ Y fipn
n=1



Now in general,

8= Y fi"rn=f"po+ Y i pn-
n=0 n=1

Observe that
X0 =P00=k) =0.

Thus
8= Y " P,
n=1

for k > 1.

We are still short of an important information: what exactly is f"'?
Fix n € IN. Observe that we only need to look for the value of n — 1
of the M;’s, since the sum of the M;’s must equal to some k. Then by
using the methods from conditional probability

=P(My+...+ M, =k)

P(My +...+ My =k| My = j)P(My = j)

|
™~

-
i
=}

P(M1+...+Mn,1=k—]')f]‘

I
™~

-
Il
S

Il
™~

=
i
=)

*(n—1
£8V5,

and we observe that we have a recursive definition. Fortunately, this
recursive definition has a start where we can work with: note that
1_ AN
i =P(M; =k) = f.

However, for large values of 7, this method becomes very cumber-

some.

Example 18.1.1

Suppose that py = 0.4, p1 = 0.4, and py = 0.2. Also, we have fy = 0.5,
f1 =03, and f, = 0.2. Find the pmf of S.

¢ Solution

First, notice that since N, M can take values 0,1,2. Thus S can take
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values 0,1,2,3,4. Observe that

2
g0 =po+ Y fipn =04+ 05(04) +05%(0.2) = 0.65
n=1

2
Sk =Y fi"pn = 04f +02£2

n=1

=04f; +02f%, fork=1,2,34.
It remains to solve for f 2 fork=1,2,3,4.

22 = P(My + My = 1) = P(M; = 1, My = 0) + P(M; = 0, M, = 1)
=2fpf1 =03
f32=P(M; + M, =2)
= fof2 + fifi + f2fo = 0.29
2 = P(My + My = 3)
= fifa+ f2f =0.12
32— P(My + M, = 4)
= fofr = 0.04.

We can then obtain g for k = 1,2,3,4 from here.

Remark
We observe that in the previous example, the grand method of which we

derived is rather cumbersome to work with, even if we just have a maximum

of 4.

Now recall & Proposition 26. We shall try using this. To that end,
we first need to get Gy /(t) and Gy(t), which is not difficult:

Gn(t) = 0.4 + 0.4t 4 0.2
Gm(t) = 0.54 0.3t + 0.2¢2.

Then

sCRB®N Panjer’s Recursion

® Theorem 27 (Panjer’s Recursion for (a,b,0) class)

For an (a,b,0) distribution N, the pmf of S can be calculated, recursively,



k

ib
) <“+ lk> figk—1, k=1,2,...,

=l

k= 1—afo

where the starting point of the recursion is

g0 = Gn(fo)-

¢ Proof
Proof to be added later. Reference to add https://www.casact.
org/library/astin/vol12no1/22.pdf

Example 18.1.2

If N is a Poisson rv, or equivalently, if S is a compound Poisson rv,
then

k. ib
8k = Z%figkfl, k=1,2,....
i=1

® Theorem 28 (Panjer’s Recursion for (a,b,1) Class)

For an (a,b,1) distribution N, the pmf of S can be calculated recursively
by
_pn—(at+b)po i L vy,
&= 1—[1f0 fk+1—ﬂf()z a+ k flgk—ll k=1,2,..,

=l

where
80 = Gn(fo)-
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Frequency Distributions — Creating New Frequency Distribu-
tions and Effect on Frequency (Continued 2)

Effect on Frequency

Let N denote the number of claims generated by a portfolio of in-
surance policies. We shall analize the effects on N from two kinds of

adjustments on the portfolio:
* exposure adjustment;

® policy adjustment.

Exposure Adjustment

Suppose that the total number of claims of an insurance portfolio
consisting k policies in the current year is modelled by a counting
number N with pgf Gy(f), and suppose that we do not have the
model for the number of claims of each policy.

QueEsTION: In the following year, if the number of policies changes
to some k*, and we let N* be the total number of claims in the new

year, what is the relationship between the pgfs of N and N*?

Example 19.1.1

Let N; be the number of claims produced by the i policy. Then we
have

k k*
N = ZNi and N* = ZNZ'.
i=1 i=1
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Also, suppose that allof the N;’s are iid. Then

Gn(t) =E [tN1+N2+...+Nk} _ (E [tNl})k

Gn+(t) = E |:tN1+N2+...+Nk*} _ (E [tMDk*

_ [(E [tMDk] © —Gy]F .

However, it may not be the case where % is a ratio such that

[GN(t)]% is still a pgf.

& Definition 49 (Infinitely Divisible)

A discrete distribution with pgf G(t) is said to be infinitely divisible if
1
forallk =1,2,..., the function [G(t)]* is the pgf of some rv.

Remark (Namesake)
The name comes from the idea that the rv can be “infinitely divided” into
k-many iid rvs, for any k € IN, e.g.

X=Y+...+ Y.

Remark
1. IfG(t)% is a proper pgf, then so is G(t)¥.

2. If G(t) is a proper pgf, then so is G(t)".

The 2nd remark is true since if we let X have the pgf G(t), then G(t)"
is the pgf of n-many independent copies of X (i.e. we have an iid sequence
{Xi}1, with X; ~ X).

Example 19.1.2

The Poisson and negative binomial distributions are infinitely divisi-

ble, but the binomial distribution is not.

¢ Solution
Let N ~ Poi(A). Then for any k € IN \ {0}, we have

Gu(f) = M=) — [GN(t)]% — k=)

which is a pgf of Poi (%)
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If N ~ NB(B,r), then for any k € N \ {0}, we have
Gn(H) = (1+B—pN~ = [Gu(B)]F = 1+~ p)F
which is the pgf of NB (B, 7).
For N ~ Bin(g, m), notice that for k € N \ {0}, we have
Gn(t) = (1-g+g0)" = [Gu(O]F = (1—q+qt).

However, 7' may not be an integer. For example, if k = 2m, then we

have
1 1
G(t) = [Gn(D)]" = (1 — g +4q1)2.
Note that G(t) is a power series, since it is differentiable infinitely®. * In comparison, the pgf of a binomial
. . . distribution is differentiable m-times,
Then in particular, notice that . ; .
where m is the counting parameter in
the binomial distribution.
GO | = 20—+ g
arz N =0 47 11 t=0
1 _3
=247 (1-9)72 <0

Example 19.1.3 (Infinite Divisibility of Compound RVs)

Recall that for a compound rv S = Zfil M;, we have that

Gs(t) = GN(Gm(t)).

Then if N is infinitely divisible, then so is S, since

B

[Gs()]F = [Gn(Gu(®))]F .

Remark
As a consequence of the last two examples, we have that compound Pois-

son and compound negative binomial distributions are infinitely divisi-
ble.

Effect of Policy Adjustments

Let X be the ground-up loss and N be the number of losses from a
portfolio of risks. The amount paid (either Y7 or Yp)? is an amount 2See

modified from X using policy adjustments.

There are two common ways to define the model reflecting the
aggregate payment:

* the aggregate payment on a per-loss basis;
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e the aggregate payment on a per-payment basis.

Aggregate Payment on a per-loss basis Let N be the number of pay-
ments paid on a per-loss basis. Then the payment of every loss is
included, and so we have

Nr = N.

Thus the aggregate payment on a per-loss basis is
Ni
S= 2 YL,i/
i=1

where Y7,i denotes the amount paid for the i loss.

Aggregate Payment on a per-payment basis Let Np be the number
of payments paid on a per-payment basis. Then only the non-zero

payments are counted, and so we have

N
Np = Z 11{YL,1'>0}'
i=1

Thus the aggregate payment on a per-payment basis is
Np
S=)Y Yp,
=

where Yp; denotes the amount paid for the i non-zero payment.

Notice that if we let [; = 1y, ..oy and let P(Y, > 0) = a, then the
pgf of Np is given by (using & Proposition 26)

Gnp(t) = G, (G, (1)) = Gn, (1 — &+ at)

since I; ~ Bernoulli(«).
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Frequency Distributions — Creating New Frequency Distirbu-
tions and Effect on Frequency Distribution (Continued 3)

Effect on Frequency (Continued)
Effect of Policy Adjustments (Continued)

Example 20.1.1

Assume that P(Yy > 0) = a. Find the corresponding distribution of
Np given the following distributions of Nf.

1. Np ~ Poi(A);
2. Np ~ Bin(m, q);

3. Ny ~NB(B, 7).

# Solution
1. Given Ny ~ Poi(A), we have that the pgf of Np is

G (£) = G (G, (1) = Gov(1 = +-at)

_ e/\(lftxﬁxtfl) Aa(t—1)

=
which is the pgf of Poi(Aa). Thus Np ~ Poi(Ax).
2. Given Ny ~ Bin(m, q), we have that the pgf of Np is

Gny(H) =GN —a+at)=(1—g+ (1 —a+at)g)"
= (1 —aq + tag)"™

which is the pgf of Bin(m, aq). Thus Np ~ Bin(m, aq).
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3. Given N; ~ NB(pB,r), we have that the pgf of Np is
Grnp(t) =1 =Bl —a+at—1)] 7" = [1 - Ba(t—1)]""

which is the pgf of NB(Ba, r). Thus Np ~ NB(Ba,r).

Remark
Also, to solve for Np for when Np ~ Poi(aA), recall Example 14.1.1.

Aggregate Risk Models

We shall now look back at some of the things that we introduced

throughout the course and put them together.

Indiviual Risk Model Revisited

Recall the individual risk model. Consider a portfolio consisting of n
insurance policies. Let Z; denote the amount paid for the i policy.

The individual risk model for the aggregate amount paid is given by

|
™=

Zi.
1

While we are interested in the distribution of S, it is usually difficult

to obtain an analytical form for the distribution.

But if 7 is large, and {Z;}} , is an iid sequence, we can apply the
normal approximation (by the central limit theorem) to solve for S:

in particular, as n — co, we have

S— E[s]

d
Var(S) = N@1),

d g Qg g
where — means a convergence in distribution’
Example 20.2.1

Consider a portfolio of 100 iid insurance policies. Each policy is ap-
plied to a ground-up loss that follows an exponential distirbution
with mean 50. An ordinary deductible d = 20 is applied to each pol-
icy and the insurer charges premium as 1.1 multiple of the expected
payment amount. Find the probability that the insurer will have a
negative profit with this portfolio by using the normal approxima-

tion.

Textbook reference: Sections 9.1 - 9.7

* See notes from STAT330.


https://tex.japorized.ink/STAT330S18/classnotes.pdf

¢ Solution
The amount paid for the it" policy is Z; = [X; — 20]+, where X; ~
Exp(50). We want to find

P(1.1E[S] — S < 0) = P(S > 1.1E[S]).

Since 7 is large enough (we suppose so), we can use normal approxi-

mation:
S—E[S] _ 1.1E[S] —E[S]
P(S > 1.1E[S|) =P >
( S) <\/Var(5) /Var(S)
where S;/fr[(ss]) LN N(0,1). Thus we need to solve for
100
E[S]=E|)_Z;| =100E [[X —20], ]

i=1
100
Var(S) = Var (Z Zi> = 100 Var(Z;) = 100 Var([X — 20]+ ).
i=1

We have

EflX—20)+] = [

E[[X — 20)2] = /zzoz(x —20)e” % dx

— 200004 + 2 [1000e—0-4 + 50[50e—0-4]}

g _x
e 50" dx = —50e 50

(e}
= 33.516
20

= 3351.600
Thus
E[S] = 3351.6 and Var(S) = 100(3351.6 — 33.5162) = 222827.7744.

Therefore

S—E[S] _ O01E[S] )
NAZ IO ERVAIE)

( |

(

_P(S—E([S]> 335.16 )
( |

V/Var(S) = /222827.7744
S >071

Var(S)
~1-P(Z<071)=0.2389

where Z ~ N(0,1).
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Collective Risk Model Revisited

Recall the collective risk model: we define the aggregate loss as a

random sum of severity amounts, i.e.

95
[
M-
23

Il
—

where

* N is a counting rv,

e {X;}i>1 is a sequence of iid severity rvs,

e and we follow the convention that S = 0 if N = 0.

We are, again, interested in the aggregate amount paid by the
insurer. The collective risk model for the aggregate amount paid can

be expressed in two forms, as mentioned in Section 19.1.

We first study the distribution of S when the severity distribution

X is a discrete rv with pmf
fx(x)=P(X=x), x=0,12,....

We have several ways to solve for S:

* Notice that S is also a discrete rv with pmf fx(x) = P(S = x) for
x=0,1,2,..., and pgf of S is

Gs(t) = Gn(Gx (1))
as discussed in & Proposition 26.

® Sis acompound rv with primary rv N and secondary rv X, so we

can use methods from Section 18.1.1.

For example, if N is a member of the (a,b,0) or (a,b,1) class, we

can use Panjer’s Recursion to find the pmf of S.

It may be the case that N itself is yet another compound rv with
primary rv Nj and secondary rv N, and in this case the pgf of S
would be

Gs(t) = Gn(Gx(t)) = GN, (GN, (Gx (1)) = G, (Gz(1)),

where we let Z be the compound rv with primary rv N, and sec-

ondary rv X.



Again, if N7 and N, are either members of (4,b,0) or (a,b,1), then

we can apply Panjer’s Recursion in the following manner:
Step 1 Apply Panjer’s Recursion on Z.
Step 2 Apply Panjer’s Recursion on S.
General Discrete Severity Distribution Suppose the severity rv X has a

pmf
fx(x)=P(X=xh), x=0,1,2,...,

where i > 0 is some constant?. In this case, let

X;,

M=

Il
il

~ S
S_ﬁ_

1

where {X;};>1 is a sequence of iid copies such that X; = %
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2 Here, h acts as a scale for the values
that the rv can take on, allowing us to
take non-integer values in a discrete
manner.
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Aggregate Risk Models Revisited

Collective Risk Model Revisited (Continued)

Continuous Severity Distribution Suppose that X is a continuous
severity rv with pdf fx. Since we usually have that P(N = 0) > 0, S

is a mixture with probability mass at 0.

8 Proposition 29 (MGF of Aggregate Loss of A Continuous

Severity Distribution)

The mgf of aggregate loss S is given by
Ms(t) = Gn (Mx(t)),

where Gy is the pgf of frequency ro N, and My is the mgf of severity rv
X.

& Proof

By conditioning on N, we have

Ms(t) = E [etS} = |:E {et(X1+...+XN) | NH

E[E[e™ | N]...E [¢*v | ]|

E [E [etx} N] —F [Mx(t)N} = Gy (Mx(t)).
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The distribution of S is often closely related to the Erlang distribu-

tion, which is a special case of Gam(a, #) with « as a positive integer.

& Definition 50 (Erlang Distribution)

A crv X is said to follow an Erlang Distribution, dentoed as X ~
Erlang(n, 0), if its pdf is
—"yn—1p—%

fx(x) = T

Remark
We usually do not have a nice closed form cdf of a Gamma distribution,

except when « is an integer. Thus X ~ Erlang(n, 0) has the cdf

© G—nyn—lef% n—1 (%)ke,g.

FX(x):l_/x (n—1)! dy:l_k;) Kl

Also, from the mgf of the Gamma distribution, we have that the mgf of
the Erlang(n, 0) is
M(t)=(1-6t)"".

Example 21.1.1

Suppose that the frequency rv N has pmf {p;}° ), and the severity
rv X ~ Exp(6). What is the distribution of the aggregate loss S?

¢ Solution
By & Proposition 29, since Gy (t) = Y5> t*pr and Mx(t) = (1 —

Bt)_l, we have

Ms() = Gy (Mx(t) = 3 My (5pe = Y (1— 0)¥pe
k=0 k=0
—po+ Y (1- 6 p,
k=1

Thus we observe that S is a mixture of 0 and Erlang(k,0), for k =
1,2,...

66 Note
Note that since S is a mixture, we can obtain its pf and cdf by taking



appropriate weights on each of the distributions in its mixture.

Normal Approximation of Collective Risk Model ~We can also use the
normal approximation method for a collective risk model, in particu-

lar, given S = Zfil X; for crvs X;'s, we have

P(sgx)zp<zgf/:%>,

where Z ~ N(0,1). If the primary distribution N is from the (a,b,0)
class, then the conditions required for applying the normal approxi-

mation is

e large A;

e large m; and
° larger

for N ~ Poi(A), N ~ Bin(m, q), and N ~ NB(r,q), respectively.

Example 21.1.2
Let X ~ Exp(2), and N ~ Poi(50). Use the normal approximation to
find the 95% quantile of S.

¢ Solution

Let X; ~ X, fori =1,2,...,N. Then by 8 Proposition 25, we have

128 = 12 ixi = E[N]E[X] = 100,
i=1
and
N N N
Var(S) = Var (le) = E |Var <in | N) + Var <E Y. Xi|N )
i=1 i=1 i=1

= E[N] Var(X) + Var(N)E[X]? = 400.
The 95% quantile, 7795, is such that

P(S < 7'[0.95) <095 < P(S < 7'[0.95).
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Then
0.95 = Fs(mmo.95) = P(S < mp.95)
_p [ SZEIS] _ mo9s — E[S]
V/Var(S) = y/Var(S)
~ (ZS 7'[0,95—100) _(D(ﬂ0,95—100).
/400 20
Thus .
710.95 — —il
20 (0.95) 645

and so

7T0.95 = 121.29.

Discretization Method

The normal approximation has limitations: e.g. how large is large for

each of the required parameters.

& Definition 51 (Discretization Method)

The discretization method is to approximate the distribution of a con-
tinuous (or mixed) severity rv X by the distribution of a discrete severity
rv X, which has mass points at {0,h,2h,...}. The pmf of X is

- h
P(X—O)—P<O§X§2)

h h
P(X_kh)_P<kh—2<X§kh+2>

fork=1,2,...

Remark
Recall that the aggregate payment can be expressed as

N Np
S=Y YiorS=)Y Yp,
i=1 i=1

Since the amount paid per payment, Yp, is usually continuous (especially so
at 0), we usually apply the discretization method to Yp, and then obtain an

approximation to the distribution of S.
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Aggregate Risk Models Revisited (Continued)

Collective Risk Model Revisited (Continued 2)

Discretization Method (Continued)

Example 22.1.1

Assume that the number of losses N ~ Poi(3). The ground-up loss
X ~ Pareto(4,10). An individual loss limit of 15 and an ordinary
deductible of 6 are applied to each loss. Determine the distribution of
the discretized aggregate payment with /1 = 2.5.

# Solution

Let Y7 = [(X A15) — 6], let {X;} be such that X; ~ X, and {Y7 ;}
be such that Y; ; = [(X; A 15) — 6] for each i. It follows that by this
construction, we have Y7 ; ~ Y. Now, since X ~ Pareto(4,10), the

survival function of X is

= () - (22)"

It follows that the survival function of Y7 is

y <0 1 y<0
_ _ 4
Fy,(y) =4 Fx(y+6) 0<y<9= (%) 0<y<9
0 y=>9 0 y>9

The goal is to derive the distribution
of a discretized aggregate payment

S = Efipl ?p'l‘. To that end, we need to
figure out the secondary distribution
Yp,; and the primary distribution Np.
For each of the Yp,,-'s, we need to use
the discretized method:

h
P (Yp; = 0) =P<ogyp,i < E)

P (Yp; = k)
b ((2k;1)h <Y, < (2k42rl)h)

We know what Yp; is from Y7 ;. To
find out what Np is, we are given that
Np = N ~ Poi(3), and so we may use
the relation

GNp (t) = GNL(l = (@ 9F O(t),

where « is the probability that a loss
occurs.
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Consequently, we have that

1 y <0
Fy,(y) = (%)4 16 \*
Yp\Y) = <%)4 :(m> 0<y<9
0] y=>9

The discretized version of each of the Yp;’s is

fr,m(0) =P (Yp = 0) = Fy, @ =1-Fy @

ftoynk) = P (Yp = ki) = Fy, <(2k;1)h> E, ((21<qu1)%1> |

Now, notice that the probability of a loss occuring is

o (B -3 =

Therefore, since Np = Z{iﬁ Ly, >0}, we have
G, (£) = Gy (1 — A + At) = BSA-AMD) - BA(E-D),

and so Np ~ Poi(31). Using Panjer’s Recursion for the (a,b,0)
class (as Np ~ Poi(3A)) on %, where § is the discretized version of
§ = Zf\fl Yp ;, we have

8s/n(0) = GNp (fyp/h(O)) _ A (fn0-1)
k 3)i , '
8s/n(k) = L = fap n(D)85 (k= 1)-

i=1

Other Insurance Models based on the Collective Risk Model

& Definition 52 (Excess-of-loss Insurance)

Given a collective risk model S = YN | X;, if an ordinary deductible d is

applied to each risk, then the agqregate loss covered by the insurer is
N
§* =Y [Xi—d]+.
i=1

Such a contract is known as an excess-of-loss insurance.



66 Note
By & Proposition 25, for an excess-of-loss insurance, we have
E(S") = E(N)E[[X — d]]
Var (5*) = E(N) Var ([X —d] ) + Var(N)E [[X — d],]*.

& Definition 53 (Stop-loss Insurance)

Given a collective risk model S = Zfil Xi, a stop-loss insurance is an
insurance where an ordinary deductible d is applied on the aggregate loss,
ie.

§=[S—-dy =

N
Y X —d
=l

+

66 Note
By 8 Proposition 14, we have that

o

E[S]=E[S—dl] = | Fs(x)dx.

8 Proposition 30 (A Recursive Formula for the Expected Value of

a Stop-loss Insurance)

Let S be discrete, taking values in IN. Then E[[S — d].| can be calculated
recursively by

E[[S — (d+1)]+] = E[[S —d]+] — Fs(d),

ford =0,1,..., starting from E(S).

& Proof
Note that for any x € R>(, we have x € (d,d + 1) for some d €
IN U {0}. Thus P(S > x) = P(S > d) = Fs(d). Following this, we
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have that
00 d+1 _ o _
— [ Fs(x / Fs(x)dx+ [ Fg(x)dx
d d d+1
d+
= ; d)dx +E[[S— (d+1)]4]
= E[[S — (d+1)]+] + Fs(d),
as is required. O

Example 22.1.2

Let S = YN, X;, where N ~ Poi(4), and X has pmf p; = 3 and
p2 = 1. Calculate E[[S — 2]].

# Solution
Note that we have E[S] = E[N]E[X] = 4- [% + ﬂ — 5, and

Fs(0)=P(S>0)=P(N>0)=1—¢"%

where the second equality follows from knowing that S > 0 if N > 0.

Thus
E[[S—-1]4]=5-1+e*=4+e*
Now
Fs(1) (S>1)=1-P(S=0)—P(S=1)
=1-¢*-P(N=1,X=1) !
3
=1-— 4. 2
e e 1
=1—14e
Thus * This follows for N = 1, X = 1 is the

EHS _ 2]+] =44 et _1 +4€74 =34 Ge—4. only possibility for when S = 1.



Problem Set 1

1. Suppose that the random variable X has density

B
fx(x) = W £ 0,

where x > 0 and 8 > 1.
(a) Determine the cdf of X.
(b) Determine E[X].
(c) Determine the hazard rate function, i(x).
(d) Determine the mean excess loss function ex (x).

2. Suppose that the loss rv X is an equal mixture of an exponential
distribution with mean % and a gamma distribution with parame-

tersa =3 and 0 = %
(a) Determine the density function of X.
(b) Determine the survival function of X.
(c) Determine the hazard rate of X.
(d) Determine the mean excess loss function.
3. Suppose that X | A = A ~ Exp(A), and A has the density function

APl

N = a0

where v > 0 and 0 < p < 1. Show that the unconditional distribu-
tion of X is Gam(p, v).

4. A discrete rv N with probability mass function

1/ B\ 1
p"_n<1+/3> In(1+p)’ n € NA {0},
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for B > 0 is said to have a logarithmic distribution.

(a) Find the probability generating function (pgf) (G(t) of N. (Hint:
use the Taylor series —In(10x) = Y>> ; "7")

(b) Using the same pgf above to determine E[N] and Var(N). (Hint:
use & Definition 41.)

5. In this course, we often encounter the computation of integrals
such as [ t?e~"dt and [ t?e~" dt. The following formula can be

used to expedite the computation:

/Oot” ~t gt f”l kp—x 0,1
e =YY —x* n=0,1,....
x i=o k!

Also, note that the Gamma function is defined as I'(a) = [~ e*~le~" dt

for « > 0.
(a) Prove the identity above by induction.

(b) Use the identity to show I'(n +1) = n! forn = 0,1,.... Then,
show that

n

@ = n — @ =n:.— == @ "%
0 X k=0 k!

(c) Consider aloss rv X ~ Gam(a,6) with « = 3 and 6 = 2, so that
it has the pdf

Compute Var(X).



W] Problem Set 3

Problem Set 2 was a bunch of questions from the recommended text.

1. Suppose that the ground-up loss rv X has the distribution function
X\ &
=1-(1-2 <x< .
Fx(x) =1 (1 9) , 0<x<8, a>0
An ordinary deductible d < 6 is applied to each loss.

(a) Show that the distribution of the amount paid per payment Yp
is the same as the distribution of X with 6 replaced by 6 — 4.

(b) Is X an IMRL or DMRL distribution? Justify.
(c) Determine the loss elimination ratio.

2. The density function of the ground-up loss rv X is given by

1 1 _x
fx(x):wO(q—i-loo(l—q)x)e w, x>0,

where 0 < g < 1. With an ordinary deductible of 100, the expected
value of amount paid per payment is known to be 125. Determine
the expected value of amount paid per payment if the deductbile
level is adjusted to 200.

3. The cdf of a ground-up loss rv X is given by

_ 2x + x2

—m, 0§x<b

Fx(x)
(a) Does X have a DER, IFR, or neither? Justify your answer.

(b) Is X a IMRL distribution, DMRL distribution, or neither? Justify

your answer.

(c) Assume that all losses are subject to a Franchise deductible of 4

with d < b. Find the mean of amount paid per loss.
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4. Suppose that the ground-up loss rv X is defined as X = %, where

Y follows an exponential distribution with the pdf
fy(t) =57, y>0.

Assume that a policy limit of 100, and an ordinary deductible of
10 are applied to all losses. Determine the probability that the
amount paid by the insurer on a per payment basis is less than or

equal to 50.

5. Assume that the ground-up loss rv X ~ Unif(0, 650). Suppose
there is an ordinary deductible of 150.

(a) Find the survival function of the amount paid per loss.

(b) Find the survival function of the amount paid per payment.
(c) Find the mean excess loss ex(150).

(d) Calculate Var((X —150)? | X > 150).

6. let X be the ground-up loss for the current year for an insurer with

the following pdf

375000
fx(x) = A x > 50.

(a) Suppose that a Franchise deductible of 100 is applied to the
loss. Find Fy, (y), Fy, (y), E[Y,] and E[Yp).

(b) Suppose that an ordinary deductible of 150 is applied to the

loss. Calculate the loss elimination ratio for the current year.

(c) Suppose that an annual inflation rate of 5% will prevail. The
insurer would like to model its ground-up loss by 1.05X for the
next year. To keep the same loss elimination ratio for the next
year, what should be the ordinary deductible for d for the next

year?

(d) Suppose that the insurer institutes an ordinary deductible of
100, a coinsurance of 85%, and a maximum payment of 1,700 in
the current year. Calculate Fy, (y), Var(Y) and the probability
that the amount paid by the insurer on a per payment basis will
exceed 50.

7. Total claims for a health plan have a Pareto distribution with a = 2

and 0 = 500. The health plan implements an increase to physicians



that will pay a bonus of 50% of the amount by which total claims
are less than 500; otherwise no bonus is paid. It is anticipated

that with the incentive plan, the claim distribution will change to
become Pareto with « = 2 and 6 = K. With the new distribution,
it turns out that the expected claims plus the expected bonus is
equal to the expected claims prior to the bonus system. Determine
the value of K.

. Losses follow a Pareto distribution with « = 2 and 6 = 5000.

An insurance policy pays the following for each loss. There is no
insurance payment for the first 1000. For losses between 1000 and
6000, the insurance pays 80%. Losses above 6000 are paid by the
insured until the insured has made a total payment of 10000. For
any remaining part of the loss, the insurance pays 90%. Determine

the expected insurance payment per loss.
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Problem Set 4

1. Suppose that N | A = A ~ Poi(A), and A ~ Unif(0,5). Determine
the probability that N > 2.

2. Let N be the number of claims of an insurance portfolio. Assume
that N | © = 0 ~ NB(6,5), and ® ~ Unif(0,8).

(a) Calculate the expectation of the number of claims.

(b) Calculate the variance of the number of claims.

(c) Calculate the probability that there are at least two claims.
3. Assume that X | @ = 6 ~ Bernoulli(f), and ® ~ Beta(1,3,1).

(a) Show that X follows a Bernoulli distribution and identify its

parameter.

(b) Show that the conditional distribution of ®, given X = 0, is
a beta distribution and identify the parameters for this beta

distribution.

4. Suppose that A ~ Gam(x,0) and N | A = A ~ Poi(A + p). We
denote the pmf of N by {p tremuo)-

(a) Show that N has the pgf

Gn(t) = ett=D[1 —g(t — 1)

(b) Find Po-
(c) Show that Gj () = [u + a8(1+ 6 — 6t) 1]Gy/(t), and hence

(1+0)Gh(t) = OGN (£) + [1(1 + 0) + ab]Gn (£) — uOtGn (t).
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(d) Use the above identity to show that

e n %)
Pi=\FT15g)P0

(1(140) + (& + k)0 px — MOPR-1 (g o

AL = (1+0)(k+1)
5. Consider a counting rv N with pmf
po=02,p1 =03, pp =03, and p3 = 0.2.

Is N is member of the (a,b,0) class? Justify.

6. Let N be a member of the (a,b,0) class. Prove that

a+b
E[N] = T

Hint: Show that

kpr =alk—1)pr1+(@+b)pr1, k=1,2,....
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1. Let N be a logarithmic rv with pmf

et S S
= rma P KoL
for0 < p < 1.

(a) Show that the distribution of N is an (a,b,1) member. Identify

the parameters of a and b.

(b) Show that the pgf of N is

(c) Let M be an rv with pgf
GM(t) = GN(l -+ ﬂt),

where 0 < & < 1. Show that the pgf of M can be expressed as

Gult) =+ (1= ) =,

where

_m(1-pa-a) . ap
=" ma-p P =1 pi-a

(d) From the above, comment on the distribution of the rv M.

2. Let N be the logarithmic rv with pmf

;Bk
Pk R+ pFIn(1 + )’

and parameter 8 = 10. Consider its zero-modified version NM
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with pt = 0.1.
(a) Find P (NM > 2).
(b) Find E [NM].

(c) Find Var (NM).

3. Assume that the number of losses N have a zero-truncated Pois-

son rv with parameter A.
(a) Identify the pmf and the pgf of N;.

(b) Assume that a loss results in a positive payment with proba-
bility @ (independently of each other and of the total number
of losses). Show that the distribution of the number of positive
payments is a zero-modified Poisson rv with parameter a#A, and

identity the probability at 0.

(c) Determine the mean and variance of the number of positive

payments.

4. Suppose that N has the following mixed Poisson distribution with
N | ® =60 ~ Poi(f) and © has the pdf

1ﬁ
)= ———, 6>A,

where A, § > 0.

(a) Prove that

—A n 1 - k
P(N:n):16+ﬁ2(n_k)!A k(u[i/a) n=01,....

k=0

(b) Find the moment generating function of ®.
(c) Comment on the distribution of N.
(d) Calculate E[N] and Var(N).

(e) Consider a ground-up loss rv X which has a lognormal distri-
bution with paramters y = 3.3 and ¢ = 2.5. Suppose a Franchise
deductible of 200 is imposed. If the number of losses follows the
same distribution as N, identify the distribution of the number

of (nonzero) payments.

5. Consider the compound rv S with primary distribution N and

secondary distribution M. The primary distribution N is a zero-
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truncated negative binomial rv with § = 1 and r = 3. The pmf of
M is given by fop = 0.1, f1 = 0.65 and f, = 0.25. Compute the pmf
of S,ie. gy =P(S=k)fork=0,1,2,3.

6. The cdf of a ground-up loss X is given by

_ 1458000(45 + 2x)

Fx(x) =1 90+ x)F

x> 0.

The insurance policy calls for an ordinary deductible of 30 to be
imposed. It is assumed that the number of payments Np has a

logarithmic distribution with f = %.
(a) Determine the expected number of payments.
(b) Find the survival function of the amount paid per payment Yp.

(c) Discretize the severity distribution of Yp using the method of
rounding with a span of & = 30. Determine the probability
that P (Yp = 90), where Yp is the discretized version of Yp with
h = 30.

(d) Use Panjer’s recursion to calculate the discretized distribution

of aggregate payments up to a discretized amount paid of 90.

7. The cdf of a ground-up loss is given by
L \3
Fx(x)=1- ¢ (1) , x>0.

You are given that N ~ NB(2,1.5). Suppose that an ordinary
deductible of 50 is applied to each individual loss.

(a) Determine the distribution of the number of payments Np.
(b) Find the survival function of the amoubnt paid per payment Yp.

(c) Determine the probability that P (Yp = 120), where Yp is the

discretized version of Yp with i = 40.

(d) Use Panjer’s recursion to calculate the discretized distribution

of aggregate payments up to a discretized amount paid of 120.

8. Consider the compound rv S with secondary distribution X ~
Exp(100), and primary distribution N with pmf
n| o |1] 2|3
pn | 035 ] 03| 02501
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(a) Calculate P(S > 250) using the pmf method. You are given that

the distribution of n-convolution follows Exp(100), i.e.

P(X X _ oy (i)
(X14+...+ Xy >x)=e¢ 21]7‘
]:

(b) Calculate P(X > 250) using the normal approximation.



Additional Material

Individual Risk Model: An Alternate View

This appendix serves to explain why our note of Z; = I;X; is wrong with as
mush rigour as we can go for now. There may be hand-wavy parts, but those
will be indicated.

We mentioned, as shown by Klugman, Panjer and Willmot (2012)", *Klugman, S. A., Panjer, H. H., and
Willmot, G. E. (2012). Loss Models: From
Data to Decisions. John Wiley & Sons,
Inc., 4th edition

that for the Individual Risk Model, the aggregate claim is modeled by

where Z; is a random variable for the potential loss of the i insur-
ance policy, while 7 is fixed. It is claimed that we can also express
each Z; as

Zy = I

where [; is an indicator function given by

L) 1 if a claim occurs
ixX) = ’
0 if there are no claims

while X; is the size of the claim(s) for the i policy provided that

there is a claim.

ONE PROBLEM that arises is: are X; and [; independent? They
should be if we wish to define Z; in such a way. In fact, according
to

Klugman et al. in page 177,

I Let X; = I;B;, where Iy, ..., 1y, By, ..., By are independent.
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where X; is our Z;, I; is our [, and B; is our X;.

§ Z; is not well-defined Let us be explicit about the definitions of I;

and X;; we have

I =1yz.50y
Xy = Z | Zi >0

However, we observe that such a defintion of X; is undefined on
Z; = 0. So the equation
Z; = LX;

is note well-defined.

§ Independence of I; and X; We cannot actually tell if [; and X; are
independent from each other, as it is equivalent to comparing apples
with oranges®. Recall from our earlier courses, in particular STAT330, 2In fact, I think this analogy fits our

of the following notion: case perfectly so.

& Definition (Probability Space)

Let Q) be a sample space, and F a o-algebra defined on (3. A proba- 3 Note that (Q), F) is called a measur-
bility space is the measurable space (Q), F) with a probability measure, able space.
f + F — [0,1], defined on the space. We denote a probability space as

(Q,F, f).

As mentioned in an earlier §, X; is not defined on Z; = 0, while
I; is defined on Z; = 0 4. So the sample space for X; and [; are not +{N This statement is hand-wavy.
the same, and so their probability measures are not the same as well.

Therefore, it is meaningless to ask if X; and I; are independent.

Our best attempt at fixing this is probably the following: let

which we can then have X; to be independent from I;. However,
interestingly so, this is a similar approach to a Collective Risk Model.

Coherent Risk Measure

An excerpt from Klugman et al. (2012) 5: 5 Klugman, S. A., Panjer, H. H., and
Willmot, G. E. (2012). Loss Models: From
Data to Decisions. John Wiley & Sons,
Inc., 4th edition
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The study of risk measures and their properties has been carried
out by authors such as Wang. Specific desirable properties of risk
measures were proposed as axioms in connection with risk pricing
by Wang, Young, and Panjer and more generally in risk measure-
ment by Artzer et al. The Artzner paper introduced the concept of
coherence and is considered to be the groundbreaking paper in risk

measurement.

Often, we use the function p(X) to denote risk measures. One may
think of p(X) as the amount of assets required to protect against

adverse outcomes of the risk X.

& Definition 54 (Coherent Risk Measure)

A coherent risk measure is a risk measure p(X) that has the following

four properties for any two loss rvs X and Y:
1. (Subadditivity) p(X +Y) < p(X) + p(Y).

2. (Monotonicity) If X <Y for all possible outcomes, then p(X) <
p(Y).

3. (Positive homogeneity) Vc € R, p(cX) = cp(X).

4. (Translation invariance) Vc € R, p(X+¢) = p(X) +¢

Interpretation of the conditions
e Subadditivity

— the risk measure (and in return, the capital required to cover for
it) for two risks combined will not be greater than for the risks

to be treated separately;

— reflects the fact that there shuld be some diversification benefit

from combining risks;

— this requirement is disputed: e.g. the merger of several small
companies into a larger one exposes each of the small compa-
nies to the reputational risks of the others.

* Monotonicity
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— if one risk always has greater losses than the other under all
circumstances®, then the risk measure of the greater risk should ¢ Probabilistically, this means P(X >

always be greater than the other. ¥)=0

® Positive homogeneity

— the risk measure is independent of the currency used to mea-

sure it;

— doubling the exposure to a particular risk requires double the
capital, which is sensible as doubling provides no diversifica-

tion.
e Translation invariance

— there is no additional risk for an additional risk which has no

additional uncertainty.



Answers to Problem Sets

* Only final answer is provided for checking (if a final answer exists). For

proof problems, hints are provided if a trick is involved.

Problem Set 1

1.(a) Fx(x) = 1— 2@+

(atx)PH1
(b) E[X] = g
_ s
(© h(x) = EyarEm
CY eX(x) = a+?,l_3'_-i9-(1)x ’ 2a+‘5(§-;1)x

2. fx(x) = (1+2x)e >

(b) Fx(x) = (1+x+x)e

(©) h(x) = 25

2
INEre=
(d) ex(x) = 753

3. When encountering an integral with e to some awkward power, it
is usually useful to use substitution to, in a sense, transform that

power to something more ‘pleasant’.

4(a) G(t) =1 - REALL)

1+ 2
(b) E[N] = ln(lﬁﬂﬁ) ; Var(N) = 1}31((1+?3)) B (ln(llerﬁ))

5.(c) Var(X) = af? =12

Problem Set 3

1) Y= [X—dl ; By (y) = (1-4%) foro <y <o-d
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(b) X is a DMRL distribution.
(© LER=1— (%)M

2. q=3%;E[Yp] =120

3.(a) X has an IFR
(b) X is a DMRL distribution
() E[yy) = TEad)

4. P(Yp < 50) = 0.79679

5.a) Fy, (y) = Szt for 0 < y < 500

(b) Fy,(y) = “55” for 0 < y < 500

(©) ex(150) = 250

(d) Var((X —150)2 | X > 150) = 5.5556x10°

6.(a)
1 y<0
Fy,(y) = { 0.125 0<y<100
125000y 2y > 100
_ 1 y < 100
Fy,(y) =
10°y=3 y > 100

E[Y;] =18.75 E[Yp] =150

(b) LER = 0.962963

(c) maximum payment: 0.85(u — 100) = 1700

1 y <0
Fy, (y) = { 125000 (g% +100) °> 0 <y < 1700
0 y > 1700

Var(Y,) = 791.066
Fy,(50) = 0.2496

7. bonus: Z = 1(500 — Y)1iy o500y Where Y ~ Pareto(2,K) ; K =
353.5534
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8. Yr = 0.8[X —1000]+ — 0.8[X — 6000]+ + 0.9[X — u|, where u is
the size of the claim such that the insured makes a total payment
of 10000, i.e.

1000 + 0.2(6000 — 1000) + (# — 6000) = 10000;

E[Y;] = 2699.362

Problem Set 4

1. P(N > 2) = 0.609433
2.(a) E[N] =20
(b) Var(N) = 260
(© P(N >2)=09375
3.() X ~ Bernoulli (31)
(b) © | X =0 ~ Beta(1,4,1)
40) po = Hrgw

(d) Substitute the power series Gy /(t) and Gj,(t) into the given

identity, and compare by coefficients.

5. No.
Problem Set 5
1.(a) a=p;b=—p

. o o
(b) Use the Taylor expansion In(1 —x) = — Y2 ; &

(d) M is a mixture of a degenerate rv at 0 with weight g, and a

logarithmic rv with parameter f* and weight 1 — g
2.(a) P(NM>2) =0.4037
(b) E[NM] =3.7533

(c) Var (NM) =27.199

1 AkeA A(t—1)—e=A
3(3) p]z = 1—e A ;é! ’ GNL(t) =¢ 1—e A

®) Gn,(t) = SG—=— Py = T

_ A
(c) Var(Np) = %
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4.(a) The binomial theorem is useful here.
(b) Me(t) = 16_7[%
(¢) Gn(t) =erMt-D). m ; N is a product of Poi(A) and Geo(p).
(d) E[NJ]=A+pB;Var(N) =A+B(1+p)

(e) Np can be viewed as an independent sum of a Poisson rv with

parameter aA and a geometric rv with parameter «

5. Nisan (%,1,1) member ; go = 0.023761 ;

B &fic+ 2;21 (% + %) figk—i
8k = 0.95

so g1 = 0.171006 ; g» = 0.182776 ; g3 = 0.156716

6.(a) E[Np] = 1.7299

(b) Fy, = 13824000(105+-2y)

Yo = 70ty fory =0

(©) fo=0.197335; f; = 0.28311 ; f, = 0.17127 ; f3 = 0.10556

(d) P(S=90) =0.10421
7.(a) Np ~ NB(2,1.32375)

(b) Fy,(y) =exp {— <y1+05003) + é} fory >0

(c) P(Yp = 120) = 0.0037584
(d) P(S=120) = 0.11926
8.(a) P(S > 250) = 0.15083

(b) P(S > 250) = 0.4874









Bibliography

Dhaene, J. and Vyncke, D. (2010). The individual risk model.
https://www.researchgate.net/publication/228232062_The_
Individual_Risk_Model.

Klugman, S. A., Panjer, H. H., and Willmot, G. E. (2012). Loss Models:
From Data to Decisions. John Wiley & Sons, Inc., 4th edition.


https://www.researchgate.net/publication/228232062_The_Individual_Risk_Model
https://www.researchgate.net/publication/228232062_The_Individual_Risk_Model




List of Symbols and Abbreviations

TVaR
VaR

continuous random variable
Decreasing Failure Rate

Decreasing Mean Residual Lifetime
discrete random variable

Mean Excess Loss / Mean Residual Lifetime
probability generating function of random variable N
hazard rate of random variable X
Increasing Failure Rate

Increasing Mean Residual Lifetime
Loss Elimination Ratio

moment generating function
probability function

probability density function
probability mass function

probability generating function
random variable

survival function of random variable X
Amount Paid per Loss

Amount Paid Per Payment
Tail-Value-at-Risk

Value-at-Risk






Index

(a,b,0) Class, 99
(a,b,1) Class, 101

LER, 83

n-fold convolution, 114

aggregate claim amount, 11

Aggregate Loss, 14

aggregate payment on a per-loss
basis, 122

aggregate payment on a per-payment
basis, 122

Aggrement Payment, 14

Bernoulli, 92
Binomial Distribution, 91

Central Moment, 24

Coherent Risk Measure, 151

Coinsurance, 65

Collective Risk Model, 13

Compound Frequency Distribution,
110

compound rv, 110

Continuous Mixture, 47

Continuous Random Variable, 17

Counting Distribution, 85

Counting Random Variables, 85

Decreasing Failure Rate, 54

Decreasing Mean Residual Lifetime,
57

Deductibles, 22

Discrete Mixed Distribution, 44

Discrete Random Variable, 15

Discretization Method, 132

DMRL, 57
Dutch Principle, 28

Empirical Distribution Function, 37
Erlang Distribution, 130

Excess Loss Random Variable, 57
Excess-of-loss Insurance, 134
Expectation Principle, 28

failure rate, 19
Franchise Deductible, 64
Frequency Distribution, 14

ground-up loss, 36

Hazard Rate Function, 19
heavy-tailed, 50
Heavy-Tailed Distribution, 51

IMRL, 57

Increasing Failure Rate, 54

Increasing Mean Residual Lifetime,
57

Individual Risk Model, 12

Infinitely Divisible, 120

insurance pricing, 27

Liability Risk, 11
Light-Tailed Distribution, 51
Limiting Ratio, 52

Loss basis, 66

Loss Elimination Ratio, 83

Mean Excess Loss, 33, 57
mean residual life, 57

median, 25

Mixed Random Variable, 22
mixing rv, 44

moment, 16

Moment Generating Function, 18
Negative Binomial Distribution, 95
Ordinary Deductible, 63

Panjer’s Recursion, 116, 117
Parametric Distribution, 39
Payment basis, 66

percentile, 25

Poisson Distribution, 86

Policy Limit, 63

Premium Principle, 27

primal distribution, 110

Probability Generating Function, 16

quantile risk measure, 28
Quantiles, 25

Random Variable, 15
Risk Measure, 27

Scale Distribution, 40

Scale Parameter, 41

secondary distribution, 110
Severity Distribution, 13, 36
standard deviation, 24

Standard Deviation Principle, 28
Stop-loss Insurance, 135

Tail, 50



Tail-Value-at-Risk, 30, 31 Value-at-Risk, 28 Zero-Modified Distribution, 103
Total Expectation, 48 VaR, 28 Zero-Truncated Distribution, 102
Total Variance, 48 variance, 24
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